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Higher Resonances

Resonances MR [GeV] Γtot
0

πN branching

RIJ (GeV) ratio (%)

P33(1232) 1.232 0.117 100

P11(1440) 1.430 0.350 55 − 75

D13(1520) 1.515 0.115 55 − 65

S11(1535) 1.535 0.150 35 − 55

S31(1620) 1.630 0.140 20 − 30

S11(1650) 1.655 0.140 50 − 90

D15(1675) 1.675 0.150 35 − 45

F15(1680) 1.685 0.130 65 − 70

D33(1700) 1.700 0.150 12

P13(1720) 1.720 0.250 11

F35(1905) 1.880 0.330 9 − 15

P31(1910) 1.890 0.280 15 − 30

F37(1950) 1.930 0.285 35 − 45

Resonances MR [GeV] Γtot
0

πN branching

RIJ (GeV) ratio (%)

P33(1232) 1.232 0.117 100

P11(1440) 1.430 0.350 55 − 75

D13(1520) 1.515 0.115 55 − 65

S11(1535) 1.535 0.150 35 − 55

S31(1620) 1.630 0.140 20 − 30

S11(1650) 1.655 0.140 50 − 90

D15(1675) 1.675 0.150 35 − 45

F15(1680) 1.685 0.130 65 − 70

D33(1700) 1.700 0.150 12

P13(1720) 1.720 0.250 11

F35(1905) 1.880 0.330 9 − 15

P31(1910) 1.890 0.280 15 − 30

F37(1950) 1.930 0.285 35 − 45

Resonances MR [GeV] JP I Γtot
0

πN branching

RIJ (GeV) ratio (%)

P33(1232) 1.232 3
2

+ 3
2

0.117 100

P11(1440) 1.430 1
2

+ 1
2

0.350 55 − 75

D13(1520) 1.515 3
2

− 1
2

0.115 55 − 65

S11(1535) 1.535 1
2

− 1
2

0.150 35 − 55

S11(1650) 1.655 1
2

− 1
2

0.140 50 − 90

P13(1720) 1.720 3
2

+ 1
2

0.250 11
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Lagrangian of nucleon interacting with a meson field

L = giΨ̄(p′)ΓiΨ(p)Φi

N (p)

N (p′)

Φi

gi

Γi
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Nπ∆ Lagrangian

Interaction among N ,∆,π is given by the following Lagrangian

N

π

∆

ψ

~φ

Ψµ

LNπ∆ =
f ∗

mπ
Ψ̄µ(~T† ·∂µ~φ)ψ
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Nπ∆ Lagrangian

LNπ∆ = f ∗

mπ
Ψ̄µ(~T † ·∂µ~φ)ψ

Coupling constant

Its a quardplet field:1 × 4 matrix

Ψ̄µ ≡ (∆̄++ ∆̄+ ∆̄0 ∆̄−)µ

triplet(φx ,φy,φz) of pion fields

related to π+,π0,π−

its a 2×1 nucleon doublet

ψ ≡
(

p
n

)

It is a collection of three 4x2
matrices (one matrix for each pion
field) that connects the nucleon
field with the corresponding
Rarita-Schwinger field of the ∆’s;
each 4x2 matrix is basically a
Clebsch-Gordan array.
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Interaction of pseudoscalar meson with external field

The complex scalar field Φ(x), represents particles with charge q and
antiparticles with charge −q.
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Pion fields(φx ,φy,φz ) in the spherical coordinates:
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The nomalization of the transition operatorT†
λ is:

〈3

2
,M |T†

λ|1
2
,m〉 =

(

1,
1

2
,
3

2
|λ,m,M

)

λ→ spherical basis index.
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Focusing only on the part of the Lagrangian which is with ∂µφ−1:

Lagrangian,

L = − f ∗

mπ
Ψ̄µT†

+1ψ ∂
µφ−1
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




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µ
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L = − f ∗

mπ
Ψ̄µ









1 0

0 1√
3

0 0
0 0









ψ ∂
µ
φ−1

solving further

L = − f ∗

mπ
∂

µ
φ−1

(

∆̄++
µ p +

1√
3

∆̄+
µ n

)

− f ∗

mπ
∂

µ
φ

†
−1

(

p̄∆++
µ +

1√
3

n̄ ∆+
µ

)
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Decay rate of ∆++→ pπ+

Tutorial problem

p

π+

∆++

ψ

~φ

Ψµ
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Decay rate of ∆++→ pπ+

Tutorial problem

p

π+

∆++

ψ

~φ

Ψµ

The Lagrangian is:

L = − f ∗

mπ
∂µφ+1

(

p̄∆++
µ +

1√
3

n̄ ∆+
µ

)
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ν/ν̄ induced charged current single pion production

ν(k) + N (p) → l−(k ′) + N ′(p′) +πi(kπ)
quantities in the parenthesis represent four momenta of the
corresponding particle

conservation of four momenta: k + p = k′ + p′ + kπ
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Differential scattering cross section

dσ =
1

4MEν(2π)5

d~k′

(2El)

d~p ′

(2E ′
p)

d~kπ

(2Eπ)
δ4(k + p − k′ − p′ − kπ)Σ̄Σ|M|2,
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Leptonic current is

j
(L)
µ = ū(k′)γµ(1 ±γ5)u(k)
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(L)
µ = ū(k′)γµ(1 ±γ5)u(k)

Hadronic current jµ(H) describes hadronic matrix element for

W i + N → N ′ +π

Obtained using effective Lagrangian for

CC : (W i ≡ W ± ; i = ±)
NC : (W i ≡ Z0 ; i = 0)
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Resonant Contribution

Pion production through resonance excitation is
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Resonant Contribution

Pion production through resonance excitation is

ν
l
(k) + N (p) → l−(k′) + R(pR)

�

N ′(p′) +π(kπ)

ν̄
l
(k) + N (p) → l+(k′) + R(pR)

�

N ′(p′) +π(kπ)

∆ Resonance
or Higher
Resonance
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Neutrino induced charged current single pion production process

νl

l−

W+

N

∆

N ′

πi

νl

l−

W+

N

∆

N ′

πi
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For J = 3
2 resonance excitation hadronic current is
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For J = 3
2 resonance excitation hadronic current is

J
3
2

µ = <∆(p′)|J
3
2

µ (0)|N (p) >

J
3
2

µ = ψ̄ν(p′)Γ
3
2
νµu(p)

Rarita-Schwinger Spinor N-∆ transition vertex Dirac Spinor

Transition vertex

For Positive Parity states:

Γ
3
2

+

νµ =

[

V
3
2

νµ − A
3
2
νµ

]

γ5

For Negative Parity states

Γ
3
2

−

νµ = V
3
2

νµ − A
3
2
νµ
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V
3
2

νµ =

[

C̃V
3

M
(gµν /q − qνγµ) +

C̃V
4

M 2
(gµνq · p′ − qνp′

µ) +
C̃V

5

M 2
(gµνq · p − qνpµ) + gµνC̃V

6

]

Vector Form Factors =⇒ CVC −→ CV
6 (Q2) = 0
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V
3
2

νµ =

[

C̃V
3

M
(gµν /q − qνγµ) +

C̃V
4

M 2
(gµνq · p′ − qνp′

µ) +
C̃V

5

M 2
(gµνq · p − qνpµ) + gµνC̃V

6

]

Vector Form Factors =⇒ CVC −→ CV
6 (Q2) = 0

CV
3 (Q2) =

2.13

(1 + Q2/M 2
V

)2
× 1

1 + Q2

4M2
V

,

CV
4 (Q2) =

−1.51

(1 + Q2/M 2
V

)2
× 1

1 + Q2

4M2
V

,

CV
5 (Q2) =

0.48

(1 + Q2/M 2
V

)2
× 1

1 + Q2

0.776M2
V
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A
3
2
νµ = −

[

C̃A
3

M
(gµν /q − qνγµ) +

C̃A
4

M 2
(gµνq · p′ − qνp′

µ) + C̃A
5 gµν +

C̃A
6

M 2
qνqµ

]

γ5
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A
3
2
νµ = −
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C̃A
3

M
(gµν /q − qνγµ) +

C̃A
4

M 2
(gµνq · p′ − qνp′

µ) + C̃A
5 gµν +

C̃A
6

M 2
qνqµ

]

γ5

Axial Vector Form Factors =⇒ Dominant Contribution from CA
5 (Q2)
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Axial Vector Form Factors =⇒ Dominant Contribution from CA
5 (Q2)

The Q2 dependence of CA
5 (Q2) is parameterized by

Schreiner and von Hippel in the Adler’s model and is
given by a = −1.21 and b = 2

CA
5 (Q2) =

CA
5 (0)

(

1 + a Q2

b + Q2

)

(

1 + Q2/M 2
A∆

)2
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M
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Axial Vector Form Factors =⇒ Dominant Contribution from CA
5 (Q2)

The Q2 dependence of CA
5 (Q2) is parameterized by

Schreiner and von Hippel in the Adler’s model and is
given by a = −1.21 and b = 2

CA
5 (Q2) =

CA
5 (0)

(

1 + a Q2

b + Q2

)

(

1 + Q2/M 2
A∆

)2

Modified dipole form

CA
5 (Q2) =

CA
5 (0)

(

1 + Q2/M 2
A∆

)2

1

1 + Q2/(3M 2
A∆

)
.
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∆ Resonance

PCAC hypothesis ⇒ divergence should vanish in the limit
when mπ → 0.

Axial part of the current

<∆++|A
3
2
µ |p > =

√
3ψ̄ν(p′)

[

CA
3

M
(gνµ/q − qνγµ)+

CA
4

M 2
(gνµq · p′ − qνp′

µ) + CA
5 gµν +

CA
6

M 2
qνqµ

]

u(p)

PCAC hypothesis ⇒ divergence should vanish in the limit
when mπ → 0.

Axial part of the current

<∆++|A
3
2
µ |p > =

√
3ψ̄ν(p′)

[

CA
3

M
(gνµ/q − qνγµ)+

CA
4

M 2
(gνµq · p′ − qνp′

µ) + CA
5 gµν +

CA
6

M 2
qνqµ

]

u(p)

<∆++|i∂µAµ|p > =
√

3ψ̄ν(p′)qµ

[

CA
5 gµν +

CA
6

M 2
qνqµ

]

u(p)

= ψ̄ν(p′)qν

[

CA
5 +

CA
6

M 2
q2

]

u(p)

Pion pole dominance demands that CA
6 must have a pion pole C̃A

6 (q2) =
fπN∆fπ

2
√

3M

M2

m2
π−q2 In the limit q2 → 0 and mπ → 0 one has

<∆++|i∂µAµ|p > =
√

3ψ̄ν(p′)qν
[

CA
5 (0) − fπN∆fπ

2
√

3M

]

u(p)

<∆++|i∂µAµ|p > =
√

3ψ̄ν(p′)qµ

[

CA
5 gµν +

CA
6

M 2
qνqµ

]

u(p)

= ψ̄ν(p′)qν

[

CA
5 +

CA
6

M 2
q2

]

u(p)

Pion pole dominance demands that CA
6 must have a pion pole C̃A

6 (q2) =
fπN∆fπ

2
√

3M

M2

m2
π−q2 In the limit q2 → 0 and mπ → 0 one has

<∆++|i∂µAµ|p > =
√

3ψ̄ν(p′)qν
[

CA
5 (0) − fπN∆fπ

2
√

3M

]

u(p)

Axial Vector Form Factors =⇒ PCAC & G-T relation
Adler’s Model

CA
6 (Q2) =CA

5 (Q2)
M 2

Q2 + m2
π

CA
5 (0) =fπ

f∆Nπ

2
√

3M
,

CA
5 (0) = 1.0 GeV

MA∆ = 1.026 GeV

CA
4 (Q2) = −1

4
CA

5 (Q2); CA
3 (Q2) = 0.
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Hadronic current for spin 3
2 resonance

jµ
∣

∣

3
2

R
= i a CR kα

π

p2
R

− M 2
R

+ iMRΓR

ū(~p ′)P3/2
αβ

(pR)Γβµ
3
2

(p,q)u(~p ), pR = p + q

jµ
∣

∣

3
2

CR
= i a CR k

β
π

p2
R

− M 2
R

+ iMRΓR

ū(~p ′)Γ̂µα
3
2

(p′,−q)P
3/2
αβ

(pR)u(~p ), pR = p′ − q
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ū(~p ′)Γ̂µα
3
2

(p′,−q)P
3/2
αβ

(pR)u(~p ), pR = p′ − q

a = cosθc: the charged current process

a = 1: the neutral current process

CR: coupling strength for R → Nπ

P
3/2
αβ : spin three-half projection operator

P
3/2
αβ = −

(

/p′ + MR

)

(

gαβ − 2

3

p′
αp′

β

M 2
R

+
1

3

p′
αγβ − p′

βγα

MR

− 1

3
γαγβ

)

26 / 84



The hadronic tensor

H µν
3
2

=
1

2

∑

si

∑

sf

J µ
3
2

†
J ν

3
2

=
1

2

∑

si

∑

sf

ū(p)Γ̃αµΨα(p′)Ψβ(p′)Γβν
3
2

u(p)

=
1

2
Tr
[

(/p + M )Γ̃αµP
3/2
αβ Γβν

]

27 / 84



The hadronic tensor

H µν
3
2

=
1

2

∑

si

∑

sf

J µ
3
2

†
J ν

3
2

=
1

2

∑

si

∑

sf
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∑
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ū(p)Γ̃αµΨα(p′)Ψβ(p′)Γβν
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2

u(p)

=
1

2
Tr
[

(/p + M )Γ̃αµP
3/2
αβ Γβν

]

Γ̃αµ = γ0Γαµ†γ0

P
3/2
αβ is the projection operator

For ∆(1232) C̃V
i = CV

i and C̃A
i = CA

i
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This is an effective field theory(EFT).

EFT is a low energy approximation to some underlying, more
fundamental theory. Low is defined with respect to some energy
scale.

The basic idea consists of writing down the most general possible
Lagrangian, including all terms consistent with assumed
symmetry principles, and then calculating matrix elements with
this Lagrangian within some perturbative scheme.

Linear sigma-model is the most simple effective chiral model.

It was introduced by Gell-Mann and Levy in 1960 to study chiral
symmetry in the pion-nucleon system. Later the spontaneous
symmetry breaking and PCAC were incorporated.

The Lagrangian is written in such a way that it is a
Lorentz-scalar and invariant under vector(ΛV ) and
axial-vector(ΛA)transformations.
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Linear sigma model Lagrangian

L = iψ̄ 6 ∂ ψ− gπ(ψ̄γ5~τψ~π+ ψ̄ψσ)

+ 1
2∂µπ∂

µπ+ 1
2∂µσ∂

µσ− λ
4

(

(π2 +σ2) − f 2
π

)2
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Linear sigma model Lagrangian

L = iψ̄ 6 ∂ ψ− gπ(ψ̄γ5~τψ~π+ ψ̄ψσ)

+ 1
2∂µπ∂

µπ+ 1
2∂µσ∂

µσ− λ
4

(

(π2 +σ2) − f 2
π

)2

Lagrangian of

free massless fermions

Interaction term

between nucleons and mesons

Kinetic energy term

for mesons

Pion-sigma

potential
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The shape of the potential
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The shape of the potential

Linear sigma-model has massive σ−field, which is not identified with
any existing particle.
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Nonlinear sigma-model

σ, π=0)V(σ, π=0) V(

f σπfσπ

• To remove σ− field, we take an infinitely large coupling λ in the
linear σ−model.

• Infinitely large coupling results in infinite mass of a σ-meson.

• Potential gets infinitely steep in the sigma-direction.

• Minimum of the potential defines a circle(Chiral circle), which
includes the dynamics

σ2 +π2 = f 2
π
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Chiral circle restricts the dynamics to rotate on the circle. The fields
can be expressed in terms of angles ~Φ,

σ(x) = fπ cos

(

Φ(x)

fπ

)

= fπ + O(Φ2)

~π(x) = fπ Φ̂ sin

(

Φ(x)

fπ

)

= ~Φ + O(Φ3)

Φ =
√

~Φ~Φ
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Chiral circle restricts the dynamics to rotate on the circle. The fields
can be expressed in terms of angles ~Φ,

σ(x) = fπ cos

(

Φ(x)

fπ

)

= fπ + O(Φ2)

~π(x) = fπ Φ̂ sin

(

Φ(x)

fπ

)

= ~Φ + O(Φ3)

Φ =
√

~Φ~Φ
Complex notation for the fields,

U (x) = e
i

~τ ~Φ(x)
fπ = cos

(

Φ(x)

fπ

)

+ i~τΦ̂ sin

(

Φ(x)

fπ

)

=
1

fπ
(σ+ i~τ~π)

U (x) represents a 2x2 unitary matrix.
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Tutorial Problem

If a SU(3) valued field is given by U (x) = e
i

~τ ~Φ(x)
fπ then show that the La-

grangian

Leff =
f 2
π

4
Tr
[

∂µU†
∂

µU
]

.

gives rise to kinetic energy term: 1
2∂µφk∂

µφk

If a SU(N) valued field is given by U (x) = e
i

Φa (x)Λa
fπ , where Λa are traceless

matrices and Φa are real fields then show that

(i) Tr

[

∂µUU
†
]

= 0

(ii) U
†
∂µU = −∂µU

†
U
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In terms of redefined fields U (x), the Lagrangian of Linear sigma
model gets modified as:
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In terms of redefined fields U (x), the Lagrangian of Linear sigma
model gets modified as:

L = iψ̄ 6 ∂ ψ− gπ(ψ̄γ5~τψ~π+ ψ̄ψσ)

+ 1
2∂µπ∂

µπ+ 1
2∂µσ∂

µσ− λ
4

(

(π2 +σ2) − f 2
π

)2

ψ̄W (i 6∂+γµVµ +γµγ5Aµ)ψW −gπfπψ̄ΛΛψ = −MN ψ̄WψW

f 2
π
4 Tr(∂µU +∂µU ) Pion-sigma potential term

vanishes on the chiral circle

(σ2 +π2 = f 2
π )
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model gets modified as:

L = iψ̄ 6 ∂ ψ− gπ(ψ̄γ5~τψ~π+ ψ̄ψσ)

+ 1
2∂µπ∂

µπ+ 1
2∂µσ∂

µσ− λ
4

(

(π2 +σ2) − f 2
π

)2

ψ̄W (i 6∂+γµVµ +γµγ5Aµ)ψW −gπfπψ̄ΛΛψ = −MN ψ̄WψW

f 2
π
4 Tr(∂µU +∂µU ) Pion-sigma potential term

vanishes on the chiral circle

(σ2 +π2 = f 2
π )

where Λ ≡ e
iγ5

~τ ~Φ(x)
2fπ , ψ̄W = ψ̄Λ and ψW = Λψ
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Lagrangian of the nonlinear sigma-model

Also referred to as the Weinberg-Lagrangian,

LW = ψ̄W (i 6 ∂+γµVµ +γµγ5Aµ − MN )ψW +
f 2
π

4
Tr(∂µU †∂µU )
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LW = ψ̄W (i 6 ∂+γµVµ +γµγ5Aµ − MN )ψW +
f 2
π

4
Tr(∂µU †∂µU )

with,

• Vµ = 1
2

[

ξ†∂µξ+ ξ∂µξ
†]

• Aµ = i
2

[

ξ†∂µξ− ξ∂µξ
†]

• ξ = e
i

~τ ~Φ(x)
2fπ =⇒ U = ξξ
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Lagrangian of the nonlinear sigma-model

Also referred to as the Weinberg-Lagrangian,

LW = ψ̄W (i 6 ∂+γµVµ +γµγ5Aµ − MN )ψW +
f 2
π

4
Tr(∂µU †∂µU )

with,

• Vµ = 1
2

[

ξ†∂µξ+ ξ∂µξ
†]

• Aµ = i
2

[

ξ†∂µξ− ξ∂µξ
†]

• ξ = e
i

~τ ~Φ(x)
2fπ =⇒ U = ξξ

~Φ is identified with the pion field

σ-field has disappeared

coupling between nucleons and pions has been changed to a
pseudovector
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Meson-Meson Interaction

The lowest order Lagrangian with the minimal number of derivatives
describing the interaction of the Goldstone bosons

L =
f 2
π

4
Tr(∂µU †∂µU )
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L =
f 2
π

4
Tr(∂µU †∂µU )

U is SU (3) matrix containing the Goldstone boson fields

U (x) = exp

(

i
Φ(x)

fπ

)

,
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Meson-Meson Interaction

The lowest order Lagrangian with the minimal number of derivatives
describing the interaction of the Goldstone bosons

L =
f 2
π

4
Tr(∂µU †∂µU )

U is SU (3) matrix containing the Goldstone boson fields

U (x) = exp

(

i
Φ(x)

fπ

)

,

SU (3) representation of pseudoscalar fields:

Φ(x) =
8
∑

k=1

φk(x)λk =







π0 + 1√
3
η

√
2π+

√
2K +

√
2π− −π0 + 1√

3
η

√
2K 0

√
2K − √

2K̄ 0 − 2√
3
η






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Meson-Meson Interaction

Φ(x) =

8
∑

k=1

φk(x)λk =







φ3 + φ8√
3

φ1 − iφ2 φ4 − iφ5

φ1 + iφ2
φ8√

3
−φ3 φ6 − iφ7

φ4 + iφ5 φ6 + iφ7 −2 φ8√
3







Relation between Cartesian components and Pseudoscalar
meson fields.

φ1 + iφ2 →
√

2π+ φ1 − iφ2 →
√

2π− φ3 → π0

φ4 + iφ5 →
√

2K + φ4 − iφ5 →
√

2K − φ8 → η

φ6 + iφ7 →
√

2K 0 φ6 − iφ7 →
√

2K̄ 0
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Interaction of pseudoscalar meson with external field

We replace the partial derivatives ∂µ by covariant derivatives Dµ to
make the effective chiral Lagrangian invariant under the local transfor-
mations:

L(2)
M =

f 2
π
4 Tr[DµU (DµU )†] + ......

DµU ≡ ∂µU − irµU + iUlµ

DµU † ≡ ∂µU † + iU †rµ − ilµU †,
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Interaction of pseudoscalar meson with external field

We replace the partial derivatives ∂µ by covariant derivatives Dµ to
make the effective chiral Lagrangian invariant under the local transfor-
mations:

L(2)
M =

f 2
π
4 Tr[DµU (DµU )†] + ......

DµU ≡ ∂µU − irµU + iUlµ

DµU † ≡ ∂µU † + iU †rµ − ilµU †,

lµ and rµ are left handed and right handed currents:

◮ lµ = 1
2 (vµ − aµ)

◮ rµ = 1
2 (vµ + aµ),

aµ : axial-vector field
vµ : vector field
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For the Charged Current(CC) case lµ and rµ are given by

lµ = − g√
2

(W +
µ T+ + W −

µ T−), rµ = 0
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For the Charged Current(CC) case lµ and rµ are given by

lµ = − g√
2

(W +
µ T+ + W −

µ T−), rµ = 0

with W ±, the W boson fields and

T+ =





0 Vud Vus

0 0 0
0 0 0



 ; T− =





0 0 0
Vud 0 0
Vus 0 0



 .

Here, Vij are the elements of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix.
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For example: We take an example of pion decay, π+ → µ+ νµ:

π+
u

d

W+
µµ

µ+
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Coupling of the W bosons to the leptons is given by:

L = − g

2
√

2

[

W +
ρ ν̄µγ

ρ(1 −γ5)µ+ W −
ρ µ̄γ

ρ(1 −γ5)νµ

]
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For example: We take an example of pion decay, π+ → µ+ νµ:

π+
u

d

W+
µµ

µ+

Coupling of the W bosons to the leptons is given by:

L = − g

2
√

2

[

W +
ρ ν̄µγ

ρ(1 −γ5)µ+ W −
ρ µ̄γ

ρ(1 −γ5)νµ

]

Interaction term of a single Goldstone boson with a W field:

LWφ =
F0

2
Tr(lµ∂

µφ)

= − g√
2

F0

2
Tr [(W +

µ T+ + W −
µ T−)∂µφ]
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Considering Tr(T+∂
µφ) first,

Tr (T+∂
µφ)

= Tr





(

0 Vud Vus

0 0 0
0 0 0

)

∂µ





π0 + 1√
3
η

√
2π+

√
2K+

√
2π− −π0 + 1√

3
η

√
2K0

√
2K− √

2K̄0 − 2√
3
η









= Vud

√
2 ∂µπ− + Vus

√
2 ∂µK−
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Interaction of pseudoscalar meson with external field

The complex scalar field Φ(x), represents particles with charge q and
antiparticles with charge −q.

Φ̂(x) =
∫

d3k

(2π)3/2
√

2ωk

[

â(~k)e−ipµxµ + b̂†(~k)eipµxµ

]

Φ̂†(x) =
∫

d3k

(2π)3/2
√

2ωk

[

â†(~k)eipµxµ + b̂(~k)e−ipµxµ

]

The field operator, Φ̂(x):

Adjoint field operator, Φ̂†(x):

annihilates a particle creates a particle

annihilates an antiparticle creates an antiparticle

42 / 84



Similarly considering next term, Tr(T−∂µφ),
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3
η
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2π+
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√
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3
η
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Similarly considering next term, Tr(T−∂µφ),

Tr (T−∂µφ)

= Tr





(

0 0 0
Vud 0 0
Vus 0 0

)

∂µ





π0 + 1√
3
η

√
2π+

√
2K+

√
2π− −π0 + 1√

3
η

√
2K0

√
2K− √

2K̄0 − 2√
3
η









= Vud

√
2 ∂µπ+ + Vus

√
2 ∂µK+

Then Lagrangian becomes:

LWφ = −g
F0

2

[

W +
µ

(

Vud ∂
µπ− + Vus ∂

µK−)

+ W −
µ

(

Vud ∂
µπ+ + Vus ∂

µK+
)]
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Feynman rule for the invariant amplitude for weak pion
decay has the form:
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Feynman rule for the invariant amplitude for weak pion
decay has the form:

“ leptonic vertex × W propogator × hadronic vertex ”

M = i

[

− g

2
√

2
ūνµγ

ρ(1 −γ5)νµ+

]

× igρσ

M 2
W

× i

[

−g
F0

2
Vud(−ipσ)

]

= −GFVudF0ūνµ 6 p(1 −γ5)νµ+
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Feynman rule for the invariant amplitude for weak pion
decay has the form:

“ leptonic vertex × W propogator × hadronic vertex ”

M = i

[

− g

2
√

2
ūνµγ

ρ(1 −γ5)νµ+

]

× igρσ

M 2
W

× i

[

−g
F0

2
Vud(−ipσ)

]

= −GFVudF0ūνµ 6 p(1 −γ5)νµ+

p denotes the 4-momentum of the pion

GF Fermi coupling constant
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Interaction of pseudoscalar fields with baryons

The methods of χPT can be extended to describe the low energy
interaction of baryons with the Goldstone bosons as well as with the
external fields
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Interaction of pseudoscalar fields with baryons

The methods of χPT can be extended to describe the low energy
interaction of baryons with the Goldstone bosons as well as with the
external fields

We consider the octet of 1
2

+
baryons. With each member of the octet

we associate a complex, four-component Dirac field

B(x) =

8
∑

k=1

1√
2

bk(x)λk =







1√
2
Σ0 + 1√

6
Λ Σ+ p

Σ− − 1√
2
Σ0 + 1√

6
Λ n

Ξ− Ξ0 − 2√
6
Λ






,
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Interaction of pseudoscalar fields with baryons

B(x) =

8
∑

k=1

1√
2

bk(x)λk =
1√
2







b3 + b8√
3

b1 − ib2 b4 − ib5

b1 + ib2
b8√

3
− b3 b6 − ib7

b4 + ib5 b6 + ib7 −2 b8√
3







Relation between cartesian components and baryon octet fields.

b1 + ib2 →
√

2Σ+ b1 − ib2 →
√

2Σ− b3 → Σ0

b4 + ib5 →
√

2Ξ0 b4 − ib5 →
√

2p b8 → Λ

b6 + ib7 →
√

2Ξ− b6 − ib7 →
√

2n
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their masses which do not vanish in the chiral limit.

If we take nucleons as massive matter fields which couple to ex-
ternal currents and Goldstone fields(pions etc.), we have to then
expand the Lagrangian according to their increasing number of
momenta.

For this, one defines a new unitary matrix

u =
√

U ≡ exp

(

i
Φ(x)

2fπ

)
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The lowest-order chiral Lagrangian for the baryon octet in the presence
of an external current may be written in terms of the SU(3) matrix B
as,

L(1)
MB = Tr

[

B̄ (i /D − M )B
]

− D

2
Tr
(

B̄γµγ5{uµ,B}
)

− F

2
Tr
(

B̄γµγ5[uµ,B]
)

,

covariant derivative of B:
DµB = ∂µB + [Γµ,B],

Γµ = 1
2

[

u†(∂µ − irµ)u + u(∂µ − ilµ)u†]

48 / 84



Tutorial problem:Consider the lowest order π− N Lagrangian

Ψ̄(i 6 D − m +
gA

2
γµγ5uµ)Ψ

in the absence of external currents show that by expanding

u = exp
(

i~φ·~τ
2fπ

)

, pion nucleon interaction Lagrangian may be written as

LπNN = − gA

2fπ
Ψ̄γµγ5∂

µφaτaΨ.
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W+(q)

n(p1)

p(p1 + q)

p(p2)

π0(pπ)
νl(k1)

l−(k2)

W+(q)

n(p1)

p(p1 + q)

p(p2)

π0(pπ)

νl(k1)

l−(k2)

W+(q) − ig

2
√
2
γµ(1− γ5)

νl(k1)
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W+(q) − ig

2
√
2
γµ(1− γ5)

W+(q)

n(p1)

p(p1 + q)

− ig
2
√
2
p̄(p1 + q)Vud

[

γµ − (D + F )γµγ5
]

n(p1)W+

W+(q)

n(p1)

p(p1 + q)

− ig
2
√
2
p̄(p1 + q)Vud

[

γµ − (D + F )γµγ5
]

n(p1)W+

p(p1 + q)

p(p2)

π0(pπ)

− i
2fπ
p̄(p2)

[

(D + F )γ
θ
γ5

]

p(p1 + q)(ipθπ)
p(p1 + q)

p(p2)

π0(pπ)

− i
2fπ
p̄(p2)

[

(D + F )γ
θ
γ5

]

p(p1 + q)(ipθπ)

− 1
2fπ





− g
2
√
2





 p̄(p2)














6 pπ(D + F )γ5
6p1+ 6q+M

(p1+q)
2−M2Vud

[

γµ − (D + F )γµγ5
]















n(p1)

W+(q)

n(p1)

p(p1 + q)

p(p2)

π0(pπ)
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
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
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
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Non-resonant background
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Non-resonant background

Γµ = V µ − Aµ
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Non-resonant background
V µ −→ f̃1(Q2)γµ + f̃2(Q2)iσµν qν

2M

Aµ −→
(

f̃A(Q2)γµ + f̃P(Q2)qµ

M

)

γ5

❅
❅
❅
❅
❅❘

�
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Non-resonant background

Γµ ∼ γµ − gAγ
µγ5 Γµ ∼ γµ Γµ ∼ γµγ5
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Charged Current Process

f̃1,2(Q2) −→ f V
1,2(Q2) = f p

1,2(Q2) − f n
1,2(Q2),

Axial form factor(f̃A(Q2)) is generally taken to be of dipole form,

f̃A(Q2) = fA(Q2) = fA(0)

[

1 +
Q2

M 2
A

]−2

,

fP(Q2) =
2M 2 fA(Q2)

m2
π + Q2

.
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jµ
∣

∣

NP
= Vud ANP ū(~p ′)/kπγ5

/p + /q + M

(p + q)2 − M 2 + iǫ

[

V µ
N (q) − Aµ

N (q)
]

u(~p ),

jµ
∣

∣

CP
= Vud ACP ū(~p ′)

[

V µ
N (q) − Aµ

N (q)
] /p′ − /q + M

(p′ − q)2 − M 2 + iǫ
/kπγ5u(~p ),

jµ
∣

∣

CT
= Vud ACT ū(~p ′)γµ

(

gAf V
CT (Q2)γ5 − fρ

(

(q − kπ)2
)

)

u(~p ),

jµ
∣

∣

PP
= Vud APPfρ

(

(q − kπ)2
) qµ

m2
π + Q2

ū(~p ′) /q u(~p ),

jµ
∣

∣

PF
= Vud APF fPF(Q2)

(2kπ − q)µ

(kπ − q)2 − m2
π

2Mū(~p ′)γ5u(~p ),

withVud = cosθC for C. C. process and Vud = 1 for N. C. process.
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Constant term → A(CC ν) A(CC ν̄) A(NC ν(ν̄))

Final states → pπ+ nπ+ pπ0 nπ− nπ0 pπ− nπ+ pπ0 pπ− nπ0

NP 0 −igA√
2fπ

−igA
fπ

0 igA√
2fπ

−igA
fπ

−igA√
2fπ

−igA
fπ

−igA√
2fπ

igA
fπ

CP −igA
fπ

0 igA√
2fπ

−igA
fπ

−igA√
2fπ

0 −igA√
2fπ

−igA
fπ

−igA√
2fπ

igA
fπ

CT −i√
2fπ

i√
2fπ

i
2fπ

−i√
2fπ

i
fπ

i√
2fπ

- - - -

PP i√
2fπ

−i√
2fπ

−i
2fπ

i√
2fπ

i
fπ

−i√
2fπ

- - - -

PF −i√
2fπ

i√
2fπ

i
2fπ

−i√
2fπ

−i
fπ

−i√
2fπ

- - - -
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Spin 1
2 resonance
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Spin 1
2 resonance

1 S11(1535)

2 S11(1620)
R R

jµ
1
2

= ū(p′)Γµ
1
2
u(p),

Positive parity state Γµ
1
2

+ = V µ
1
2

− Aµ
1
2

Negative parity state Γµ
1
2

− =
[

V µ
1
2

− Aµ
1
2

]

γ5
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Spin 1
2 resonance

1 S11(1535)

2 S11(1620)
R R

jµ
1
2

= ū(p′)Γµ
1
2
u(p),

Positive parity state Γµ
1
2

+ = V µ
1
2

− Aµ
1
2

Negative parity state Γµ
1
2

− =
[

V µ
1
2

− Aµ
1
2

]

γ5

V
µ
1
2

=

[

F1(Q2)

(2M)2

(

Q2γµ + /qqµ
)

+
F2(Q2)

2M
iσµαqα

]

γ5

A
µ
1
2

= −FA(Q2)γµ − FP(Q2)

M
qµ
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Spin 1
2 resonance

jµ
∣

∣

1
2

R
= i Vud CRū(~p ′)/kπγ5

/p + /q + M

(p + q)2 − M 2 + iǫ
Γµ

1
2

u(~p ),

jµ
∣

∣

1
2

CR
= i Vud CRū(~p ′)Γµ

1
2

/p′ − /q + M

(p′ − q)2 − M 2 + iǫ
/kπγ5u(~p ),
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Spin 1
2 resonance

jµ
∣

∣

1
2

R
= i Vud CRū(~p ′)/kπγ5
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Vector form factor

A
p,n
1
2

=

√

2πα

M

(MR∓M)2 + Q2

M 2
R

− M 2

[

Q2

4M 2
F

p,n
1 +

MR±M

2M
F

p,n
2

]

S
p,n
1
2

= ∓
√

πα

M

(M±MR)2 + Q2

M 2
R

− M 2

(MR∓M)2 + Q2

4MRM

[

MR±M

2M
F

p,n
1 − F

p,n
2

]
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1
2

/p′ − /q + M

(p′ − q)2 − M 2 + iǫ
/kπγ5u(~p ),

56 / 84



Spin 1
2 resonance

jµ
∣

∣

1
2

R
= i Vud CRū(~p ′)/kπγ5
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Upper sign for Positive & lower sign for Negative parity state.
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Mass of corresponding resonance
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Spin 1
2 resonance
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= ∓
√
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R

−M2
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4MRM
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]

Electromagnetic transition form factors
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= ūν(p′)Γνµ
3
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u(p),

Positive parity state Γ
3
2

+

νµ =

[

V
3
2

νµ − A
3
2
νµ

]

γ5

Negative parity state Γ
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−

νµ = V
3
2

νµ − A
3
2
νµ
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Spin 3
2 & Isospin 1

2 resonance

1 D13(1520)

2 P13(1720)
R R

jµ
3
2

= ūν(p′)Γνµ
3
2

u(p),

V
3
2

νµ =

[

C̃V
3

M
(gµν /q − qνγµ) +

C̃V
4

M 2
(gµνq · p′ − qνp′

µ) +
C̃V

5

M 2
(gµνq · p − qνpµ) + gµν C̃V

6

]

A
3
2
νµ = −
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C̃A
3
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4

M 2
(gµνq · p′ − qνp′

µ) + C̃A
5 gµν +

C̃A
6

M 2
qνqµ

]

γ5

C̃V
i = CP

i − CN
i
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jµ
∣

∣

3
2

R
= i Vud CR kα

π

p2
R

− M 2
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+ iMRΓR

ū(~p ′)P3/2
αβ

(pR)Γβµ
3
2

(p,q)u(~p ), pR = p + q,

jµ
∣

∣

3
2

CR
= i a CR k

β
π

p2
R

− M 2
R

+ iMRΓR

ū(~p ′)Γ̂µα
3
2

(p′,−q)P
3/2
αβ

(pR)u(~p ), pR = p′ − q,
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∣

∣
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ū(~p ′)Γ̂µα
3
2

(p′,−q)P
3/2
αβ

(pR)u(~p ), pR = p′ − q,

Vector form factor =⇒ Helicity Ansatz
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C
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3

M
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R
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2
±

C
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5
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2
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A
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2

=

√
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R
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C
p,n
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−
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−

C
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2
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S
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2

= ±

√
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6M
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√

Q4 + 2Q2(M2
R

+ M2) + (M2
R

− M2)2

M2
R

×

[

C
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M
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C
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M

2
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+
C
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]

,

+ sign for Positive & − sign for Negative parity state.
60 / 84



Axial–Vector form factors

Data is not available for the axial form-factors
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Data is not available for the axial form-factors
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PCAC & Goldberger-Trieman relation
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,
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CA
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Axial–Vector form factors

Data is not available for the axial form-factors

Dipole–form =⇒

FA(Q2) =
FA(0)

(

1 +
Q2

M 2
A

)2
; CA

5 (Q2) =
CA

5 (0)
(

1 +
Q2

M 2
A

)2

The couplings fR 3
2

& fR 1
2

are

determined from the R → Nπ
decay rate

R
π

N
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Couplings of Resonances

⋆ Uncertainty in RNπ coupling at R → Nπ vertex
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⋆ Uncertainty in RNπ coupling at R → Nπ vertex

Lack of experimental data

⋆ RNπ coupling is fixed using

Data of branching ratio
Decay width of resonances
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Couplings of Resonances

LR 1
2

Nπ =
f
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RNπ coupling strength
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→πN =
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(
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upper sign represents positive parity resonant state

lower sign represents negative parity resonant state
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Neutrino induced Charged-current pion producion
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Neutrino induced Charged-current pion producion
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Inside the nucleus

Inside the nucleus, neutrino interacts with a bound nucleon.

Local Density Approximation

Cross section is evaluated as a function of local Fermi
momentum(pF (r)) and integrated over the size of whole nucleus.
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whose local density in the medium is ρn(r) or ρp(r), respectively.
Corresponding local Fermi momenta for neutron and proton are

pFn
= [3π2ρn(r)]

1
3 ; pFp

= [3π2ρp(r)]
1
3

Differential scattering cross section

(

dσ

dEπdΩπ

)

νA

=

∫

d~r ρN (r)

(

dσ

dEπdΩπ

)

νN
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In a symmetric nuclear matter, each nucleon occupies a volume
(2π h̄)3

N = 2V

∫ pF

0

d3pN

(2π h̄)3

ρN =
N

V
= 2

∫

d3pN

(2π)3
Θ(pFi

− pN
i )Θ(pN

F − pFf
)

or

ρN = 2

∫ EFN

0

d3pN

(2π)3
Θ(EN

F (r) − EN )Θ(EN + q0 − Eπ − EN ′
F (r))

with

EN
F (r) =

√

M 2 + (pN
F (r))2; pN

F (r) = (3π2ρN (r))1/3
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ρN (r) → Z

A
ρ(r); For proton

ρN (r) → A − Z

A
ρ(r); For neutron
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ρ(r); For proton
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A
ρ(r); For neutron

ρ(r) =
ρ(0)

1 − exp
(

r−c
a

)
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ρN (r) → Z

A
ρ(r); For proton

ρN (r) → A − Z

A
ρ(r); For neutron

ρ(r) =
ρ(0)

1 − exp
(

r−c
a

)

c a
cn cp an ap

40Ar 3.64 3.47 0.569 0.569
56Fe 4.05 3.971 0.5935 0.5935
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(

dσ

dEπdcosθπ

)

A
= 2

∫

d
3
~r
∑

N=n,p

d3~pN

(2π)3
Θ1(EN

F (r) − EN)

Θ2(EN + q0 − Eπ − E
N ′

F (r)) ×
(

dσ

dEπdcosθπ

)

N
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√

|~pN |2 + M 2; ~k + ~pN = ~k′ + ~p′
N + ~pπ
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d3~pN = |~pN |2 d|~pN | dcosθN dφN

EN =
√

|~pN |2 + M 2; ~k + ~pN = ~k′ + ~p′
N + ~pπ

E ′
N =

√

|~p′
N |2 + M 2 =

√

|~q −~pπ +~pN |2 + M 2

⇒ E ′
N =

√

|~P|2 + |~pN |2 + 2|~P||~pN |cosθN + M 2; ~P = ~q −~pπ
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(

dσ

dEπdcosθπ

)

N

=
G2

Fcos2θc

128MNEν

|~pl ||~pπ |
E ′

p

1

(2π)4
δ0(q0 + EN − E ′

p − Eπ)

× LµνJµν dEldΩl



(

dσ

dEπdcosθπ

)

N

=
G2

Fcos2θc

128MNEν

|~pl ||~pπ |
E ′

p

1

(2π)4
δ0(q0 + EN − E ′

p − Eπ)

× LµνJµν dEldΩl

Lµν = 8
[

kµk′
ν + k′

µkν − gµν k · k′ ± iǫµναβ k′αkβ
]

J µν = Σ̄ΣJ µ†J ν
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Lµν = 8
[

kµk′
ν + k′

µkν − gµν k · k′ ± iǫµναβ k′αkβ
]

J µν = Σ̄ΣJ µ†J ν

Differential scattering cross section

(

dσ

dEπdΩπ

)

νA

=

∫

d~r ρn(r)

(

dσ

dEπdΩπ

)

νN
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(

dσ

dEπdcosθπ

)

A
= 2

∫ ∞

0

4πr
2
dr

∫ EN
F (r)

ǫ

∫ 2π

0

|~pN |EN dEN dcosθN dφN

(2π)3

× Θ1(EN
F (r) − EN ) Θ2(EN + q0 − Eπ − E

N ′

F (r))

× G2
F cos2θc

128MN Eν

|~pl ||~pπ |
E ′

p

1

(2π)4
δ

0(q0 + EN − E
′
p − Eπ)

× L
µν

Jµν dEldΩl
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(

dσ

dEπdcosθπ

)

A
= 2

∫ ∞

0

4πr
2
dr

∫ EN
F (r)

ǫ

∫ 2π

0

|~pN |EN dEN dcosθN dφN

(2π)3

× Θ1(EN
F (r) − EN ) Θ2(EN + q0 − Eπ − E

N ′

F (r))

× G2
F cos2θc

128MN Eν

|~pl ||~pπ |
E ′

p

1

(2π)4
δ

0(q0 + EN − E
′
p − Eπ)

× L
µν

Jµν dEldΩl

As the azimuthal angle dependence have been found out to be
very small for pion production in electro- and photo- induced
processes

∫ 2π
0 dφN ∼ 2π
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Recoil factor

Let

f = δ0(q0 +
√

|~pN |2 + M 2 −
√

|~P|2 + |~pN |2 + 2|~P||~pN |cosθN + M 2 − Eπ)
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√

|~P|2 + |~pN |2 + 2|~P||~pN |cosθN + M 2 − Eπ)

with
E ′2

N = |~P|2 + |~pN |2 + 2|~P||~pN |cosθN + M 2

On partially differentiating and using property of delta function

∫

dx δ[f (x)] =

∣

∣

∣

∣

∂f

∂x

∣

∣

∣

∣

−1

x=x0
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with
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N = |~P|2 + |~pN |2 + 2|~P||~pN |cosθN + M 2

On partially differentiating and using property of delta function

∫

dx δ[f (x)] =

∣

∣

∣

∣

∂f

∂x

∣

∣

∣

∣

−1

x=x0

we get
∣

∣

∣

∣

∂E ′
N

∂cosθN

∣

∣

∣

∣

−1

=
E ′

N

|~P||~pN |
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From energy conservation

q0 +
√

|~pN |2 + M 2 −
√

|~P|2 + |~pN |2 + 2|~P||~pN |cosθN + M 2 − Eπ = 0
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P2 + 2E ′
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≤ 1
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NP0 ≤ 2|~P||~pN |
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On squaring both sides and further simplifying

E′2
N + E′

N P0 +
P2

4
+

M 2|~P|2
P2

≤ 0
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On squaring both sides and further simplifying

E′2
N + E′

N P0 +
P2

4
+

M 2|~P|2
P2

≤ 0

Solving above quadratic equation and as E ′
N ≥ M, so neglecting

negative solution, we get

E′
N =

−P0 +

√

P2
0 − 4

(

P2

4
+

M2|~P|2

P2

)

2

78 / 84



On squaring both sides and further simplifying

E′2
N + E′

N P0 +
P2

4
+

M 2|~P|2
P2

≤ 0

Solving above quadratic equation and as E ′
N ≥ M, so neglecting

negative solution, we get

E′
N =

−P0 +

√

P2
0 − 4

(

P2

4
+

M2|~P|2

P2

)

2

ǫ= Max(M ,EN′
F ,E ′

N )

78 / 84



On squaring both sides and further simplifying

E′2
N + E′

N P0 +
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4
+

M 2|~P|2
P2

≤ 0

Solving above quadratic equation and as E ′
N ≥ M, so neglecting

negative solution, we get

E′
N =

−P0 +

√

P2
0 − 4

(

P2

4
+

M2|~P|2

P2

)

2

ǫ= Max(M ,EN′
F ,E ′

N )

(

dσ

dEπdcosθπ

)

A

=
G2

F
cos2θc

64π5

∫ ∞

0

r2dr

∫

dEldΩl

|~pl ||~pπ|
|~P||~k|

(EN
F (r) − ǫ)

× Θ(EN
F (r) − EN ) × Θ(−P2)Θ(P0)LµνWµν(p̃N ,q,kπ)

×
(

dσ

dEπdcosθπ

)

N
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In nuclear medium the properties of ∆(1232) like its
mass and decay width get modified

Modifications

Modification in the width Γ̃
Γ̃

2
→ Γ̃

2
− ImΣ∆

and in mass M∆ of the ∆ resonance

M∆ → M∆ + ReΣ∆
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In nuclear medium the properties of ∆(1232) like its
mass and decay width get modified

Modifications

Modification in the width Γ̃
Γ̃

2
→ Γ̃

2
− ImΣ∆

and in mass M∆ of the ∆ resonance

M∆ → M∆ + ReΣ∆

To evaluate ∆ self energy

Many body expansion in terms of ph and ∆h excitations and

spin-isospin induced interaction

Imaginary part of ∆ self energy accounts for

Quasielastic corrections(WN → Nπ)

Two body absorption(WNN → NN ) and

Three body absorption(WNNN → NNN )
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∆ self energy in free space

∆ Self energy

Feynman diagram for free ∆ self energy containing ∆ → Nπ decay

ms, mt

N(k − q)

Mt

M ′
t M ′

s

π(q)

∆(k)

Ms

∆(k)

λ
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For πNN vertex
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∆ Self energy

Feynman diagram for free ∆ self energy containing ∆ → Nπ decay

ms, mt

N(k − q)

Mt

M ′
t M ′

s

π(q)

∆(k)

Ms

∆(k)

λ

For πNN vertex

δHπNN = i f (q2)
µ ~σ ·~q ~τ · φ̂

for πN∆ vertex

δHπN∆ = i f ∗(q2)
µ

~S ·~q ~T · φ̂+ h.c.

Coupling Constants
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Following Feynman rules, ∆ self energy for the Feynman diagram

〈M ′
sM ′

t | − iΣ(k)|MsMt〉 = ΣmsmtΛ

∫

d4q

(2π)4

(

f ∗(q2)

µ

)2

〈M ′
s|S† · q|ms〉

× 〈m′
s|S · (−q)|Ms〉〈M ′

t |T†Λ|mt〉〈mt |TΛ|Mt〉
× iG0(k − q)iD0(q)
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〈M ′
s|S† · q|ms〉

× 〈m′
s|S · (−q)|Ms〉〈M ′

t |T†Λ|mt〉〈mt |TΛ|Mt〉
× iG0(k − q)iD0(q)

G0 is nucleon propagator D0 is meson propagator

In operator form

Σ(k) = iS†
i Sj

∫

d4q

(2π)4

(

f ∗(q2)

µ

)2

G0(k − q)D0(q)
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Expressions for the real and the imaginary parts of Σ∆

ReΣ∆ = 40
ρ

ρ0
MeV and

−ImΣ∆ = CQ

(

ρ

ρ0

)α

+ CA2

(

ρ

ρ0

)β

+ CA3

(

ρ

ρ0

)γ

with
C(Tπ) = ax2 + bx + c; x = Tπ/µ

E. Oset et al., Nucl. Phys. A 468, 631 (1987); C. Garcia Recio et al. Nucl. Phys.

A 526, 685 (1991)
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