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Quantum Cosmology — Euclidean path integral approach

The Euclidean path integral is a solution to the Wheeler-DeWitt equation at the formal level: 

Ψ [hf, Φf; hi, Φi] = ∫ 𝒟gμν𝒟Φ e−SE[gμν, ϕ]

The Wheeler-DeWitt equation: ĤΨ = 0
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Ψ [hf, Φf; hi, Φi] = ∫ 𝒟gμν𝒟Φ e−SE[gμν, ϕ]

A figure from Lehners (2023)

Ψ [hf, Φf; hi, Φi] ≈ exp (−I[ḡμν, ϕ̄])∫ 𝒟ϕ e−Im[ḡμν, ϕ̄ ; ϕ]
Steepest-descent approximation for practical computations: 

The on-shell solution

 ( instanton )

perturbations 
related to QF in curved spacetime

 is is the quadratic action of the scalar field perturbations Im [ḡμν, ϕ̄ ; ϕ] ϕ = Φ − ϕ̄

The Wheeler-DeWitt equation: ĤΨ = 0



de Sitter instanton

SE = ∫ +gd4x [ R
16π

+
1
2 (∂μΦ)

2
+ U(Φ)],

ds2
E = σ2 (dτ2 + a2(τ)dΩ2

3),

dΩ2
3 = dχ2 + sin2 χ(dθ2 + sin2 θdφ2)

the Euclidean action:  t = − iτ

a homogenous, isotropic, and closed metric:

Euclidean

Lorentzian

a(τ) = λ−1 sin(λτ)

a(t) = λ−1 cosh(λt)

λ = Λ/3
no field, just a cosmological constant
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de Sitter instanton and the Euclidean vacuum

the dS instanton
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ds2
E = σ2 (dτ2 + a2(τ)dΩ2

3),

dΩ2
3 = dχ2 + sin2 χ(dθ2 + sin2 θdφ2)

the Euclidean action:  t = − iτ

a homogenous, isotropic, and closed metric:

Ψ [hf, Φf; hi, Φi] ≈ exp (−I[ḡμν, ϕ̄])∫ 𝒟ϕ e−Im[ḡμν, ϕ̄ ; ϕ]

f′￼′￼nlm + 3
a′￼

a
f′￼nlm − (m2 +

n2 − 1
a2 ) fnlm = 0

ϕ(x, τ) = ∑
nlm

fnlm(τ)Qn
lm(x)

instanton

:three-sphere harmonics.   : Euclidean mode solutionsQn
lm(x) fnlm(τ)

J. J. Halliwell and S. W. Hawking, PRD (1985)  
R. Laflamme, PLB (1987) 

J. J. Halliwell arXiv: 0909.2566

a(τ) = λ−1 sin(λτ) a(t) = λ−1 cosh(λt)

no field, just a cosmological constant

No boundary as no boundary

 for the beginning



f′￼′￼n + 3
a′￼

a
f′￼n − (m2 +

n2 − 1
a2 ) fn = 0

!!

!
a(τ) = λ−1 sin(λτ) a(t) = λ−1 cosh(λt)

ψn = ∫ 𝒟fn exp[In(a, fn)] ∝ exp[ − In(cl)(a, fn)] = exp[ −1
2

a3fn f′￼n
bdy

] the dS instanton

Ψ [hf, Φf; hi, Φi] ≈ exp (−I[ḡμν, ϕ̄])∫ 𝒟ϕ e−Im[ḡμν, ϕ̄ ; ϕ]

ϕ(x, τ) = ∑
nlm

fnlm(τ)Qn
lm(x)

ψn( f̃n) ∝ exp[ −1
2

a3fn f′￼n
τ= π

2λ

] = exp
−1
2

a3 f′￼n

fn τ= π
2λ

f̃2
n

 denotes the quantity at the  boundaryf̃n τ =
π
2λ

one boundary 

a quadratic action 

The analytic continuation of  

to the Lorentzian regime is related 


to the mode solutions of the 

corresponding quantum field. 

fn
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the dS instanton

ψn( f̃n) ∝ exp[ −1
2

a3fn f′￼n
τ= π

2λ

] = exp
−1
2

a3 f′￼n

fn τ= π
2λ

f̃2
n

 denotes the quantity at the  boundaryf̃n τ =
π
2λ

fn(τ) = Angn(τ) + Bndn(τ)

one boundary 

a(τ) = λ−1 sin(λτ)

The analytic continuation of  

to the Lorentzian regime is related 


to the normalized negative frequency

mode of the 


corresponding quantum field. 

fn

ℱ̂n(t) = yn(t) ̂an + y∗
n (t) ̂a†

n

ψn(ℱn) ∝ exp [ i
2

a3(t)
·y∗
n

y∗
n

ℱ2
n]

related to the QF in the Lorentzian spacetime
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the dS instanton

ψn( f̃n) ∝ exp[ −1
2

a3fn f′￼n
τ= π

2λ

] = exp
−1
2

a3 f′￼n

fn τ= π
2λ

f̃2
n

 denotes the quantity at the  boundaryf̃n τ =
π
2λ

fn(τ) = Angn(τ) + Bndn(τ)

The issue of regularity of at 


There is only one unique solution that is not divergent there


The analytic continuation of this special mode solution defines


Euclidean (Bunch-Davies) vacuum 

a(0) = 0

one boundary 

 at gn(0) = 0 a(0) = 0

a(τ) = λ−1 sin(λτ)

The analytic continuation of  

to the Lorentzian regime is related 


to the normalized negative frequency

mode of the 


corresponding quantum field. 

fn

ℱ̂n(t) = yn(t) ̂an + y∗
n (t) ̂a†

n

ψn(ℱn) ∝ exp [ i
2

a3(t)
·y∗
n

y∗
n

ℱ2
n]

related to the QF in the Lorentzian spacetime
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The analytic continuation of modes
e-Print: 2505.02807 

P. Chen, WL, K. Lin, D. Yeom

Klebanov-Susskind-Banks (KSB) wormhole:

cut and paste two de Sitter instantons
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The analytic continuation of modes
e-Print: 2505.02807 

P. Chen, WL, K. Lin, D. Yeom
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The Unruh effect and the thermofield double state 

the blue area represents half of the Euclidean region  

( a 3D figure )

The Penrose diagram of the 

Minkowski spacetime and the Rindler wedges
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S. Carroll: Spacetime and Geometry

The Unruh effect and the thermofield double state 

the blue area represents half of the Euclidean region  

( a 3D figure )

The Penrose diagram of the 

Minkowski spacetime and the Rindler wedges

U(1) = N1eβω/4 [e−iωtI + e−βω/2e−iωtII],

U(2) = N2eβω/4 [eiωtII + e−βω/2eiωtI],

tItII
positive frequency 


w.r.t.  : tI e−iωtI
positive frequency 


w.r.t.  : −tII eiωtII



A figure from Harlow’s lecture notes (2014) arXiv:1409.1231

⟨ϕL, ϕR |vac⟩ ∝ ∫
TE=0; ϕ=(ϕL,ϕR)

TE→−∞; ϕ=(0,0)
𝒟ϕ e−SE = ∫

κtE=π; ϕ=ϕR

κtE=0; ϕ=ϕL

𝒟ϕ e−SE

TETE

TE → − ∞

 : the magnitude of the 4-acceleration of the 

observer defining the Rindler wedge 

κ



SE(cl)

mω
=

(1 + z2)(x2
I + x2

II) − 4zxIxII

2(1 − z2)
; z = e−βω/2

Ψ(xI, xII) ∝ e−SE(cl) ∝
∞

∑
μ=0

e−μβω/2 e−βω/4

2μμ!
e−mωx2

I /2 × Hμ ( mωxI) e−mωx2
II/2Hμ ( mωxII) ∝

∞

∑
μ=0

e−βEμ/2 ϕμ(xI) ϕμ(xII),

SE =
m
2 ∫

τI

τII

dτ [ ·x2(τ) + ω2x2(τ)]

KE(xf , x0; τf , τ0) = ∫
x(τf )=xf

x(τ0)=x0

𝒟x e−SE/ℏ = ( −1
2πℏ

∂2SE(cl)

∂xf∂xi )1/2exp( −1
ℏ

SE(cl))

R. Laflamme; NPB (1989)

Geometry and Thermofields

1

1 − z2
exp[ 4xyz − (1 + z2)(x2 + y2)

2(1 − z2) ] = e−(x2+y2)/2
∞

∑
μ=0

zμ

2μμ!
Hμ(x)Hμ(y),

The Euclidean SHO example:

The Mehler Formula:

( works for free fields)

 is the on-shell actionSE(cl)

 is the Hermite polynomialHμ

ρ(xI, x′￼I) = ∫
∞

−∞
dxII Ψ(xI, xII) Ψ∗(x′￼I, xII) = ∑

μ

e−βEμ ϕμ(xI) ϕμ(x′￼I)partial trace over subsystem II :  



uE(τ) = e
−βω

4 eωτ / 2ω

vE(τ) = e
−βω

4 e−ωτ / 2ω

uE ( β
4

+ itI) = eiωtI / 2ωe−iωtII / 2ω

e
−βω

2 eiωtII / 2ω e
−βω

2 e−iωtI / 2ω

U(1) = N1eβω/4 [e−iωtI + e−βω/2e−iωtII]
U(2) = N2eβω/4 [eiωtII + e−βω/2eiωtI],

P. Chen, WL, K. Lin, D. Yeom

e-Print: 2505.02807 

(In preparation) 
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Unique



A general formalism of the entangled state from a  
cosmological Euclidean wormhole

P. Chen, WL, K. Lin, D. Yeom (In preparation)

KE(qf , qi; τf , τi) = ∫
q(τf )=qf

q(τi)=qi

𝒟q e−SE/ℏ =
WE

2πℏPE
exp[ −1

2ℏPE
((uEiv′￼Ef − u′￼Ef vEi)q2

f + (uEf v′￼Ei − u′￼EivEf )q2
i − 2WEqiqf)]

1

1 − z2
exp[ 4xyz − (1 + z2)(x2 + y2)

2(1 − z2) ] = e−(x2+y2)/2
∞

∑
μ=0

zμ

2μμ!
Hμ(x)Hμ(y),

The perturbations on a Euclidean wormhole as Euclidean parametric oscillator

What is the condition of the mapping between  and the Mehler Formula?KE(qf, qi; τf, τi)

Ψ [hf, Φf; hi, Φi] ≈ exp (−I[ḡμν, ϕ̄])∫ 𝒟ϕ e−Im[ḡμν, ϕ̄ ; ϕ]

ϕ(x, τ) = ∑
nlm

fnlm(τ)Qn
lm(x)

instanton

PE ≡ uEf vEi − uEivEf WE ≡ u′￼EvE − uEv′￼E

χ′￼′￼nlm − ω2
n(τ)χnlm = 0



A general formalism of the entangled state from a  
cosmological Euclidean wormhole

τfτi = − τf

χ′￼′￼nlm − ω2
n(τ)χnlm = 0

ω2
n(τ) =

3
4

(a′￼)2

a2
+

3
2

a′￼′￼

a
+

n2 − 1
a2

+
1
2

d2V
dϕ̄2

 is an analytic even function and real-valued

on the contour:  

ω2
n(τ)

ω2
n(zL(t)) = ω2

n(zR(t))
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vE ( ∓β
4

+ it) = uE ( β
4

∓ it) = u∗
E ( β

4
± it)
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• The analytic continuations of  and  to the right (Region I) and left (Region II) Lorentzian spacetimes, 

respectively, are the normalized negative-frequency modes of the quantum fields in the respective regions.

uE vE

• The analytic continuations of  and  to the dual Lorentzian sectors, Region II for  and Region I for , 

are proportional to the normalized positive-frequency modes of the quantum fields.

uE vE uE vE

III
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the existence of this unique pair 
vacuum is uniquely defined

P. Chen, WL, K. Lin, D. Yeom 

(In preparation)



P(n) = PBD(n)(1 + 2 |βn |2 )
U(1)

i = αiuI
i + βiūII

i ,

U(2)
i = αiuII

i + βiūI
i,

|Ω⟩ = ∏
i

|Ωi⟩ = ∏
i

1
|αi |

∞

∑
μ=0 ( β̄i

ᾱi )
μ

|μi⟩I |μi⟩II,

P. Chen, WL, K. Lin, D. Yeom

e-Print: 2505.02807



Summary

  


 

•The perturbations on a Euclidean wormhole instanton leads to entangled initial state

  of the perturbations between the two Lorentzian universes.


•The relation is a generalization of the thermofield double state. Due to the 

  non-trivial Euclidean geometry, the entangled initial state on one side deviates 

  from a thermal distribution.  This formalism selects a unique vacuum.  


•This pair-universe entanglement enhances the long-wavelength modes corresponding

 to the low  range of the CMB power spectrum.l
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•The perturbations on a Euclidean wormhole instanton leads to entangled initial state

  of the perturbations between the two Lorentzian universes.


•The relation is a generalization of the thermofield double state. Due to the 

  non-trivial Euclidean geometry, the entangled initial state on one side deviates 

  from a thermal distribution.  This formalism selects a unique vacuum.  


•This pair-universe entanglement enhances the long-wavelength modes corresponding

 to the low  range of the CMB power spectrum.l

Thank you!


