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m INTRODUCTION

Metastability is everywhere

A metastable state is not truly stable — it is only trapped . The structure is always the same

Supersaturated solution — crystallization seed
Superheated liquid — critical vapor bubble

Supercooled liquid — ice nucleus

local basin — barrier — <zrare escape

Supersaturated sodium acetate — a single seed crystal triggers runaway
crystallization.



m INTRODUCTION

Chemical reaction

The same picture — a free-energy barrier AG* sets the rate.

HO + CH3Br — CH30H + Br—

[HO---CH,—Br]*
HO" + CH.Br = & —®

G Transition State EYRING EQUATION
. J ;b—‘

Reactants

N i
kthermal ~ A € AG'/kpT

Free Energy

CH.OH + Br
y sk — the thermal rate constant.

V*{, « s AG* — the free-energy barrier.

Products




m INTRODUCTION

Chemical reaction
A light atom can cross by going straight through the barrier.

H—l—HgOz ; H2O—|—OH Interstellar water formation

H + H202 = A light hydrogen atom passes through the barrier, not

over it.

> QO

o Reactant ] : :

§ A t lf?f‘ffl.l.'f‘? ......... = No transition state at the barrier top to consider.

" H20 + OH

]

w Q Q = Quantum tunnelling — the regime the rest of this talk
computes.

Products

-

Reaction coordinate




m INTRODUCTION

Electroweak baryogenesis as false-vacuum decay

A CP-violating bubble wall and active sphalerons write the baryon asymmetry.

thermal
sphaleron

Symmetric phase
false vacuum (v = o0) %

_________ CP-violating wall
AB = Ng AN(‘S

Broken phase
true vacuum (v + 0)

A first-order electroweak transition — bubbles of broken vacuum nucleate
and expand.

CP violation at the moving wall builds a chiral asymmetry ahead of it.

Active sphalerons in the symmetric phase convert it into baryon number.

The wall sweeps it into the broken phase — sphalerons freeze out, the
asymmetry survives.

False-vacuum decay — the matter excess of the universe.



® INTRODUCTION

False-vacuum decay in cosmology

Coleman-De Luccia Hawking—-Moss
false vacuum
Ay
(P — (ptop
Hubble patch
" A gravitating bubble of true vacuum. ® A Hubble patch transitions homogeneously to ¢ >~ @iqp.

" Interior and exterior: universes of different cosmological constant A. = An inflationary graceful exit.



m MOTIVATION

A historical lineage

Reaction-rate theory, instantons, and thermal field theory converge on a single finite-temperature picture
of metastability.

O o o

Thermal escape The bounce Finite temperature
Kramers - Langer Coleman - Callan-Coleman Affleck - Linde

The statistical theory of False-vacuum decay via the bounce Finite-temperature decay — read
metastability and thermally Instanton, computed at one loop. off from Im F in thermal field

activated escape over a barrier. theory.



® MOTIVATION

Affleck's proposal

The false-vacuum decay rate at T' = 1/ is encoded in the imaginary part of the thermal free energy F'(5):

2

I — - Im F(B) r = 5':‘:‘ Im F(3)

" The false vacuum is only metastable — F'(3) acquires an imaginary part.

How to justify the proposal by Affleck?



m SETUP

Thermal free energy: the Euclidean path integral

Simplest setting — quantum mechanics in a metastable potential V.

e PFB) — tr,, [e—ﬁH] — /D:U(T) exp [—%SE[fU(T)]}

Sg = /Oﬁhd'r (% L%+ V(a:'))

f('r + Bh) = :13(7'2

periodic boundary condition

b3

false vacuum
(x=0)

"veo

rrier top

Vtop

xtop

v =



m SETUP

Semiclassical limit: two competing saddles

As h — 0, the path integral is dominated by saddle points:
d*x , _
T -Vi(z) =0, r = Z(T)

false vacuum
1 ( dx 2
m —
2(l) —D(ﬂg)——E

A 1D particle of energy — E moving in the inverted potential —V(:c)

Two saddles compete.

+ =-V(x)




m LOW TEMPERATURE - THE BOUNCE

First saddle: the bounce

A non-static, periodic solution Z(7).

2
%) -v@=-F E<V,

The period map fixes the orbit energy E(3):

false vacuum

-V(x)

2 [T dx
"= / V2(V(z) — E(B))

Temperature fixes the bounce energy.

periodic motion



m LOW TEMPERATURE - THE BOUNCE

First saddle: the bounce

An example — the cubic modelV (x) = s2° — zx°.

=The period map S(E)is monotonic.

= A bounce solution exists only for 3 < Bip.

Harmonic limit at the barrier top:

VIV (@top)|

27

—1

/Btop —

ﬁtop

TPE)

‘/t0p= 1/6



m LOW TEMPERATURE - THE BOUNCE

The false-vacuum decay rate

The exponential — the classical action factor (A — 0).

1/2

det[—0? + wi] .

det'[- 82 + V" (z)]

—Sy(B)/h

2mh

()

with the Euclidean on-shell action Sy(3):

5i() =2 [ do/2(V(a) ~ B(B) + BHE(S) = B(S)+ hE(S)



m LOW TEMPERATURE - THE BOUNCE

The false-vacuum decay rate

The prefactor — the translational zero mode.

1/2
det[-02 + wj] | o Si(8) /P

det'[—82 + V" (2)]

_— (B(ﬁ))”

2mh

= A translational zero mode dZ /d— Euclidean-time translation.

sIntegrating over its collective coordinate yields (B(3)/27h)"/2; the power counts the A ~1/2

zero modes.



m LOW TEMPERATURE - THE BOUNCE

The false-vacuum decay rate

The determinant — the single negative mode.

1/2
det[—97 + wg] oS (8)/h

det'[~82 + V" (z)]

2mh

- (3)

= The determinant ratio is the one-loop fluctuation determinant.

=The bounce has a single negative mode — a factor ofzin F', hence, i.e.,Im F'(8) # 0

false-vacuum decay.



m LOW TEMPERATURE - THE BOUNCE

The false-vacuum decay rate

The determinant — Gelfand-Yaglom in closed form.

Evaluate the determinant with the Gelfand-Yaglom theorem (1D quantum mechanics):

1
det'[—02 + V' (Z)] \/W(ﬁ) B(B)

WO =2 | (o sy

det[—0?% + w}] /2 B
d




m LOW TEMPERATURE - THE BOUNCE

Statistical-mechanical interpretation

Reading the rate as a thermal average over tunnelling.

1

I(T) ~ 7 / dE e PP T(E)

sc PE _ the Boltzmann weight (thermal population)
Below the barrier (WKB):

T(E) ~ e BE)/R (E < Viep) »T'(E) — the transmission probability (quantum tunneling)

B(E) =2 /dea: V2(V(z) — E)

L]



m LOW TEMPERATURE - THE BOUNCE

Statistical-mechanical interpretation

The saddle condition — Boltzmann versus tunnelling.

2 [ dx
ﬁ_ﬁ/fm V2(V(z) - E(B))

d dB
— |B(E)+pPhE| =0 = ———=ph = E=FE
< [B(E) + phE] =5 (8)
THERMAL FACTOR TUNNELLING FACTOR COMPETITION
favours lower energy. favours higher energy. selects E(ﬁ) the bounce period

equals the inverse temperature



m LOW TEMPERATURE - THE BOUNCE

Statistical-mechanical interpretation
The result — evaluating at the saddle E(3).

I(T) = L\ L e s
2rh W () Zty

— this reproduces Affleck's bounce rate exactly.



m HIGH TEMPERATURE - THE SPHALERON

Second saddle: the sphaleron

A static saddle at the barrier top — thermal activation.

Static Euclidean saddle:

(1) = Ltop » V(37t0p) = Viop

= No tunnelling — a purely thermal jump to the barrier top.

= Bottleneck: the Boltzmann cost of reaching Vip,.

= Dominant at high temperature.

Vi(x)

Ihermal
ctivation

V(Xtop) = Viop
X




m HIGH TEMPERATURE - THE SPHALERON

Second saddle: the sphaleron

The one-loop decay rate of the static saddle.

r_ Wi  sinh(Bhwg/2) S /R
sph — . e
2 | sin(Bhwiop/2)

Ssph — /Bh ‘/top

with the frequencies

Wy = \/V”(O) 9 Wtop = \/lV"(ZUtop)’




m HIGH TEMPERATURE - THE SPHALERON

Sphaleron action and the negative mode

" No zero mode (unlike the bounce): no extra i~ 1/2 in
the prefactor.

Negative mode?

T > Tiop

a single negative mode — Im F' # 0 — the sphaleron
contributes.

T < Tiop

no negative mode — the sphaleron does not contribute to the
decay.



m HIGH TEMPERATURE - THE SPHALERON

Statistical-mechanical interpretation

High-energy states (£ > Vtop) — an inverted oscillator near the top.

T'(T) ~ % / dE e " T(E)

Near the top — an inverted oscillator:
N 1, .2 2
V(z) ~ Viep — 2 Wiop (T — Ttop)

Exact transmission coefficient:

2T(E) = 1for E > Vi,

sDominated by F just above the barrier.



m HIGH TEMPERATURE - THE SPHALERON

Thermal integral

The thermal average with the parabolic-barrier transmission.

1
Tyn= - | dE e PP T(E)
va

Wtop _Sinh(,@th/2)_
21 | sin(Bhwiop/2)

—> exactly Affleck's result at high temperature.

o—Sepn /P




m THE DOMINANT ACTION - CUBIC

A second-order transition

A monotone period map — the bounce joins the sphaleron tangentially.

Period map (cubic) ; . . . ’ :

= sphaleron

e hounce

T

0.8

0.10 0.12 0.14 0.16 0.18 .20 0.22
temperature 1T°

Monotone ,B(E) — a single bounce branch. The bounce meets the sphaleron tangentially at 7...



m THE DOMINANT ACTION - QUINTIC

A first-order transition

A folded period map — two bounce branches whose actions cross.

Period map (quintic) ' ' ' —_— sphalt:m:x
l s ' i X w—  dominant bounce
: B t N subdominant bounce -
("IUIJ. _;'33“)1]) ()1()0 \\\ .
X . ~
~
\\
& 5 ; §
= 0.095F : : : y
£ T : T
1 . . 0.090 — -
0000 00 0ol 06 008 0.082  0.084 0086 0088  0.090  0.092
E temperature 1T'

Folded 3( E') — coexisting bounce branches. Dominant bounce and sphaleroncressat’l,, — a kink.



® THE DETERMINANT PROBLEM

Beyond one dimension

Decay rates need a fluctuation determinant around the saddle.

- -1/2
det Mfalse /
i det, Msaddle i ’

MULTI-DIMENSIONAL QM SCALAR QFT — HARDER

Msaddle — _82 + V,,(¢saddle)

" Need the non-perturbative saddle and its spectrum — Gelfand- " Which saddle? Thin-wall vs thick-wall.
Yaglom s far less powerful than in 1D. " UV divergences and renormalization; numerical saddle

" each saddle only has a single negative mode profiles are often needed for the spectral analysis.

" asingle negative mode ? - no proof yet at finite temperature



m THE DETERMINANT PROBLEM

Gauge theories are worse

Gauge modes & ghosts enter the determinant.
Goldstone / gauge mixing complicates the spectrum.
Intermediate quantities are gauge dependent.

The physical rate must be gauge independent — a nontrivial check.

Example The electroweak / Yang—Mills—Higgs sphaleron determinant.



m THE DETERMINANT PROBLEM

Gravity is even worse

Coleman-De Luccia

m Scalar—-metric fluctuations mix.
m Diffeomorphism constraints.

= Conformal-factor problem; boundary conditions.
localized bubble (with gravity)

CDL / HM negative-mode counting is delicate.

Some formulations give one negative mode, others infinitely many (kinetic-sign / Hawking-Moss
conformal-factor issues) — a known, unresolved subtlety.

gb = ¢top

homogeneous Hubble patch



m MOTIVATION

A way around the determinant

Two routes to the same decay rate.

solve saddle + determinant

\ decay rate
/v (4, b, S)

high-order perturbation theory this work{




m RESURGENCE THEORY

The perturbative expansion

A physical observable as a formal power series.

P(N) ~ ian A" (A — 0)

A\ — coupling constant (g2, A, ...)

" Coefficients grow factorially; zero radius of convergence — an asymptotic series.

" Divergence is not a flaw — it encodes the non-perturbative physics. [ Bender-wu ]



m RESURGENCE THEORY

Large-order behaviour

The coefficients share a universal growth.

o~ S I'(n+ ) (n — oo)

2w Antd

A b S

location of the leading Borel singularity. characteristic exponent. Stokes constant.



® RESURGENCE THEORY

Borel resummation

Remove the factorial growth — the Borel transform of the formal series:

B(t) = 2 F(n“: gt (<4

Reconstruct S®(\) by a Laplace-type integral, provided B(%) is regular on the positive axis:

SB(N) = / dte b1 B(M)
0

2 a o0
RS n\" dte tento—1 — n A"
> rg v dee >a

n>0 n>0

Same-sign coefficients — a singularity on the positive real axis:

t—A S 1
" 2mAb 1 —t/A




® RESURGENCE THEORY

Lateral Borel resummation

The pole sits on the contour — deform it just above / below:

i e—A/)\
v S 52 =P F 55
Re
1 e—A/)\
. e—A/)\ Remark
St @A) =S5-@(A) = —i§ \P The non-perturbative piece appears as an imaginary part —

exactly Im F’, the decay rate.



m RESURGENCE THEORY

Trans-series

The perturbative series alone is incomplete; its consistent non-perturbative completion is a trans-series.

®(A) =) o e A BL(A)
k>0
[ Ecalle '81 - Dunne-Unsal - Aniceto, Basar & Schiappa '19 ]

®0 — the trans-series parameter, labelling the non-perturbative sectors.

ok = Qis the perturbative series; k > 1 are non-perturbative, weighted by e kA/A

=Resurgence: each sector's Borel data fix all the others — the k = 1 ambiguity cancels that of & = 0.



® RESURGENCE THEORY

The Borel data are physical

i e A/
S:2()) = P2 F 58—,

A Euclidean saddle action

b one-loop spectrum: number of zero modes

S one-loop prefactor (Stokes constant)

All three follow from the coefficients alone — e.g. the n n—1 e N A

singularity from a ratio: an



® THE GOAL

RESURGENCE SO FAR

Mostly zero-temperature spectral problems in QM, field theory on ST with twisted boundary conditions — where fractional instantons and bions
make the structure accessible semiclassically — and Stokes phenomena in the space of coupling constant.

A direct resurgent account of the thermal (bounce-to-sphaleron) transition remains largely unexplored.

Questions

Does the perturbative thermal free energy F'(3, A) know about the thermal transition?

Can one read off 7, and distinguish first- from second-order, from the large-order behaviour alone?



m THERMAL FIELD THEORY

Two models
g 1 -2 1 2
Sp = / dr (§ T° + e V(gx)) A= g° = Resr
0
Cubic Quintic
second order - Tc = 0.159 first order - Tc = 0.0878
1 2 1 3 1 2 5 3 4 5
V(y) =35y" — 39y V(y) =s5y" — 3y° + 5y — 4y
Potential (cubic) Potential (quintic)
- . ; . 0.02 - . - - .
0.20F ; '
(Ulup- "Iup,]
0].5 001 i (."/lnp- ‘;upj )
§ 0.10 §
>~ SN
0.00
0.05
0.00

—0.01




m THERMAL FIELD THEORY

Period maps — monotone vs fold

Period map (cubic) Period map (quintic)

<‘/';()])- ‘jlul))

0.00 0.05 0.10 0.15 0.000  0.002 0004 _ 0.006 _ 0.008

E E
Monotone: bounce joins the sphaleron tangentially — Folded: two bounces coexist; the actions cross — first

second order. order (a kink).



® THERMAL FIELD THEORY

Free energy around the false vacuum

. Assemble the thermal free energy as a power series in A = g*:
Expand about the false vacuum (a harmonic well):

H=Hy+H;, Hy=1ip’+ jwix’ Z(B, ) = Ze_BEv()‘)

A= 92 = heff — perturbation in 92 Is the semiclassical expansion.

F(B,A)=—4logZ =) F,(8)\"

Each level by perturbation theory (Bender—-Wu):

BN =w+3)+Y enA

n>1

The coefficients F},(3) — around the false vacuum — are all we
feed to the large-order analysis.



® THERMAL FIELD THEORY

Temperature-dependent Borel data
The observable is the perturbative thermal free energy F'(3, A).

= The coefficients F},(8) depend on temperature.

- 5(8) T'(n+b(8))
2 A(B)ntbB)

" The Borel data become functions of 8: A(53), b(8), S(5).

Fo(B) ~

(n — o0)

Transmutation of Borel data

Do the perturbative data reorganize themselves across 1. and detect the thermal transition ?



m THERMAL FIELD THEORY

Extracting (A, b, S)

F.(B) —

s Borel-Padé — location A () (smallest stable positive pole).

s Dlog-Padé — exponent b(3).

s Residue of the Borel transform — Stokes constant .S(3); compare S/Sy, — 1.

Production runs: median over diagonal orders m

Borel-Pade
Dlog-Pade

100..125 -

n_max = 250 -

vV _max

100

(4,b,5)(B)




® THE GOAL

The question

From the large-order behaviour of F,(3) alone, can we determine —

? which saddle drives the decay at each temperature — bounce or sphaleron; A(8) = min{ Sy(8), SViop }
? the number of zero modes of the dominant saddle — the exponent b; b = % (bounce), b = 0 (sphaleron)
? the one-loop (Affleck) prefactor — the Stokes constant .S

? the transition temperature 7%, and the order of the thermal transition?

Our goal — check each of these numerically from F),(53).



®m RESULTS

CUBIC MODEL

A smooth, second-order transition

1.3

1.2

0.8

abﬁjllgl‘ — (j"f/:-’)

o

T, = (2n) ! S -

sphaleron
bounce
Borel singularity A(T)

0.10

0.12

014 016 0.18 020 0.22

temperature 1°

= A(T) follows the bounce action Sy, for T' < T
, the sphaleron BViop for T > T..

= Asmooth, tangentialjoinat T, = (27) ! ~
0.159.

= Agreement A < 0.005% — no semiclassical
input.



®m RESULTS

BOUNCE
-
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®m RESULTS - CUBIC MODEL

Exponent and Stokes ratio

1.0 , — |
: 1.5
05 -0 0000 0-0000006080088000800880000 |
ni ﬁ
= o U 1 rannaa—u—u—u—asaa-a—u—n—naaaa-a—a—u—uaaaa-a—u—-E-——--amnnﬂﬂﬂm,uuﬂw
: s g. o
N o
0.0_ Oonppoooooooooooosoood
5 . T
ﬂ I . : ( |
i 0.10 0.15 0.20

0.10 0.15 0.20

temperature 1T’
temperature 1° b

b(T): % (bounce) <+ 0 (sphaleron) — the zero-mode count. S /Sin ~ 1 away from T, — the Affleck prefactor reproduced.



®m RESULTS

QUINTIC MODEL

A kink — first-order transition

0.100

0.095F

0.090

: Tiop

sphaleron

I
m—— Jominant bounce

subdominant bounce

Borel singularity A(T)

s i © T

0.082

0.034 _ 0.086 _ 0.088 _ 0.090

temperature 1’

0.092

= Same extraction, different shape: A(T)
develops a kink at T, =~ 0.0878.

" Two bounce branches (solid / dashed) — a
transversal crossing, not tangent.

= Agreement A < 0.03% on each branch.

The kink is the fingerprint of a first-order transition
on the Borel plane.



®m RESULTS - QUINTIC MODEL

BOUNCE - COLD T < T, SPHALERON - HOT T > T, = 0.0878

T At A A% b S/Sth T Ach A % b S/Sth
0.07500 0.095845 0.095858 0.0131 +0.500 0.999 0.08800 0.094286 0.094312 0.0280 -0.461 1.033
0.07600 0.095809 0.095823 0.0146 +0.500 0.999 0.08900 0.093226 0.093252 0.0277 -0.056 1.030
0.07700 0.095768 0.095781 0.0134 +0.500 0.999 0.09000 0.092190 0.092216 0.0275 -0.028 1.019
0.07800 0.095719 0.095732 0.0132 +0.500 0.999 0.09100 0.091177 0.091203 0.0282 -0.022 1.015
0.07900 0.095663 0.095674 0.0120 +0.500 0.999 0.09200 0.090186 0.090211 0.0278 -0.013 1.011
0.08000 0.095597 0.095610 ©0.0131 +0.500 ©.999 0.09300 0.089217 0.089240 0.0268 -0.011 1.009
0.08100 0.095521 0.095533 0.0133 +0.500 1.000 0.09400 0.088267 0.088292 0.0280 -0.007 1.006
0.08200 0.095432 0.095444 0.0127 +0.500 1.000 0.09500 0.087338 0.087361 0.0264 -0.005 1.005
0.08300 0.095329 0.095341 0.0132 +0.500 1.000 0.09600 0.086429 0.086452 0.0267 -0.004 1.003
0.08400 0.095209 0.095220 0.0119 +0.500 1.001 0.09700 0.085538 0.085560 0.0259 -0.003 1.003
0.08500 0.095069 0.095081 0.0129 +0.500 1.002 0.09800 0.084665 0.084687 0.0259 -0.002 1.002
0.08600 0.094905 0.094917 0.0130 +0.501 1.004 0.09900 0.083809 0.083830 0.0246 -0.002 1.001
0.08700 0.094710 0.094722 0.0125 +0.505 1.007 0.10000 0.082971 0.082992 0.0252 -0.001 1.001
0.08775 0.094539 0.094552 0.0132 +0.461 1.057

Same extraction as the cubic case; b changes sign across T.. Deviations concentrate at T, where the two leading singularities are near-degenerate. Every fourth
grid point shown.



®m RESULTS - QUINTIC MODEL

Exponent and Stokes ratio

1.0 ' ' 1.5

0.0

T

T 0.5 ' '
0.03 0.09 0.10 | 0.08 0.09 0.10

temperature 7' temperature 1°

b(T): again % <+ 0, departing only across 1. S /Sin & 1; delicate where two singularities near-degenerate.



® SUMMARY

What perturbation theory knows

Recovered from large orders around the false vacuum — no

BOREL DATA SEMICLASSICAL MEANING semiclassical input:
A(T) dominant saddle action " the transition temperature 1;
" the order of the transition;
b(T) zero-mode structure (3 < 0) = the dominant saddle action;
= the zero-mode & one-loop data.
S(T) one-loop (Affleck) prefactor

Caveat — extraction is delicate only in a narrow window around 7,
where two Borel singularities are near-degenerate.



® OUTLOOK

Outlook

01 Exact WKB — identify 4 with periods on the spectral curve; what are the fold and the first-order transition there?
02 More degrees of freedom — coupled oscillators, matrix models, quantum field theory (regularized on fuzzy sphere?).
03 Coleman-De Luccia / Hawking—Moss — thermal and gravitational settings (mini-superspace?).

04  The payoff — recover hard one-loop determinants from high-order perturbation theory.

If perturbation theory can recover one-loop saddle data, it opens a new route to problems where determinants are hard.
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