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Introduction: Inflationary cosmology

• Quantum fluctuations are the origin of structures in the Universe
• anti-correlation of CMB TE spectrum -> super-H curvature perturbations
• (future) CMB BB spectrum -> super-H gravitational-wave (GW) 

perturbations

credit: NASA



Constraint on inflation models [Planck 2015]

•  Large class of models with non-minimal gravity are in good 
agreement with observations, e.g., R2, Higgs, α-attractors



• In the context of modified gravity, field theory in curved space-time and 
higher-dimensional unifying particle physics theories, NMC between 
scalar fields and the Ricci scalar is common 

Models with non-minimal coupling (NMC)
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Figure 2: Models of conformal inflation based on generalizations of the Starobinsky model, with
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, n = 1, 2, 3, 4.

4 Universality of conformal inflation

In this section we will describe the roots of the universality of predictions of conformal inflation in

a more general way. But first of all, we will consider some instructive examples, which will help to

explain the main idea of our approach.
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Figure 3: Flattening of the sinusoidal potential V (�) near the boundary of the moduli space � =
p
6

by boost in the moduli space, V (�) ! V (
p
6 tanh 'p

6

). Inflationary plateau of the function V (�)

appears because of the exponential stretching of the last growing part of the sinusoidal function V (�).

Consider a sinusoidal function F (�/�) ⇠ sin(a + b�) and check what will happen to it after the

boost V (�) ! V (
p
6 tanh 'p

6

). As we see from the Fig. 3, the main part of the stretch of the potential

occurs very close to the boundary of moduli space, near � =
p
6. The rising segment of the sinusoidal

function bends and forms a plateau, which has an ideal form for the slow-roll inflation. However, if the

last segment of the sinusoidal function were falling down, its stretching would produce an exponentially

decreasing curve rapidly approaching dS space. This possibility does not lead to slow roll inflation
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Fig. 54. Marginalized joint 68 % and 95 % CL regions for ns and r0.002 from Planck alone and in combination with its cross-
correlation with BICEP2/Keck Array and/or BAO data compared with the theoretical predictions of selected inflationary models.

further improving on the upper limits obtained from the different
data combinations presented in Sect. 5.

By directly constraining the tensor mode, the BKP likeli-
hood removes degeneracies between the tensor-to-scalar ratio
and other parameters. Adding tensors and running, we obtain

r0.002 < 0.10 (95 % CL, Planck TT+lowP+BKP) , (168)

which constitutes almost a 50 % improvement over the Planck
TT+lowP constraint quoted in Eq. (28). These limits on tensor
modes are more robust than the limits using the shape of the
CTT
` spectrum alone owing to the fact that scalar perturbations

cannot generate B modes irrespective of the shape of the scalar
spectrum.

13.1. Implications of BKP on selected inflationary models

Using the BKP likelihood further strengthens the constraints
on the inflationary parameters and models discussed in Sect. 6,
as seen in Fig. 54. If we set ✏3 = 0, the first slow-roll pa-
rameter is constrained to ✏1 < 0.0055 at 95 % CL by Planck
TT+lowP+BKP. With the same data combination, concave po-
tentials are preferred over convex potentials with log B = 3.8,
which improves on log B = 2 obtained from the Planck data
alone.

Combining with the BKP likelihood strengthens the con-
straints on the selected inflationary models studied in Sect. 6.
Using the same methodology as in Sect. 6 and adding the BKP
likelihood gives a Bayes factor preferring R2 over chaotic in-
flation with monomial quadratic potential and natural inflation
by odds of 403:1 and 270:1, respectively, under the assumption
of a dust equation of state during the entropy generation stage.
The combination with the BKP likelihood further penalizes the
double-well model compared to R2 inflation. However, adding

Table 17. Results of inflationary model comparison using the
cross-correlation between BICEP2/Keck Array and Planck. This
table is the analogue to Table 6, which did not use the BKP like-
lihood.

Inflationary Model ln B0X

wint = 0 wint , 0

R + R2/6M2 . . . +0.3
n = 2 �6.0 �5.6
Natural �5.6 �5.0
Hilltop (p = 2) �0.7 �0.4
Hilltop (p = 4) �0.6 �0.9
Double well �4.3 �4.2
Brane inflation (p = 2) +0.2 0.0
Brane inflation (p = 4) +0.1 �0.1
Exponential inflation �0.1 0.0
SB SUSY �1.8 �1.5
Supersymmetric ↵-model �1.1 +0.1
Superconformal (m = 1) �1.9 �1.4

BKP reduces the Bayes factor of the hilltop models compared
to R2, because these models can predict a value of the tensor-to-
scalar ratio that better fits the statistically insignificant peak at
r ⇡ 0.05. See Table 17 for the Bayes factors of other inflationary
models with the same two cases of post-inflationary evolution
studied in Sect. 6.

13.2. Implications of BKP on scalar power spectrum

The presence of tensors would, at least to some degree, require
an enhanced suppression of the scalar power spectrum on large
scales to account for the low-` deficit in the CTT

` spectrum. We
therefore repeat the analysis of an exponential cut-off studied

• Make conformal transformation: g̃µ⌫ = ⌦2gµ⌫ , with ⌦2 =
2f

M2
Pl

) 1. Flattening of potential
2. Rescaling of field

) Ideal for inflation
• All predict ns = 1� 2
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but        depends on reheating, which is 
different for different models 
→Gravitational reheating 
[Takeda & YW 1405.3830; YW & White 1503.08430]
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Purposes of this study 

• More general gravitational theories for inflation? E.g. Horndeski gravity and 
beyond [Yokoyama-san’s talk, Saitou-san’s talk]

• The primordial linear tensor power spectrum from inflation can be always cast 
into the standard form at leading order in derivatives with suitable conformal 
and disformal transformations in EFT of inflation. [Creminelli et al 1407.8439]

• Invariance of the curvature perturbation under disformal transformations has 
been shown at linear order. [Minamitsuji 1409.1566, Tsujikawa 1412.6210]

• We extend the invariance of the curvature and GW perturbations to fully 
nonlinear order. → necessary for non-Gaussianity etc.

• We further show the invariance under a new type of disformal 
transformation, dubbed multi-disformal transformation, generated by 
multi-component scalar fields. 



Decomposing spacetime

2

Among those non-canonical models, many of them are constructed in extended scalar-tensor theories of gravity,
such as generalized G-inflation [33–36] and its extensions [37–41]. Therefore, studies of non-linear cosmological
perturbations within the framework of extended gravity are necessary for distinguishing models of inflation. Such
studies are also equally important for testing alternative theories of inflation, such as bouncing cosmology [42].
A formalism has been developed on the basis of spatial gradient expansion to study the classical evolution of

the curvature perturbation to full non-linear order on super-horizon scales. The zeroth order truncation of gradient
expansion corresponds to the separate universe approach [13, 43, 44], which is the basis of the δN formalism [43, 45, 46]
that allows us to study the nonlinear evolution of the curvature perturbation. Moreover, at the next leading order,
namely the second order in the gradient expansion we can take into account the effect of a mode closely related to
the cosmic shear, which usually decays rapidly on super-horizon scales, but which may become important in a model
where the slow-roll evolution may be violated. Studies on gradient expansion to second order were carried out for
single-field k-essence [47], for multi-field k-essence [49], and for the kinetic gravity braiding (KGB) model [48].
Creminelli et al. [50] have recently shown that the primordial linear tensor power spectrum from inflation can be

always cast into the standard form, i.e., Pγ(k) = H2/(2M2
Plk

3), at leading order in derivatives with suitable conformal
and disformal transformations in the context of the effective field theory (EFT) of inflation [51] where the speed of
propagation of gravitational waves is not necessarily unity and hence the theory of gravity can be modified from
general relativity (GR).
Thus, regardless of the theory of gravity, we can formally obtain a prediction for linear tensor modes, which

strongly indicates a close relation between modifying gravity and a disformal plus conformal transformation from
GR. Moreover, invariance of the curvature perturbation under disformal transformations has been shown at linear
order [52, 53].
In this paper, we extend the invariance of the curvature and tensor perturbations to fully non-linear order. In

Sec. II, we show the invariance under the disformal transformation to fully non-linear order by exploiting the effect
of the transformation on the form of the metric. We then consider the evolution equations for the curvature and
tensor perturbations, and show explicitly that the invariance holds not only in linear perturbation theory but also
full non-linearly up through second order in spatial gradient expansion. In Sec. III, we consider a new type of
disformal transformation, dubbed multi-disformal transformation, generated by a multi-component scalar field. We
show that the curvature and tensor perturbations are still invariant under the multi-disformal transformation at linear
order, and the curvature and tensor perturbations remain invariant again up through the second order in gradient
expansion, provided that the system has reached the adiabatic limit. In doing so, we also show that the curvature
and tensor perturbations in a wide class of extended scalar-tensor theories can be described in terms of those in GR
with redefinitions of background quantities.

II. INVARIANCE OF NON-LINEAR PERTURBATIONS AND EQUATIONS

A. Invariance of non-linear perturbations

Let us employ the Arnowitt-Deser-Misner (ADM) formalism and the metric is expressed as

ds2 = gµνdx
µdxν = −α2dt2 + γ̂ij

(
dxi + βidt

)(
dxj + βjdt

)
, (2.1)

where α is the lapse function, βi is the shift vector and Latin indices run over 1, 2 and 3. In addition to the standard
ADM decomposition, the spatial metric are further decomposed so as to separate trace and unimodular parts as

γ̂ij = a2(t)e2ψγij , det γij = 1 , (2.2)

where a(t) is the scale factor of a fiducial flat Friedmann-Lemâıtre-Robertson-Walker (FLRW) spacetime with the
metric,

ds2 = −dt2 + a2(t)δijdx
idxj . (2.3)

It is sometimes convenient to use the conformal time η,

dη =
dt

a(t)
, (2.4)

in place of the cosmic proper time t. Below we denote the proper Hubble expansion rate of the background FLRW
universe by H and the conformal Hubble expansion rate by H. That is, H = ȧ/a and H = a′/a, where a dot denotes
d/dt and a prime d/dη.
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The general form of disformal transformation is defined as [54]

g̃µν = A(φ , X) gµν +B(φ , X) ∂µφ∂νφ , X ≡ −gµν∂µφ∂νφ/2 . (2.5)

To focus on the effect of disformal transformation, we concentrate on the case A = 1, that is, a pure disformal
transformation. For simplicity, we simply call it the disformal transformation throughout this paper unless confusion
may arise. As clear from the above form, the general disformal transformation consists of a disformal transformation
(A = 1, B ̸= 0) and a conformal transformation (A ̸= 1, B = 0). In the end of this subsection, we also discuss the
invariance under the conformal transformation.
As a choice of the time slicing, we take the uniform φ slicing on which the scalar field is given as a function of time

only, that is,

φ = φ(t) . (2.6)

Under the assumption that the scalar field φ dominates the universe, this slicing is equivalent to the comoving slicing.
We denote the scalar component of γij by χ, which is extracted from γij as

χ ≡ −3

4
△−1

{
∂i
[
e−3ψ∂j

(
e3ψ(γij − δij)

)]}
, (2.7)

where △ is the flat 3-dimensional Laplacian and ∂i = δij∂j , and denote ψ + χ/3 on the comoving slicing by Rc

(Rc ≡ ψc + χc/3) and its linearized version by Rc Namely, Rc is the (comoving) curvature perturbation at linear
order and Rc its non-linear generalization, which is the variable of our interest.2 As for the tensor perturbation, we
define its non-linear generalization as the transverse part of γij with respect to the flat background metric δij . We
denote it by γTT

ij . That is, ∂jγTT
ij = 0.3 We note that γTT

ij is independent of the time-slicing condition at linear order

but is slice-dependent at higher orders. Thus at non-linear order our discussion applies only to γTT
ij defined on the

uniform φ slicing.
An immediate consequence here is that the disformal transformation affects only the (0 , 0)-component of the metric:

g̃µν = gµν +B φ̇2 δµ
0δν

0 , (2.8)

and hence only the lapse function,

α̃2 = α2 −Bφ̇2 . (2.9)

For completeness, let us write down the transformed metric,

ds̃2 = g̃µνdx
µdxν = −α̃2dt2 + γ̂ij

(
dxi + βidt

)(
dxj + βjdt

)
, (2.10)

and the corresponding FLRW background,

ds̃2 = −α̃2
0dt

2 + a2(t)δijdx
idxj , (2.11)

where α̃0 is the background value of α̃.
Thus, with the choice of the uniform φ slicing, the disformal transformation only induces the change in the lapse

function and hence the spatial metric as well as the shift vector are trivially invariant to fully non-linear order.
This fact implies the invariance of the curvature perturbation on the uniform φ slicing as well as that of the tensor
perturbation which is contained in the unimodular part of the spatial metric.
Next let us discuss the invariance of the curvature and tensor perturbations under the conformal transformation. It

is widely known that when A in (2.5) is a function of φ only, the curvature and tensor perturbations on the uniform φ
slicing are invariant even at non-linear level [55]. Here we shall extend their discussion by introducing the dependence
on X in A. First as for the tensor perturbation, it is manifestly invariant even under this extended conformal
transformation because the conformal factor does not affect the unimodular part of the spatial metric. On the

2 We note that the non-linear generalization of the curvature perturbation is not unique, but it is unique up through second order in
spatial gradient expansion [47, 48].

3 Note that γTT
ij is traceless only at linear order, in spite of the fact that we use the superscripts TT for convenience, which could mean

transverse and traceless.
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order [52, 53].
In this paper, we extend the invariance of the curvature and tensor perturbations to fully non-linear order. In

Sec. II, we show the invariance under the disformal transformation to fully non-linear order by exploiting the effect
of the transformation on the form of the metric. We then consider the evolution equations for the curvature and
tensor perturbations, and show explicitly that the invariance holds not only in linear perturbation theory but also
full non-linearly up through second order in spatial gradient expansion. In Sec. III, we consider a new type of
disformal transformation, dubbed multi-disformal transformation, generated by a multi-component scalar field. We
show that the curvature and tensor perturbations are still invariant under the multi-disformal transformation at linear
order, and the curvature and tensor perturbations remain invariant again up through the second order in gradient
expansion, provided that the system has reached the adiabatic limit. In doing so, we also show that the curvature
and tensor perturbations in a wide class of extended scalar-tensor theories can be described in terms of those in GR
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The uniform φ slicing 
(comoving slicing if φ dominates):

3

The general form of disformal transformation is defined as [54]

g̃µν = A(φ , X) gµν +B(φ , X) ∂µφ∂νφ , X ≡ −gµν∂µφ∂νφ/2 . (2.5)

To focus on the effect of disformal transformation, we concentrate on the case A = 1, that is, a pure disformal
transformation. For simplicity, we simply call it the disformal transformation throughout this paper unless confusion
may arise. As clear from the above form, the general disformal transformation consists of a disformal transformation
(A = 1, B ̸= 0) and a conformal transformation (A ̸= 1, B = 0). In the end of this subsection, we also discuss the
invariance under the conformal transformation.
As a choice of the time slicing, we take the uniform φ slicing on which the scalar field is given as a function of time

only, that is,

φ = φ(t) . (2.6)

Under the assumption that the scalar field φ dominates the universe, this slicing is equivalent to the comoving slicing.
We denote the scalar component of γij by χ, which is extracted from γij as

χ ≡ −3

4
△−1

{
∂i
[
e−3ψ∂j

(
e3ψ(γij − δij)

)]}
, (2.7)

where △ is the flat 3-dimensional Laplacian and ∂i = δij∂j , and denote ψ + χ/3 on the comoving slicing by Rc

(Rc ≡ ψc + χc/3) and its linearized version by Rc Namely, Rc is the (comoving) curvature perturbation at linear
order and Rc its non-linear generalization, which is the variable of our interest.2 As for the tensor perturbation, we
define its non-linear generalization as the transverse part of γij with respect to the flat background metric δij . We
denote it by γTT

ij . That is, ∂jγTT
ij = 0.3 We note that γTT

ij is independent of the time-slicing condition at linear order

but is slice-dependent at higher orders. Thus at non-linear order our discussion applies only to γTT
ij defined on the

uniform φ slicing.
An immediate consequence here is that the disformal transformation affects only the (0 , 0)-component of the metric:

g̃µν = gµν +B φ̇2 δµ
0δν

0 , (2.8)

and hence only the lapse function,

α̃2 = α2 −Bφ̇2 . (2.9)

For completeness, let us write down the transformed metric,

ds̃2 = g̃µνdx
µdxν = −α̃2dt2 + γ̂ij

(
dxi + βidt

)(
dxj + βjdt

)
, (2.10)

and the corresponding FLRW background,

ds̃2 = −α̃2
0dt

2 + a2(t)δijdx
idxj , (2.11)

where α̃0 is the background value of α̃.
Thus, with the choice of the uniform φ slicing, the disformal transformation only induces the change in the lapse

function and hence the spatial metric as well as the shift vector are trivially invariant to fully non-linear order.
This fact implies the invariance of the curvature perturbation on the uniform φ slicing as well as that of the tensor
perturbation which is contained in the unimodular part of the spatial metric.
Next let us discuss the invariance of the curvature and tensor perturbations under the conformal transformation. It

is widely known that when A in (2.5) is a function of φ only, the curvature and tensor perturbations on the uniform φ
slicing are invariant even at non-linear level [55]. Here we shall extend their discussion by introducing the dependence
on X in A. First as for the tensor perturbation, it is manifestly invariant even under this extended conformal
transformation because the conformal factor does not affect the unimodular part of the spatial metric. On the

2 We note that the non-linear generalization of the curvature perturbation is not unique, but it is unique up through second order in
spatial gradient expansion [47, 48].

3 Note that γTT
ij is traceless only at linear order, in spite of the fact that we use the superscripts TT for convenience, which could mean

transverse and traceless.

3

The general form of disformal transformation is defined as [54]

g̃µν = A(φ , X) gµν +B(φ , X) ∂µφ∂νφ , X ≡ −gµν∂µφ∂νφ/2 . (2.5)

To focus on the effect of disformal transformation, we concentrate on the case A = 1, that is, a pure disformal
transformation. For simplicity, we simply call it the disformal transformation throughout this paper unless confusion
may arise. As clear from the above form, the general disformal transformation consists of a disformal transformation
(A = 1, B ̸= 0) and a conformal transformation (A ̸= 1, B = 0). In the end of this subsection, we also discuss the
invariance under the conformal transformation.
As a choice of the time slicing, we take the uniform φ slicing on which the scalar field is given as a function of time

only, that is,

φ = φ(t) . (2.6)

Under the assumption that the scalar field φ dominates the universe, this slicing is equivalent to the comoving slicing.
We denote the scalar component of γij by χ, which is extracted from γij as

χ ≡ −3

4
△−1

{
∂i
[
e−3ψ∂j

(
e3ψ(γij − δij)

)]}
, (2.7)

where △ is the flat 3-dimensional Laplacian and ∂i = δij∂j , and denote ψ + χ/3 on the comoving slicing by Rc

(Rc ≡ ψc + χc/3) and its linearized version by Rc Namely, Rc is the (comoving) curvature perturbation at linear
order and Rc its non-linear generalization, which is the variable of our interest.2 As for the tensor perturbation, we
define its non-linear generalization as the transverse part of γij with respect to the flat background metric δij . We
denote it by γTT

ij . That is, ∂jγTT
ij = 0.3 We note that γTT

ij is independent of the time-slicing condition at linear order

but is slice-dependent at higher orders. Thus at non-linear order our discussion applies only to γTT
ij defined on the

uniform φ slicing.
An immediate consequence here is that the disformal transformation affects only the (0 , 0)-component of the metric:

g̃µν = gµν +B φ̇2 δµ
0δν

0 , (2.8)

and hence only the lapse function,

α̃2 = α2 −Bφ̇2 . (2.9)

For completeness, let us write down the transformed metric,

ds̃2 = g̃µνdx
µdxν = −α̃2dt2 + γ̂ij

(
dxi + βidt

)(
dxj + βjdt

)
, (2.10)

and the corresponding FLRW background,

ds̃2 = −α̃2
0dt

2 + a2(t)δijdx
idxj , (2.11)

where α̃0 is the background value of α̃.
Thus, with the choice of the uniform φ slicing, the disformal transformation only induces the change in the lapse

function and hence the spatial metric as well as the shift vector are trivially invariant to fully non-linear order.
This fact implies the invariance of the curvature perturbation on the uniform φ slicing as well as that of the tensor
perturbation which is contained in the unimodular part of the spatial metric.
Next let us discuss the invariance of the curvature and tensor perturbations under the conformal transformation. It

is widely known that when A in (2.5) is a function of φ only, the curvature and tensor perturbations on the uniform φ
slicing are invariant even at non-linear level [55]. Here we shall extend their discussion by introducing the dependence
on X in A. First as for the tensor perturbation, it is manifestly invariant even under this extended conformal
transformation because the conformal factor does not affect the unimodular part of the spatial metric. On the

2 We note that the non-linear generalization of the curvature perturbation is not unique, but it is unique up through second order in
spatial gradient expansion [47, 48].

3 Note that γTT
ij is traceless only at linear order, in spite of the fact that we use the superscripts TT for convenience, which could mean

transverse and traceless.

3

The general form of disformal transformation is defined as [54]

g̃µν = A(φ , X) gµν +B(φ , X) ∂µφ∂νφ , X ≡ −gµν∂µφ∂νφ/2 . (2.5)

To focus on the effect of disformal transformation, we concentrate on the case A = 1, that is, a pure disformal
transformation. For simplicity, we simply call it the disformal transformation throughout this paper unless confusion
may arise. As clear from the above form, the general disformal transformation consists of a disformal transformation
(A = 1, B ̸= 0) and a conformal transformation (A ̸= 1, B = 0). In the end of this subsection, we also discuss the
invariance under the conformal transformation.
As a choice of the time slicing, we take the uniform φ slicing on which the scalar field is given as a function of time

only, that is,

φ = φ(t) . (2.6)

Under the assumption that the scalar field φ dominates the universe, this slicing is equivalent to the comoving slicing.
We denote the scalar component of γij by χ, which is extracted from γij as

χ ≡ −3

4
△−1

{
∂i
[
e−3ψ∂j

(
e3ψ(γij − δij)

)]}
, (2.7)

where △ is the flat 3-dimensional Laplacian and ∂i = δij∂j , and denote ψ + χ/3 on the comoving slicing by Rc

(Rc ≡ ψc + χc/3) and its linearized version by Rc Namely, Rc is the (comoving) curvature perturbation at linear
order and Rc its non-linear generalization, which is the variable of our interest.2 As for the tensor perturbation, we
define its non-linear generalization as the transverse part of γij with respect to the flat background metric δij . We
denote it by γTT

ij . That is, ∂jγTT
ij = 0.3 We note that γTT

ij is independent of the time-slicing condition at linear order

but is slice-dependent at higher orders. Thus at non-linear order our discussion applies only to γTT
ij defined on the

uniform φ slicing.
An immediate consequence here is that the disformal transformation affects only the (0 , 0)-component of the metric:

g̃µν = gµν +B φ̇2 δµ
0δν

0 , (2.8)

and hence only the lapse function,

α̃2 = α2 −Bφ̇2 . (2.9)

For completeness, let us write down the transformed metric,

ds̃2 = g̃µνdx
µdxν = −α̃2dt2 + γ̂ij

(
dxi + βidt

)(
dxj + βjdt

)
, (2.10)

and the corresponding FLRW background,

ds̃2 = −α̃2
0dt

2 + a2(t)δijdx
idxj , (2.11)

where α̃0 is the background value of α̃.
Thus, with the choice of the uniform φ slicing, the disformal transformation only induces the change in the lapse

function and hence the spatial metric as well as the shift vector are trivially invariant to fully non-linear order.
This fact implies the invariance of the curvature perturbation on the uniform φ slicing as well as that of the tensor
perturbation which is contained in the unimodular part of the spatial metric.
Next let us discuss the invariance of the curvature and tensor perturbations under the conformal transformation. It

is widely known that when A in (2.5) is a function of φ only, the curvature and tensor perturbations on the uniform φ
slicing are invariant even at non-linear level [55]. Here we shall extend their discussion by introducing the dependence
on X in A. First as for the tensor perturbation, it is manifestly invariant even under this extended conformal
transformation because the conformal factor does not affect the unimodular part of the spatial metric. On the

2 We note that the non-linear generalization of the curvature perturbation is not unique, but it is unique up through second order in
spatial gradient expansion [47, 48].

3 Note that γTT
ij is traceless only at linear order, in spite of the fact that we use the superscripts TT for convenience, which could mean

transverse and traceless.

3

The general form of disformal transformation is defined as [54]

g̃µν = A(φ , X) gµν +B(φ , X) ∂µφ∂νφ , X ≡ −gµν∂µφ∂νφ/2 . (2.5)

To focus on the effect of disformal transformation, we concentrate on the case A = 1, that is, a pure disformal
transformation. For simplicity, we simply call it the disformal transformation throughout this paper unless confusion
may arise. As clear from the above form, the general disformal transformation consists of a disformal transformation
(A = 1, B ̸= 0) and a conformal transformation (A ̸= 1, B = 0). In the end of this subsection, we also discuss the
invariance under the conformal transformation.
As a choice of the time slicing, we take the uniform φ slicing on which the scalar field is given as a function of time

only, that is,

φ = φ(t) . (2.6)

Under the assumption that the scalar field φ dominates the universe, this slicing is equivalent to the comoving slicing.
We denote the scalar component of γij by χ, which is extracted from γij as

χ ≡ −3

4
△−1

{
∂i
[
e−3ψ∂j

(
e3ψ(γij − δij)

)]}
, (2.7)

where △ is the flat 3-dimensional Laplacian and ∂i = δij∂j , and denote ψ + χ/3 on the comoving slicing by Rc

(Rc ≡ ψc + χc/3) and its linearized version by Rc Namely, Rc is the (comoving) curvature perturbation at linear
order and Rc its non-linear generalization, which is the variable of our interest.2 As for the tensor perturbation, we
define its non-linear generalization as the transverse part of γij with respect to the flat background metric δij . We
denote it by γTT

ij . That is, ∂jγTT
ij = 0.3 We note that γTT

ij is independent of the time-slicing condition at linear order

but is slice-dependent at higher orders. Thus at non-linear order our discussion applies only to γTT
ij defined on the

uniform φ slicing.
An immediate consequence here is that the disformal transformation affects only the (0 , 0)-component of the metric:

g̃µν = gµν +B φ̇2 δµ
0δν

0 , (2.8)

and hence only the lapse function,

α̃2 = α2 −Bφ̇2 . (2.9)

For completeness, let us write down the transformed metric,

ds̃2 = g̃µνdx
µdxν = −α̃2dt2 + γ̂ij

(
dxi + βidt

)(
dxj + βjdt

)
, (2.10)

and the corresponding FLRW background,

ds̃2 = −α̃2
0dt

2 + a2(t)δijdx
idxj , (2.11)

where α̃0 is the background value of α̃.
Thus, with the choice of the uniform φ slicing, the disformal transformation only induces the change in the lapse

function and hence the spatial metric as well as the shift vector are trivially invariant to fully non-linear order.
This fact implies the invariance of the curvature perturbation on the uniform φ slicing as well as that of the tensor
perturbation which is contained in the unimodular part of the spatial metric.
Next let us discuss the invariance of the curvature and tensor perturbations under the conformal transformation. It

is widely known that when A in (2.5) is a function of φ only, the curvature and tensor perturbations on the uniform φ
slicing are invariant even at non-linear level [55]. Here we shall extend their discussion by introducing the dependence
on X in A. First as for the tensor perturbation, it is manifestly invariant even under this extended conformal
transformation because the conformal factor does not affect the unimodular part of the spatial metric. On the

2 We note that the non-linear generalization of the curvature perturbation is not unique, but it is unique up through second order in
spatial gradient expansion [47, 48].

3 Note that γTT
ij is traceless only at linear order, in spite of the fact that we use the superscripts TT for convenience, which could mean

transverse and traceless.

3

The general form of disformal transformation is defined as [54]

g̃µν = A(φ , X) gµν +B(φ , X) ∂µφ∂νφ , X ≡ −gµν∂µφ∂νφ/2 . (2.5)

To focus on the effect of disformal transformation, we concentrate on the case A = 1, that is, a pure disformal
transformation. For simplicity, we simply call it the disformal transformation throughout this paper unless confusion
may arise. As clear from the above form, the general disformal transformation consists of a disformal transformation
(A = 1, B ̸= 0) and a conformal transformation (A ̸= 1, B = 0). In the end of this subsection, we also discuss the
invariance under the conformal transformation.
As a choice of the time slicing, we take the uniform φ slicing on which the scalar field is given as a function of time

only, that is,

φ = φ(t) . (2.6)

Under the assumption that the scalar field φ dominates the universe, this slicing is equivalent to the comoving slicing.
We denote the scalar component of γij by χ, which is extracted from γij as

χ ≡ −3

4
△−1

{
∂i
[
e−3ψ∂j

(
e3ψ(γij − δij)

)]}
, (2.7)

where △ is the flat 3-dimensional Laplacian and ∂i = δij∂j , and denote ψ + χ/3 on the comoving slicing by Rc

(Rc ≡ ψc + χc/3) and its linearized version by Rc Namely, Rc is the (comoving) curvature perturbation at linear
order and Rc its non-linear generalization, which is the variable of our interest.2 As for the tensor perturbation, we
define its non-linear generalization as the transverse part of γij with respect to the flat background metric δij . We
denote it by γTT

ij . That is, ∂jγTT
ij = 0.3 We note that γTT

ij is independent of the time-slicing condition at linear order

but is slice-dependent at higher orders. Thus at non-linear order our discussion applies only to γTT
ij defined on the

uniform φ slicing.
An immediate consequence here is that the disformal transformation affects only the (0 , 0)-component of the metric:

g̃µν = gµν +B φ̇2 δµ
0δν

0 , (2.8)

and hence only the lapse function,

α̃2 = α2 −Bφ̇2 . (2.9)

For completeness, let us write down the transformed metric,

ds̃2 = g̃µνdx
µdxν = −α̃2dt2 + γ̂ij

(
dxi + βidt

)(
dxj + βjdt

)
, (2.10)

and the corresponding FLRW background,

ds̃2 = −α̃2
0dt

2 + a2(t)δijdx
idxj , (2.11)

where α̃0 is the background value of α̃.
Thus, with the choice of the uniform φ slicing, the disformal transformation only induces the change in the lapse

function and hence the spatial metric as well as the shift vector are trivially invariant to fully non-linear order.
This fact implies the invariance of the curvature perturbation on the uniform φ slicing as well as that of the tensor
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This fact implies the invariance of the curvature perturbation on the uniform φ slicing as well as that of the tensor
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This fact implies the invariance of the curvature perturbation on the uniform φ slicing as well as that of the tensor
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Among those non-canonical models, many of them are constructed in extended scalar-tensor theories of gravity,
such as generalized G-inflation [33–36] and its extensions [37–41]. Therefore, studies of non-linear cosmological
perturbations within the framework of extended gravity are necessary for distinguishing models of inflation. Such
studies are also equally important for testing alternative theories of inflation, such as bouncing cosmology [42].
A formalism has been developed on the basis of spatial gradient expansion to study the classical evolution of

the curvature perturbation to full non-linear order on super-horizon scales. The zeroth order truncation of gradient
expansion corresponds to the separate universe approach [13, 43, 44], which is the basis of the δN formalism [43, 45, 46]
that allows us to study the nonlinear evolution of the curvature perturbation. Moreover, at the next leading order,
namely the second order in the gradient expansion we can take into account the effect of a mode closely related to
the cosmic shear, which usually decays rapidly on super-horizon scales, but which may become important in a model
where the slow-roll evolution may be violated. Studies on gradient expansion to second order were carried out for
single-field k-essence [47], for multi-field k-essence [49], and for the kinetic gravity braiding (KGB) model [48].
Creminelli et al. [50] have recently shown that the primordial linear tensor power spectrum from inflation can be

always cast into the standard form, i.e., Pγ(k) = H2/(2M2
Plk

3), at leading order in derivatives with suitable conformal
and disformal transformations in the context of the effective field theory (EFT) of inflation [51] where the speed of
propagation of gravitational waves is not necessarily unity and hence the theory of gravity can be modified from
general relativity (GR).
Thus, regardless of the theory of gravity, we can formally obtain a prediction for linear tensor modes, which

strongly indicates a close relation between modifying gravity and a disformal plus conformal transformation from
GR. Moreover, invariance of the curvature perturbation under disformal transformations has been shown at linear
order [52, 53].
In this paper, we extend the invariance of the curvature and tensor perturbations to fully non-linear order. In

Sec. II, we show the invariance under the disformal transformation to fully non-linear order by exploiting the effect
of the transformation on the form of the metric. We then consider the evolution equations for the curvature and
tensor perturbations, and show explicitly that the invariance holds not only in linear perturbation theory but also
full non-linearly up through second order in spatial gradient expansion. In Sec. III, we consider a new type of
disformal transformation, dubbed multi-disformal transformation, generated by a multi-component scalar field. We
show that the curvature and tensor perturbations are still invariant under the multi-disformal transformation at linear
order, and the curvature and tensor perturbations remain invariant again up through the second order in gradient
expansion, provided that the system has reached the adiabatic limit. In doing so, we also show that the curvature
and tensor perturbations in a wide class of extended scalar-tensor theories can be described in terms of those in GR
with redefinitions of background quantities.

II. INVARIANCE OF NON-LINEAR PERTURBATIONS AND EQUATIONS

A. Invariance of non-linear perturbations

Let us employ the Arnowitt-Deser-Misner (ADM) formalism and the metric is expressed as

ds2 = gµνdx
µdxν = −α2dt2 + γ̂ij

(
dxi + βidt

)(
dxj + βjdt

)
, (2.1)

where α is the lapse function, βi is the shift vector and Latin indices run over 1, 2 and 3. In addition to the standard
ADM decomposition, the spatial metric are further decomposed so as to separate trace and unimodular parts as

γ̂ij = a2(t)e2ψγij , det γij = 1 , (2.2)

where a(t) is the scale factor of a fiducial flat Friedmann-Lemâıtre-Robertson-Walker (FLRW) spacetime with the
metric,

ds2 = −dt2 + a2(t)δijdx
idxj . (2.3)

It is sometimes convenient to use the conformal time η,

dη =
dt

a(t)
, (2.4)

in place of the cosmic proper time t. Below we denote the proper Hubble expansion rate of the background FLRW
universe by H and the conformal Hubble expansion rate by H. That is, H = ȧ/a and H = a′/a, where a dot denotes
d/dt and a prime d/dη.
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metric,

ds2 = −dt2 + a2(t)δijdx
idxj . (2.3)

It is sometimes convenient to use the conformal time η,

dη =
dt

a(t)
, (2.4)

in place of the cosmic proper time t. Below we denote the proper Hubble expansion rate of the background FLRW
universe by H and the conformal Hubble expansion rate by H. That is, H = ȧ/a and H = a′/a, where a dot denotes
d/dt and a prime d/dη.

2

Among those non-canonical models, many of them are constructed in extended scalar-tensor theories of gravity,
such as generalized G-inflation [33–36] and its extensions [37–41]. Therefore, studies of non-linear cosmological
perturbations within the framework of extended gravity are necessary for distinguishing models of inflation. Such
studies are also equally important for testing alternative theories of inflation, such as bouncing cosmology [42].
A formalism has been developed on the basis of spatial gradient expansion to study the classical evolution of

the curvature perturbation to full non-linear order on super-horizon scales. The zeroth order truncation of gradient
expansion corresponds to the separate universe approach [13, 43, 44], which is the basis of the δN formalism [43, 45, 46]
that allows us to study the nonlinear evolution of the curvature perturbation. Moreover, at the next leading order,
namely the second order in the gradient expansion we can take into account the effect of a mode closely related to
the cosmic shear, which usually decays rapidly on super-horizon scales, but which may become important in a model
where the slow-roll evolution may be violated. Studies on gradient expansion to second order were carried out for
single-field k-essence [47], for multi-field k-essence [49], and for the kinetic gravity braiding (KGB) model [48].
Creminelli et al. [50] have recently shown that the primordial linear tensor power spectrum from inflation can be

always cast into the standard form, i.e., Pγ(k) = H2/(2M2
Plk

3), at leading order in derivatives with suitable conformal
and disformal transformations in the context of the effective field theory (EFT) of inflation [51] where the speed of
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strongly indicates a close relation between modifying gravity and a disformal plus conformal transformation from
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order [52, 53].
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and tensor perturbations in a wide class of extended scalar-tensor theories can be described in terms of those in GR
with redefinitions of background quantities.

II. INVARIANCE OF NON-LINEAR PERTURBATIONS AND EQUATIONS

A. Invariance of non-linear perturbations

Let us employ the Arnowitt-Deser-Misner (ADM) formalism and the metric is expressed as

ds2 = gµνdx
µdxν = −α2dt2 + γ̂ij

(
dxi + βidt

)(
dxj + βjdt

)
, (2.1)

where α is the lapse function, βi is the shift vector and Latin indices run over 1, 2 and 3. In addition to the standard
ADM decomposition, the spatial metric are further decomposed so as to separate trace and unimodular parts as

γ̂ij = a2(t)e2ψγij , det γij = 1 , (2.2)

where a(t) is the scale factor of a fiducial flat Friedmann-Lemâıtre-Robertson-Walker (FLRW) spacetime with the
metric,

ds2 = −dt2 + a2(t)δijdx
idxj . (2.3)

It is sometimes convenient to use the conformal time η,

dη =
dt

a(t)
, (2.4)

in place of the cosmic proper time t. Below we denote the proper Hubble expansion rate of the background FLRW
universe by H and the conformal Hubble expansion rate by H. That is, H = ȧ/a and H = a′/a, where a dot denotes
d/dt and a prime d/dη.

3

The general form of disformal transformation is defined as [54]

g̃µν = A(φ , X) gµν +B(φ , X) ∂µφ∂νφ , X ≡ −gµν∂µφ∂νφ/2 . (2.5)

To focus on the effect of disformal transformation, we concentrate on the case A = 1, that is, a pure disformal
transformation. For simplicity, we simply call it the disformal transformation throughout this paper unless confusion
may arise. As clear from the above form, the general disformal transformation consists of a disformal transformation
(A = 1, B ̸= 0) and a conformal transformation (A ̸= 1, B = 0). In the end of this subsection, we also discuss the
invariance under the conformal transformation.
As a choice of the time slicing, we take the uniform φ slicing on which the scalar field is given as a function of time

only, that is,

φ = φ(t) . (2.6)

Under the assumption that the scalar field φ dominates the universe, this slicing is equivalent to the comoving slicing.
We denote the scalar component of γij by χ, which is extracted from γij as

χ ≡ −3

4
△−1

{
∂i
[
e−3ψ∂j

(
e3ψ(γij − δij)

)]}
, (2.7)

where △ is the flat 3-dimensional Laplacian and ∂i = δij∂j , and denote ψ + χ/3 on the comoving slicing by Rc

(Rc ≡ ψc + χc/3) and its linearized version by Rc Namely, Rc is the (comoving) curvature perturbation at linear
order and Rc its non-linear generalization, which is the variable of our interest.2 As for the tensor perturbation, we
define its non-linear generalization as the transverse part of γij with respect to the flat background metric δij . We
denote it by γTT

ij . That is, ∂jγTT
ij = 0.3 We note that γTT

ij is independent of the time-slicing condition at linear order

but is slice-dependent at higher orders. Thus at non-linear order our discussion applies only to γTT
ij defined on the

uniform φ slicing.
An immediate consequence here is that the disformal transformation affects only the (0 , 0)-component of the metric:

g̃µν = gµν +B φ̇2 δµ
0δν

0 , (2.8)

and hence only the lapse function,

α̃2 = α2 −Bφ̇2 . (2.9)

For completeness, let us write down the transformed metric,

ds̃2 = g̃µνdx
µdxν = −α̃2dt2 + γ̂ij

(
dxi + βidt

)(
dxj + βjdt

)
, (2.10)

and the corresponding FLRW background,

ds̃2 = −α̃2
0dt

2 + a2(t)δijdx
idxj , (2.11)

where α̃0 is the background value of α̃.
Thus, with the choice of the uniform φ slicing, the disformal transformation only induces the change in the lapse

function and hence the spatial metric as well as the shift vector are trivially invariant to fully non-linear order.
This fact implies the invariance of the curvature perturbation on the uniform φ slicing as well as that of the tensor
perturbation which is contained in the unimodular part of the spatial metric.
Next let us discuss the invariance of the curvature and tensor perturbations under the conformal transformation. It

is widely known that when A in (2.5) is a function of φ only, the curvature and tensor perturbations on the uniform φ
slicing are invariant even at non-linear level [55]. Here we shall extend their discussion by introducing the dependence
on X in A. First as for the tensor perturbation, it is manifestly invariant even under this extended conformal
transformation because the conformal factor does not affect the unimodular part of the spatial metric. On the

2 We note that the non-linear generalization of the curvature perturbation is not unique, but it is unique up through second order in
spatial gradient expansion [47, 48].

3 Note that γTT
ij is traceless only at linear order, in spite of the fact that we use the superscripts TT for convenience, which could mean

transverse and traceless.
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and the corresponding FLRW background,

ds̃2 = −α̃2
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where α̃0 is the background value of α̃.
Thus, with the choice of the uniform φ slicing, the disformal transformation only induces the change in the lapse

function and hence the spatial metric as well as the shift vector are trivially invariant to fully non-linear order.
This fact implies the invariance of the curvature perturbation on the uniform φ slicing as well as that of the tensor
perturbation which is contained in the unimodular part of the spatial metric.
Next let us discuss the invariance of the curvature and tensor perturbations under the conformal transformation. It

is widely known that when A in (2.5) is a function of φ only, the curvature and tensor perturbations on the uniform φ
slicing are invariant even at non-linear level [55]. Here we shall extend their discussion by introducing the dependence
on X in A. First as for the tensor perturbation, it is manifestly invariant even under this extended conformal
transformation because the conformal factor does not affect the unimodular part of the spatial metric. On the

2 We note that the non-linear generalization of the curvature perturbation is not unique, but it is unique up through second order in
spatial gradient expansion [47, 48].

3 Note that γTT
ij is traceless only at linear order, in spite of the fact that we use the superscripts TT for convenience, which could mean

transverse and traceless.
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(Rc ≡ ψc + χc/3) and its linearized version by Rc Namely, Rc is the (comoving) curvature perturbation at linear
order and Rc its non-linear generalization, which is the variable of our interest.2 As for the tensor perturbation, we
define its non-linear generalization as the transverse part of γij with respect to the flat background metric δij . We
denote it by γTT
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ij = 0.3 We note that γTT

ij is independent of the time-slicing condition at linear order

but is slice-dependent at higher orders. Thus at non-linear order our discussion applies only to γTT
ij defined on the
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An immediate consequence here is that the disformal transformation affects only the (0 , 0)-component of the metric:
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and hence only the lapse function,
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and the corresponding FLRW background,

ds̃2 = −α̃2
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where α̃0 is the background value of α̃.
Thus, with the choice of the uniform φ slicing, the disformal transformation only induces the change in the lapse

function and hence the spatial metric as well as the shift vector are trivially invariant to fully non-linear order.
This fact implies the invariance of the curvature perturbation on the uniform φ slicing as well as that of the tensor
perturbation which is contained in the unimodular part of the spatial metric.
Next let us discuss the invariance of the curvature and tensor perturbations under the conformal transformation. It

is widely known that when A in (2.5) is a function of φ only, the curvature and tensor perturbations on the uniform φ
slicing are invariant even at non-linear level [55]. Here we shall extend their discussion by introducing the dependence
on X in A. First as for the tensor perturbation, it is manifestly invariant even under this extended conformal
transformation because the conformal factor does not affect the unimodular part of the spatial metric. On the
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A = 1, B ≠ 0: Disformal transformation
A ≠ 1, B = 0: Conformal transformation

• Non-linear invariance of curvature and GW perturbations under the conformal 
transformation A(φ) has been shown. [Gong, Sasaki et al 2011]
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Only the lapse function is affected by
the disformal transformation!
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denote it by γTT

ij . That is, ∂jγTT
ij = 0.3 We note that γTT

ij is independent of the time-slicing condition at linear order

but is slice-dependent at higher orders. Thus at non-linear order our discussion applies only to γTT
ij defined on the

uniform φ slicing.
An immediate consequence here is that the disformal transformation affects only the (0 , 0)-component of the metric:

g̃µν = gµν +B φ̇2 δµ
0δν

0 , (2.8)

and hence only the lapse function,

α̃2 = α2 −Bφ̇2 . (2.9)

For completeness, let us write down the transformed metric,

ds̃2 = g̃µνdx
µdxν = −α̃2dt2 + γ̂ij

(
dxi + βidt

)(
dxj + βjdt

)
, (2.10)

and the corresponding FLRW background,

ds̃2 = −α̃2
0dt

2 + a2(t)δijdx
idxj , (2.11)

where α̃0 is the background value of α̃.
Thus, with the choice of the uniform φ slicing, the disformal transformation only induces the change in the lapse

function and hence the spatial metric as well as the shift vector are trivially invariant to fully non-linear order.
This fact implies the invariance of the curvature perturbation on the uniform φ slicing as well as that of the tensor
perturbation which is contained in the unimodular part of the spatial metric.
Next let us discuss the invariance of the curvature and tensor perturbations under the conformal transformation. It

is widely known that when A in (2.5) is a function of φ only, the curvature and tensor perturbations on the uniform φ
slicing are invariant even at non-linear level [55]. Here we shall extend their discussion by introducing the dependence
on X in A. First as for the tensor perturbation, it is manifestly invariant even under this extended conformal
transformation because the conformal factor does not affect the unimodular part of the spatial metric. On the

2 We note that the non-linear generalization of the curvature perturbation is not unique, but it is unique up through second order in
spatial gradient expansion [47, 48].

3 Note that γTT
ij is traceless only at linear order, in spite of the fact that we use the superscripts TT for convenience, which could mean

transverse and traceless.

Thus, the spatial metric (γ_ij) & shift vector (β^i) are invariant to fully 
nonlinear order → Invariance of curvature and GW perturbations  



Invariance of nonlinear perturbations

The uniform φ slicing:

3

The general form of disformal transformation is defined as [54]

g̃µν = A(φ , X) gµν +B(φ , X) ∂µφ∂νφ , X ≡ −gµν∂µφ∂νφ/2 . (2.5)

To focus on the effect of disformal transformation, we concentrate on the case A = 1, that is, a pure disformal
transformation. For simplicity, we simply call it the disformal transformation throughout this paper unless confusion
may arise. As clear from the above form, the general disformal transformation consists of a disformal transformation
(A = 1, B ̸= 0) and a conformal transformation (A ̸= 1, B = 0). In the end of this subsection, we also discuss the
invariance under the conformal transformation.
As a choice of the time slicing, we take the uniform φ slicing on which the scalar field is given as a function of time

only, that is,

φ = φ(t) . (2.6)

Under the assumption that the scalar field φ dominates the universe, this slicing is equivalent to the comoving slicing.
We denote the scalar component of γij by χ, which is extracted from γij as
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where △ is the flat 3-dimensional Laplacian and ∂i = δij∂j , and denote ψ + χ/3 on the comoving slicing by Rc

(Rc ≡ ψc + χc/3) and its linearized version by Rc Namely, Rc is the (comoving) curvature perturbation at linear
order and Rc its non-linear generalization, which is the variable of our interest.2 As for the tensor perturbation, we
define its non-linear generalization as the transverse part of γij with respect to the flat background metric δij . We
denote it by γTT

ij . That is, ∂jγTT
ij = 0.3 We note that γTT

ij is independent of the time-slicing condition at linear order
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and the corresponding FLRW background,
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where α̃0 is the background value of α̃.
Thus, with the choice of the uniform φ slicing, the disformal transformation only induces the change in the lapse

function and hence the spatial metric as well as the shift vector are trivially invariant to fully non-linear order.
This fact implies the invariance of the curvature perturbation on the uniform φ slicing as well as that of the tensor
perturbation which is contained in the unimodular part of the spatial metric.
Next let us discuss the invariance of the curvature and tensor perturbations under the conformal transformation. It

is widely known that when A in (2.5) is a function of φ only, the curvature and tensor perturbations on the uniform φ
slicing are invariant even at non-linear level [55]. Here we shall extend their discussion by introducing the dependence
on X in A. First as for the tensor perturbation, it is manifestly invariant even under this extended conformal
transformation because the conformal factor does not affect the unimodular part of the spatial metric. On the

2 We note that the non-linear generalization of the curvature perturbation is not unique, but it is unique up through second order in
spatial gradient expansion [47, 48].
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g̃µν = A(φ , X) gµν +B(φ , X) ∂µφ∂νφ , X ≡ −gµν∂µφ∂νφ/2 . (2.5)

To focus on the effect of disformal transformation, we concentrate on the case A = 1, that is, a pure disformal
transformation. For simplicity, we simply call it the disformal transformation throughout this paper unless confusion
may arise. As clear from the above form, the general disformal transformation consists of a disformal transformation
(A = 1, B ̸= 0) and a conformal transformation (A ̸= 1, B = 0). In the end of this subsection, we also discuss the
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As a choice of the time slicing, we take the uniform φ slicing on which the scalar field is given as a function of time

only, that is,
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where △ is the flat 3-dimensional Laplacian and ∂i = δij∂j , and denote ψ + χ/3 on the comoving slicing by Rc

(Rc ≡ ψc + χc/3) and its linearized version by Rc Namely, Rc is the (comoving) curvature perturbation at linear
order and Rc its non-linear generalization, which is the variable of our interest.2 As for the tensor perturbation, we
define its non-linear generalization as the transverse part of γij with respect to the flat background metric δij . We
denote it by γTT

ij . That is, ∂jγTT
ij = 0.3 We note that γTT

ij is independent of the time-slicing condition at linear order

but is slice-dependent at higher orders. Thus at non-linear order our discussion applies only to γTT
ij defined on the

uniform φ slicing.
An immediate consequence here is that the disformal transformation affects only the (0 , 0)-component of the metric:

g̃µν = gµν +B φ̇2 δµ
0δν

0 , (2.8)

and hence only the lapse function,
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For completeness, let us write down the transformed metric,

ds̃2 = g̃µνdx
µdxν = −α̃2dt2 + γ̂ij

(
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)(
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)
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and the corresponding FLRW background,

ds̃2 = −α̃2
0dt

2 + a2(t)δijdx
idxj , (2.11)

where α̃0 is the background value of α̃.
Thus, with the choice of the uniform φ slicing, the disformal transformation only induces the change in the lapse

function and hence the spatial metric as well as the shift vector are trivially invariant to fully non-linear order.
This fact implies the invariance of the curvature perturbation on the uniform φ slicing as well as that of the tensor
perturbation which is contained in the unimodular part of the spatial metric.
Next let us discuss the invariance of the curvature and tensor perturbations under the conformal transformation. It

is widely known that when A in (2.5) is a function of φ only, the curvature and tensor perturbations on the uniform φ
slicing are invariant even at non-linear level [55]. Here we shall extend their discussion by introducing the dependence
on X in A. First as for the tensor perturbation, it is manifestly invariant even under this extended conformal
transformation because the conformal factor does not affect the unimodular part of the spatial metric. On the
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other hand, the curvature perturbation is no more invariant under this transformation in general. By perturbatively
expanding the transformation equation,

g̃µν = Agµν = Ā gµν + δA ḡµν + δA δgµν , (2.12)

one easily notices that the second (as well as third) term on the RHS implies the change in the curvature perturbation
as R → R + δA/(2Ā) + · · · , while the first term only affect the (background) scale factor. However there is a case
where the invariance of curvature perturbation still holds, namely when δA vanishes. Since in the uniform φ slicing
φ is a function of time, δA is sourced by the perturbation of X, which in turn comes from that of the lapse function
because

Xc =
1

2

φ̇2(t)

α2
c(t ,x)

=
1

2
φ̇2(t)− δαc(t ,x)φ̇

2(t) + · · · , (2.13)

where the subscript c is for the comoving (or uniform φ) slicing. In the context of single-field inflation, it is well known
that the curvature perturbation on the uniform φ slicing is conserved on large scales.4 This fact may be regarded
as a consequence of the vanishing of the lapse function perturbation on large scales, δαc = O(ε2) where ε represents
terms of first order in spatial derivatives, because the evolution of the curvature perturbation is solely induced by the
lapse function in the uniform φ slicing, Ṙc ∝ Hδαc, which is valid not only in GR but also in Horndeski [33–36] and
GLPV [37] theories.
To summarize we conclude that the invariance of the curvature perturbation holds under the pure disformal trans-

formation (A = 1) to full non-linear order, and is effectively realized to full non-linear order on superhorizon scales
(or at leading order in gradient expansion) under the most general disformal transformation given by (2.5), while the
tensor perturbation defined on the comoving slicing is invariant under the most general disformal transformation to
full non-linear order.

B. Transformation of non-linear equations

Here the effects of the disformal transformation on the evolution equations for the scalar and tensor perturbations
are discussed for linear theory and for fully non-linear theory but in the context of gradient expansion.
In linear theory, the equation for Rc in the case of a canonical scalar field in GR is

1
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1
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dη

(
z2

α0

d

dη
Rc

)
+ c2sk

2Rc = 0 , z ≡ a
φ′

H , (2.14)

where α0 is the background value of the lapse function and cs is the sound velocity, both of which are unity in the
present case, α0 = 1 and cs = 1. However, we keep them here for convenience.
Noting (2.9), the disformal transformation gives

1
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dη
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α̃0

d

dη
Rc

)
+ c2sk

2Rc = 0 , z ≡ a
φ′

H . (2.15)

Comparing (2.14) and (2.15), it is readily apparent that both of them are in the same form if the derivatives are
expressed in terms of the proper time defined in respective frames, dτ = α0dt and dτ̃ = α̃0dt (dt = adη). There is no
change in z nor in cs.
On the other hand, sometimes it is convenient to write the transformed equation by redefining z and cs,

1
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)
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2Rc = 0 , z ≡ a
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H , (2.16)

where we have defined

c̃s ≡
α̃0

α0
cs , z̃ ≡

√
α0

α̃0
z . (2.17)

4 Strictly speaking, the argument cannot be applied to the so-called ultra slow-roll model [56, 57].

Since the conformal factor A does not affect the unimodular part of the 
spatial metric, GW is invariant to fully nonlinear order



Invariance of nonlinear perturbations

The uniform φ slicing:

3

The general form of disformal transformation is defined as [54]

g̃µν = A(φ , X) gµν +B(φ , X) ∂µφ∂νφ , X ≡ −gµν∂µφ∂νφ/2 . (2.5)

To focus on the effect of disformal transformation, we concentrate on the case A = 1, that is, a pure disformal
transformation. For simplicity, we simply call it the disformal transformation throughout this paper unless confusion
may arise. As clear from the above form, the general disformal transformation consists of a disformal transformation
(A = 1, B ̸= 0) and a conformal transformation (A ̸= 1, B = 0). In the end of this subsection, we also discuss the
invariance under the conformal transformation.
As a choice of the time slicing, we take the uniform φ slicing on which the scalar field is given as a function of time

only, that is,

φ = φ(t) . (2.6)

Under the assumption that the scalar field φ dominates the universe, this slicing is equivalent to the comoving slicing.
We denote the scalar component of γij by χ, which is extracted from γij as

χ ≡ −3

4
△−1

{
∂i
[
e−3ψ∂j

(
e3ψ(γij − δij)

)]}
, (2.7)

where △ is the flat 3-dimensional Laplacian and ∂i = δij∂j , and denote ψ + χ/3 on the comoving slicing by Rc

(Rc ≡ ψc + χc/3) and its linearized version by Rc Namely, Rc is the (comoving) curvature perturbation at linear
order and Rc its non-linear generalization, which is the variable of our interest.2 As for the tensor perturbation, we
define its non-linear generalization as the transverse part of γij with respect to the flat background metric δij . We
denote it by γTT

ij . That is, ∂jγTT
ij = 0.3 We note that γTT

ij is independent of the time-slicing condition at linear order

but is slice-dependent at higher orders. Thus at non-linear order our discussion applies only to γTT
ij defined on the

uniform φ slicing.
An immediate consequence here is that the disformal transformation affects only the (0 , 0)-component of the metric:

g̃µν = gµν +B φ̇2 δµ
0δν

0 , (2.8)

and hence only the lapse function,

α̃2 = α2 −Bφ̇2 . (2.9)

For completeness, let us write down the transformed metric,

ds̃2 = g̃µνdx
µdxν = −α̃2dt2 + γ̂ij

(
dxi + βidt

)(
dxj + βjdt

)
, (2.10)

and the corresponding FLRW background,

ds̃2 = −α̃2
0dt

2 + a2(t)δijdx
idxj , (2.11)

where α̃0 is the background value of α̃.
Thus, with the choice of the uniform φ slicing, the disformal transformation only induces the change in the lapse

function and hence the spatial metric as well as the shift vector are trivially invariant to fully non-linear order.
This fact implies the invariance of the curvature perturbation on the uniform φ slicing as well as that of the tensor
perturbation which is contained in the unimodular part of the spatial metric.
Next let us discuss the invariance of the curvature and tensor perturbations under the conformal transformation. It

is widely known that when A in (2.5) is a function of φ only, the curvature and tensor perturbations on the uniform φ
slicing are invariant even at non-linear level [55]. Here we shall extend their discussion by introducing the dependence
on X in A. First as for the tensor perturbation, it is manifestly invariant even under this extended conformal
transformation because the conformal factor does not affect the unimodular part of the spatial metric. On the

2 We note that the non-linear generalization of the curvature perturbation is not unique, but it is unique up through second order in
spatial gradient expansion [47, 48].

3 Note that γTT
ij is traceless only at linear order, in spite of the fact that we use the superscripts TT for convenience, which could mean

transverse and traceless.

A ≠ 1, B = 0: Conformal transformation

3

The general form of disformal transformation is defined as [54]

g̃µν = A(φ , X) gµν +B(φ , X) ∂µφ∂νφ , X ≡ −gµν∂µφ∂νφ/2 . (2.5)

To focus on the effect of disformal transformation, we concentrate on the case A = 1, that is, a pure disformal
transformation. For simplicity, we simply call it the disformal transformation throughout this paper unless confusion
may arise. As clear from the above form, the general disformal transformation consists of a disformal transformation
(A = 1, B ̸= 0) and a conformal transformation (A ̸= 1, B = 0). In the end of this subsection, we also discuss the
invariance under the conformal transformation.
As a choice of the time slicing, we take the uniform φ slicing on which the scalar field is given as a function of time

only, that is,

φ = φ(t) . (2.6)

Under the assumption that the scalar field φ dominates the universe, this slicing is equivalent to the comoving slicing.
We denote the scalar component of γij by χ, which is extracted from γij as

χ ≡ −3

4
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where △ is the flat 3-dimensional Laplacian and ∂i = δij∂j , and denote ψ + χ/3 on the comoving slicing by Rc

(Rc ≡ ψc + χc/3) and its linearized version by Rc Namely, Rc is the (comoving) curvature perturbation at linear
order and Rc its non-linear generalization, which is the variable of our interest.2 As for the tensor perturbation, we
define its non-linear generalization as the transverse part of γij with respect to the flat background metric δij . We
denote it by γTT

ij . That is, ∂jγTT
ij = 0.3 We note that γTT

ij is independent of the time-slicing condition at linear order

but is slice-dependent at higher orders. Thus at non-linear order our discussion applies only to γTT
ij defined on the

uniform φ slicing.
An immediate consequence here is that the disformal transformation affects only the (0 , 0)-component of the metric:

g̃µν = gµν +B φ̇2 δµ
0δν

0 , (2.8)

and hence only the lapse function,

α̃2 = α2 −Bφ̇2 . (2.9)

For completeness, let us write down the transformed metric,

ds̃2 = g̃µνdx
µdxν = −α̃2dt2 + γ̂ij

(
dxi + βidt

)(
dxj + βjdt

)
, (2.10)

and the corresponding FLRW background,

ds̃2 = −α̃2
0dt

2 + a2(t)δijdx
idxj , (2.11)

where α̃0 is the background value of α̃.
Thus, with the choice of the uniform φ slicing, the disformal transformation only induces the change in the lapse

function and hence the spatial metric as well as the shift vector are trivially invariant to fully non-linear order.
This fact implies the invariance of the curvature perturbation on the uniform φ slicing as well as that of the tensor
perturbation which is contained in the unimodular part of the spatial metric.
Next let us discuss the invariance of the curvature and tensor perturbations under the conformal transformation. It

is widely known that when A in (2.5) is a function of φ only, the curvature and tensor perturbations on the uniform φ
slicing are invariant even at non-linear level [55]. Here we shall extend their discussion by introducing the dependence
on X in A. First as for the tensor perturbation, it is manifestly invariant even under this extended conformal
transformation because the conformal factor does not affect the unimodular part of the spatial metric. On the

2 We note that the non-linear generalization of the curvature perturbation is not unique, but it is unique up through second order in
spatial gradient expansion [47, 48].

3 Note that γTT
ij is traceless only at linear order, in spite of the fact that we use the superscripts TT for convenience, which could mean

transverse and traceless.
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other hand, the curvature perturbation is no more invariant under this transformation in general. By perturbatively
expanding the transformation equation,

g̃µν = Agµν = Ā gµν + δA ḡµν + δA δgµν , (2.12)

one easily notices that the second (as well as third) term on the RHS implies the change in the curvature perturbation
as R → R + δA/(2Ā) + · · · , while the first term only affect the (background) scale factor. However there is a case
where the invariance of curvature perturbation still holds, namely when δA vanishes. Since in the uniform φ slicing
φ is a function of time, δA is sourced by the perturbation of X, which in turn comes from that of the lapse function
because

Xc =
1

2

φ̇2(t)

α2
c(t ,x)

=
1

2
φ̇2(t)− δαc(t ,x)φ̇

2(t) + · · · , (2.13)

where the subscript c is for the comoving (or uniform φ) slicing. In the context of single-field inflation, it is well known
that the curvature perturbation on the uniform φ slicing is conserved on large scales.4 This fact may be regarded
as a consequence of the vanishing of the lapse function perturbation on large scales, δαc = O(ε2) where ε represents
terms of first order in spatial derivatives, because the evolution of the curvature perturbation is solely induced by the
lapse function in the uniform φ slicing, Ṙc ∝ Hδαc, which is valid not only in GR but also in Horndeski [33–36] and
GLPV [37] theories.
To summarize we conclude that the invariance of the curvature perturbation holds under the pure disformal trans-

formation (A = 1) to full non-linear order, and is effectively realized to full non-linear order on superhorizon scales
(or at leading order in gradient expansion) under the most general disformal transformation given by (2.5), while the
tensor perturbation defined on the comoving slicing is invariant under the most general disformal transformation to
full non-linear order.

B. Transformation of non-linear equations

Here the effects of the disformal transformation on the evolution equations for the scalar and tensor perturbations
are discussed for linear theory and for fully non-linear theory but in the context of gradient expansion.
In linear theory, the equation for Rc in the case of a canonical scalar field in GR is

1
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dη
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dη
Rc

)
+ c2sk

2Rc = 0 , z ≡ a
φ′

H , (2.14)

where α0 is the background value of the lapse function and cs is the sound velocity, both of which are unity in the
present case, α0 = 1 and cs = 1. However, we keep them here for convenience.
Noting (2.9), the disformal transformation gives

1
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)
+ c2sk

2Rc = 0 , z ≡ a
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H . (2.15)

Comparing (2.14) and (2.15), it is readily apparent that both of them are in the same form if the derivatives are
expressed in terms of the proper time defined in respective frames, dτ = α0dt and dτ̃ = α̃0dt (dt = adη). There is no
change in z nor in cs.
On the other hand, sometimes it is convenient to write the transformed equation by redefining z and cs,
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H , (2.16)

where we have defined

c̃s ≡
α̃0

α0
cs , z̃ ≡

√
α0

α̃0
z . (2.17)

4 Strictly speaking, the argument cannot be applied to the so-called ultra slow-roll model [56, 57].
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one easily notices that the second (as well as third) term on the RHS implies the change in the curvature perturbation
as R → R + δA/(2Ā) + · · · , while the first term only affect the (background) scale factor. However there is a case
where the invariance of curvature perturbation still holds, namely when δA vanishes. Since in the uniform φ slicing
φ is a function of time, δA is sourced by the perturbation of X, which in turn comes from that of the lapse function
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where the subscript c is for the comoving (or uniform φ) slicing. In the context of single-field inflation, it is well known
that the curvature perturbation on the uniform φ slicing is conserved on large scales.4 This fact may be regarded
as a consequence of the vanishing of the lapse function perturbation on large scales, δαc = O(ε2) where ε represents
terms of first order in spatial derivatives, because the evolution of the curvature perturbation is solely induced by the
lapse function in the uniform φ slicing, Ṙc ∝ Hδαc, which is valid not only in GR but also in Horndeski [33–36] and
GLPV [37] theories.
To summarize we conclude that the invariance of the curvature perturbation holds under the pure disformal trans-

formation (A = 1) to full non-linear order, and is effectively realized to full non-linear order on superhorizon scales
(or at leading order in gradient expansion) under the most general disformal transformation given by (2.5), while the
tensor perturbation defined on the comoving slicing is invariant under the most general disformal transformation to
full non-linear order.

B. Transformation of non-linear equations

Here the effects of the disformal transformation on the evolution equations for the scalar and tensor perturbations
are discussed for linear theory and for fully non-linear theory but in the context of gradient expansion.
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Comparing (2.14) and (2.15), it is readily apparent that both of them are in the same form if the derivatives are
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The general form of disformal transformation is defined as [54]

g̃µν = A(φ , X) gµν +B(φ , X) ∂µφ∂νφ , X ≡ −gµν∂µφ∂νφ/2 . (2.5)

To focus on the effect of disformal transformation, we concentrate on the case A = 1, that is, a pure disformal
transformation. For simplicity, we simply call it the disformal transformation throughout this paper unless confusion
may arise. As clear from the above form, the general disformal transformation consists of a disformal transformation
(A = 1, B ̸= 0) and a conformal transformation (A ̸= 1, B = 0). In the end of this subsection, we also discuss the
invariance under the conformal transformation.
As a choice of the time slicing, we take the uniform φ slicing on which the scalar field is given as a function of time

only, that is,

φ = φ(t) . (2.6)

Under the assumption that the scalar field φ dominates the universe, this slicing is equivalent to the comoving slicing.
We denote the scalar component of γij by χ, which is extracted from γij as

χ ≡ −3

4
△−1

{
∂i
[
e−3ψ∂j

(
e3ψ(γij − δij)

)]}
, (2.7)

where △ is the flat 3-dimensional Laplacian and ∂i = δij∂j , and denote ψ + χ/3 on the comoving slicing by Rc

(Rc ≡ ψc + χc/3) and its linearized version by Rc Namely, Rc is the (comoving) curvature perturbation at linear
order and Rc its non-linear generalization, which is the variable of our interest.2 As for the tensor perturbation, we
define its non-linear generalization as the transverse part of γij with respect to the flat background metric δij . We
denote it by γTT

ij . That is, ∂jγTT
ij = 0.3 We note that γTT

ij is independent of the time-slicing condition at linear order

but is slice-dependent at higher orders. Thus at non-linear order our discussion applies only to γTT
ij defined on the

uniform φ slicing.
An immediate consequence here is that the disformal transformation affects only the (0 , 0)-component of the metric:

g̃µν = gµν +B φ̇2 δµ
0δν

0 , (2.8)

and hence only the lapse function,

α̃2 = α2 −Bφ̇2 . (2.9)

For completeness, let us write down the transformed metric,

ds̃2 = g̃µνdx
µdxν = −α̃2dt2 + γ̂ij

(
dxi + βidt

)(
dxj + βjdt

)
, (2.10)

and the corresponding FLRW background,

ds̃2 = −α̃2
0dt

2 + a2(t)δijdx
idxj , (2.11)

where α̃0 is the background value of α̃.
Thus, with the choice of the uniform φ slicing, the disformal transformation only induces the change in the lapse

function and hence the spatial metric as well as the shift vector are trivially invariant to fully non-linear order.
This fact implies the invariance of the curvature perturbation on the uniform φ slicing as well as that of the tensor
perturbation which is contained in the unimodular part of the spatial metric.
Next let us discuss the invariance of the curvature and tensor perturbations under the conformal transformation. It

is widely known that when A in (2.5) is a function of φ only, the curvature and tensor perturbations on the uniform φ
slicing are invariant even at non-linear level [55]. Here we shall extend their discussion by introducing the dependence
on X in A. First as for the tensor perturbation, it is manifestly invariant even under this extended conformal
transformation because the conformal factor does not affect the unimodular part of the spatial metric. On the

2 We note that the non-linear generalization of the curvature perturbation is not unique, but it is unique up through second order in
spatial gradient expansion [47, 48].

3 Note that γTT
ij is traceless only at linear order, in spite of the fact that we use the superscripts TT for convenience, which could mean

transverse and traceless.
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one easily notices that the second (as well as third) term on the RHS implies the change in the curvature perturbation
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α2
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=
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where the subscript c is for the comoving (or uniform φ) slicing. In the context of single-field inflation, it is well known
that the curvature perturbation on the uniform φ slicing is conserved on large scales.4 This fact may be regarded
as a consequence of the vanishing of the lapse function perturbation on large scales, δαc = O(ε2) where ε represents
terms of first order in spatial derivatives, because the evolution of the curvature perturbation is solely induced by the
lapse function in the uniform φ slicing, Ṙc ∝ Hδαc, which is valid not only in GR but also in Horndeski [33–36] and
GLPV [37] theories.
To summarize we conclude that the invariance of the curvature perturbation holds under the pure disformal trans-

formation (A = 1) to full non-linear order, and is effectively realized to full non-linear order on superhorizon scales
(or at leading order in gradient expansion) under the most general disformal transformation given by (2.5), while the
tensor perturbation defined on the comoving slicing is invariant under the most general disformal transformation to
full non-linear order.

B. Transformation of non-linear equations

Here the effects of the disformal transformation on the evolution equations for the scalar and tensor perturbations
are discussed for linear theory and for fully non-linear theory but in the context of gradient expansion.
In linear theory, the equation for Rc in the case of a canonical scalar field in GR is
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2Rc = 0 , z ≡ a
φ′

H , (2.14)

where α0 is the background value of the lapse function and cs is the sound velocity, both of which are unity in the
present case, α0 = 1 and cs = 1. However, we keep them here for convenience.
Noting (2.9), the disformal transformation gives
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Comparing (2.14) and (2.15), it is readily apparent that both of them are in the same form if the derivatives are
expressed in terms of the proper time defined in respective frames, dτ = α0dt and dτ̃ = α̃0dt (dt = adη). There is no
change in z nor in cs.
On the other hand, sometimes it is convenient to write the transformed equation by redefining z and cs,
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where we have defined

c̃s ≡
α̃0

α0
cs , z̃ ≡

√
α0

α̃0
z . (2.17)

4 Strictly speaking, the argument cannot be applied to the so-called ultra slow-roll model [56, 57].
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where the subscript c is for the comoving (or uniform φ) slicing. In the context of single-field inflation, it is well known
that the curvature perturbation on the uniform φ slicing is conserved on large scales.4 This fact may be regarded
as a consequence of the vanishing of the lapse function perturbation on large scales, δαc = O(ε2) where ε represents
terms of first order in spatial derivatives, because the evolution of the curvature perturbation is solely induced by the
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With this redefinition of the background quantities, the equation for Rc can be reinterpreted as the one in a modified
theory of gravity. Conversely, this implies that the equation for the curvature perturbation in a theory of modified
gravity may be put in the form of the one in GR by a suitable disformal transformation.
Now we turn to the non-linear case. In the context of spatial gradient expansion, the full non-linear equation for

Rc is given by [47]

1

z2
1

α0

∂

∂η

(
z2

α0

∂

∂η
Rc

)
+

c2s
4

(3)R
[
e2ψγij

]
= O(ε4) , (2.18)

with the same z as in (2.14). Here ψ = Rc + O(ϵ2) and (3)R is the spatial scalar curvature. It was later extended
so as to include the KGB term in [48]. By the same reasoning as in the linear case, the nonlinear equation for Rc

remains invariant if expressed in terms of the proper time in each frame, but it can also be interpreted as the one in
a modified theory of gravity with modified z and cs as defined by (2.17).
As for the tensor perturbation, one can find the full-nonlinear equation for γTT

ij :

1

z2t

1

α0

∂

∂η

(
z2t
α0

∂

∂η
γTT
ij

)
+

1

4

(
e−2ψ (3)Rij

[
e2ψγij

])TT
= O(ε4) , (2.19)

where zt ≡ a and (· · · )TT denotes the transverse-traceless projection,5 ψ = Rc +O(ϵ2) and (3)Rij is the spatial Ricci
tensor. Thus the same argument as the scalar case applies to the tensor case as well. Namely, the equation takes
exactly the same form if expressed in terms of the proper time. Also, the equation after the disformal transformation
may be expressed as the one in a modified gravity theory,

1

z̃2t

1
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ij
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4
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e−2ψ (3)Rij
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])TT
= O(ε4) , (2.20)

where we have defined

c̃t ≡
α̃0

α0
, z̃t ≡

√
α0

α̃0
zt =

√
α0

α̃0
a . (2.21)

To conclude this subsection, we have explicitly shown that the evolution equations for the curvature and tensor
perturbations are invariant under the disformal transformation not only in linear perturbation theory but also non-
linearly up through second order in gradient expansion. We have also shown that the transformed equations can also
be cast in the form of those in a theory of modified gravity.

III. MULTI-DISFORMAL TRANSFORMATION

In this section, we consider a new type of disformal transformation generated by a multi-component scalar field,
dubbed “multi-disformal transformation”. Suppose there are N component scalar field, φI (I = 1, · · · ,N ). Extending
the general disformal transformation, we consider

g̃µν = A(φI , XIJ) gµν +BKL(φ
I , XIJ) ∂µφ

K∂νφ
L , (3.1)

where

XIJ = −1

2
gµν∂µφ

I∂νφ
J . (3.2)

Again we focus on the pure disformal part, A = 1. An immediate consequence is that the linear curvature and tensor
perturbations are invariant even in this general transformation because the contribution to the spatial section of the
metric is of second order in perturbation, i.e., BIJ∂iφI∂jφJ = O(δ2) where δ represents the order of linear pertur-
bation. Furthermore because it is also of second order in spatial derivatives, the curvature and tensor perturbations
are invariant to full non-linear order at leading order in gradient expansion. However apparently this result cannot
be extended to second order in gradient expansion, nor to second order in perturbation.

5 Note that the time derivative of γTT
ij is of second order in gradient expansion and is traceless, though γTT

ij itself is not so.
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other hand, the curvature perturbation is no more invariant under this transformation in general. By perturbatively
expanding the transformation equation,

g̃µν = Agµν = Ā gµν + δA ḡµν + δA δgµν , (2.12)

one easily notices that the second (as well as third) term on the RHS implies the change in the curvature perturbation
as R → R + δA/(2Ā) + · · · , while the first term only affect the (background) scale factor. However there is a case
where the invariance of curvature perturbation still holds, namely when δA vanishes. Since in the uniform φ slicing
φ is a function of time, δA is sourced by the perturbation of X, which in turn comes from that of the lapse function
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where the subscript c is for the comoving (or uniform φ) slicing. In the context of single-field inflation, it is well known
that the curvature perturbation on the uniform φ slicing is conserved on large scales.4 This fact may be regarded
as a consequence of the vanishing of the lapse function perturbation on large scales, δαc = O(ε2) where ε represents
terms of first order in spatial derivatives, because the evolution of the curvature perturbation is solely induced by the
lapse function in the uniform φ slicing, Ṙc ∝ Hδαc, which is valid not only in GR but also in Horndeski [33–36] and
GLPV [37] theories.
To summarize we conclude that the invariance of the curvature perturbation holds under the pure disformal trans-

formation (A = 1) to full non-linear order, and is effectively realized to full non-linear order on superhorizon scales
(or at leading order in gradient expansion) under the most general disformal transformation given by (2.5), while the
tensor perturbation defined on the comoving slicing is invariant under the most general disformal transformation to
full non-linear order.

B. Transformation of non-linear equations

Here the effects of the disformal transformation on the evolution equations for the scalar and tensor perturbations
are discussed for linear theory and for fully non-linear theory but in the context of gradient expansion.
In linear theory, the equation for Rc in the case of a canonical scalar field in GR is
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where α0 is the background value of the lapse function and cs is the sound velocity, both of which are unity in the
present case, α0 = 1 and cs = 1. However, we keep them here for convenience.
Noting (2.9), the disformal transformation gives
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Comparing (2.14) and (2.15), it is readily apparent that both of them are in the same form if the derivatives are
expressed in terms of the proper time defined in respective frames, dτ = α0dt and dτ̃ = α̃0dt (dt = adη). There is no
change in z nor in cs.
On the other hand, sometimes it is convenient to write the transformed equation by redefining z and cs,
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4 Strictly speaking, the argument cannot be applied to the so-called ultra slow-roll model [56, 57].
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With this redefinition of the background quantities, the equation for Rc can be reinterpreted as the one in a modified
theory of gravity. Conversely, this implies that the equation for the curvature perturbation in a theory of modified
gravity may be put in the form of the one in GR by a suitable disformal transformation.
Now we turn to the non-linear case. In the context of spatial gradient expansion, the full non-linear equation for

Rc is given by [47]
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with the same z as in (2.14). Here ψ = Rc + O(ϵ2) and (3)R is the spatial scalar curvature. It was later extended
so as to include the KGB term in [48]. By the same reasoning as in the linear case, the nonlinear equation for Rc

remains invariant if expressed in terms of the proper time in each frame, but it can also be interpreted as the one in
a modified theory of gravity with modified z and cs as defined by (2.17).
As for the tensor perturbation, one can find the full-nonlinear equation for γTT
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where zt ≡ a and (· · · )TT denotes the transverse-traceless projection,5 ψ = Rc +O(ϵ2) and (3)Rij is the spatial Ricci
tensor. Thus the same argument as the scalar case applies to the tensor case as well. Namely, the equation takes
exactly the same form if expressed in terms of the proper time. Also, the equation after the disformal transformation
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To conclude this subsection, we have explicitly shown that the evolution equations for the curvature and tensor
perturbations are invariant under the disformal transformation not only in linear perturbation theory but also non-
linearly up through second order in gradient expansion. We have also shown that the transformed equations can also
be cast in the form of those in a theory of modified gravity.
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Again we focus on the pure disformal part, A = 1. An immediate consequence is that the linear curvature and tensor
perturbations are invariant even in this general transformation because the contribution to the spatial section of the
metric is of second order in perturbation, i.e., BIJ∂iφI∂jφJ = O(δ2) where δ represents the order of linear pertur-
bation. Furthermore because it is also of second order in spatial derivatives, the curvature and tensor perturbations
are invariant to full non-linear order at leading order in gradient expansion. However apparently this result cannot
be extended to second order in gradient expansion, nor to second order in perturbation.
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a modified theory of gravity with modified z and cs as defined by (2.17).
As for the tensor perturbation, one can find the full-nonlinear equation for γTT
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where zt ≡ a and (· · · )TT denotes the transverse-traceless projection,5 ψ = Rc +O(ϵ2) and (3)Rij is the spatial Ricci
tensor. Thus the same argument as the scalar case applies to the tensor case as well. Namely, the equation takes
exactly the same form if expressed in terms of the proper time. Also, the equation after the disformal transformation
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To conclude this subsection, we have explicitly shown that the evolution equations for the curvature and tensor
perturbations are invariant under the disformal transformation not only in linear perturbation theory but also non-
linearly up through second order in gradient expansion. We have also shown that the transformed equations can also
be cast in the form of those in a theory of modified gravity.

III. MULTI-DISFORMAL TRANSFORMATION

In this section, we consider a new type of disformal transformation generated by a multi-component scalar field,
dubbed “multi-disformal transformation”. Suppose there are N component scalar field, φI (I = 1, · · · ,N ). Extending
the general disformal transformation, we consider

g̃µν = A(φI , XIJ) gµν +BKL(φ
I , XIJ) ∂µφ

K∂νφ
L , (3.1)

where

XIJ = −1

2
gµν∂µφ

I∂νφ
J . (3.2)

Again we focus on the pure disformal part, A = 1. An immediate consequence is that the linear curvature and tensor
perturbations are invariant even in this general transformation because the contribution to the spatial section of the
metric is of second order in perturbation, i.e., BIJ∂iφI∂jφJ = O(δ2) where δ represents the order of linear pertur-
bation. Furthermore because it is also of second order in spatial derivatives, the curvature and tensor perturbations
are invariant to full non-linear order at leading order in gradient expansion. However apparently this result cannot
be extended to second order in gradient expansion, nor to second order in perturbation.

5 Note that the time derivative of γTT
ij is of second order in gradient expansion and is traceless, though γTT

ij itself is not so.
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Nevertheless, there exists a situation where the non-linear invariance still holds, namely, when the system has
converged to a state where all the components are determined by a unique scalar function, say ϕ. Conventionally it is
said that a system has reached the adiabatic limit when such a state is realized. Now let us consider the adiabatic-limit,

φI = φI(ϕ). (3.3)

Restricting to A = 1, the above transformation in this limit reduces to

g̃µν = gµν +BKL

[
φI(ϕ) , XIJ(ϕ , ∂ϕ)

]
(φK)′(φL)′∂µϕ∂νϕ , (φI)′ ≡ dφI

dϕ
. (3.4)

Here a prime denotes d/dϕ, not to be confused with the conformal time derivative. Then by taking a uniform ϕ
slicing, this equation further reduces to

g̃µν = gµν +BKL

[
φI(ϕ) , XIJ(ϕ , ϕ̇/α)

]
(φK)′(φL)′ϕ̇2δµ

0δν
0 . (3.5)

Since the disformal transformation only affects the lapse function, we can apply the same argument as in Sec. II and
conclude again that the curvature and tensor perturbations defined on the uniform ϕ slicing are invariant under the
disformal transformation to full non-linear order.
Finally, as for the conformal transformation, the invariance holds in the adiabatic limit if A is a function of only

φI . The invariance does not hold in general if A contains XIJ dependence. Nevertheless, if we focus on the adiabatic
limit, we can again apply the same argument as in Sec. II and show the invariance on superhorizon scales at leading
order in gradient expansion.

IV. SUMMARY

In this paper we have discussed the disformal transformation in the context of cosmology, particularly of inflationary
cosmology. We have shown that the curvature and tensor perturbations on the uniform φ slicing are fully non-
linearly invariant under the disformal transformation by exploiting the form of the transformed metric. We have
also shown explicitly to second order in gradient expansion that the evolution equations for the curvature and tensor
fluctuations are invariant under the disformal transformation. In doing so, we have shown another aspect of the
disformal transformation, namely the transformed equations may be expressed in the form which are identical to
those in a modified gravity theory.
Then we have discussed a new type of disformal transformation, dubbed “multi-disformal transformation,” which

is an extension of the disformal transformation to the multi-component field case. In this case assuming the system
has reached the adiabatic limit where all the components of the scalar field depend only on a single scalar function, ϕ,
we have also shown the full nonlinear invariance of the curvature and tensor perturbations on the uniform ϕ slicing.
It seems there are several important or interesting applications of the results obtained in this paper. First as we

have seen, utilizing disformal and conformal transformations one can modify the background quantities appearing
in the perturbation equations such as the speed of propagation of a perturbation. Thanks to this property, once a
second order differential equation is obtained either from a concrete theory like Galileon theory or EFT approach to
inflation, one can map it to the form same as the one in GR by a suitable disformal transformation without solving the
equations. We have shown that this property can be extended to non-linear equations up to second order in gradient
expansion. In fact, the full nonlinear invariance of the curvature and tensor perturbations suggests that this mapping
may be extended to full non-linear order without resorting to gradient expansion [58]. This will make a very useful
tool for studying the cosmological perturbations in otherwise complicated models. Definitely further studies in this
direction seems fruitful.
As for the multi-disformal transformation, it might play an important role in uncovering a new theory. After the

(re-)discovery of the generalized Galileon or Horndeski theory [36], which is the most general scalar-tensor theory
with the second-order field equations, it has been further extended to a more general class of theories [37]. The
relations among those theories under disformal plus conformal transformations have been partially studied in the
literature [59, 60], but they have not been fully understood yet. The relation between Galileon/Horndeski theory and
DBI theory under the disformal transformation has been also discussed [61–65], but restricted to a very special case.
For multi-field extensions of Galileon/Horndeski theory, there are so far two attempts in the literature: one is a

(not necessarily general) multi-field extension of the single-field Galileon/Horndeski theory [40], and the other is a
multi-scalar version of DBI Galileon theory [66–68] obtained by a special form of the multi-disformal transformation
applied to the DBI theory. It has been found that thus obtained multi-DBI Galileon theory contains terms which
are absent in the above-mentioned multi-field Galileon/Horndeski theory [41]. This fact indicates the existence of
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IV. SUMMARY

In this paper we have discussed the disformal transformation in the context of cosmology, particularly of inflationary
cosmology. We have shown that the curvature and tensor perturbations on the uniform φ slicing are fully non-
linearly invariant under the disformal transformation by exploiting the form of the transformed metric. We have
also shown explicitly to second order in gradient expansion that the evolution equations for the curvature and tensor
fluctuations are invariant under the disformal transformation. In doing so, we have shown another aspect of the
disformal transformation, namely the transformed equations may be expressed in the form which are identical to
those in a modified gravity theory.
Then we have discussed a new type of disformal transformation, dubbed “multi-disformal transformation,” which

is an extension of the disformal transformation to the multi-component field case. In this case assuming the system
has reached the adiabatic limit where all the components of the scalar field depend only on a single scalar function, ϕ,
we have also shown the full nonlinear invariance of the curvature and tensor perturbations on the uniform ϕ slicing.
It seems there are several important or interesting applications of the results obtained in this paper. First as we

have seen, utilizing disformal and conformal transformations one can modify the background quantities appearing
in the perturbation equations such as the speed of propagation of a perturbation. Thanks to this property, once a
second order differential equation is obtained either from a concrete theory like Galileon theory or EFT approach to
inflation, one can map it to the form same as the one in GR by a suitable disformal transformation without solving the
equations. We have shown that this property can be extended to non-linear equations up to second order in gradient
expansion. In fact, the full nonlinear invariance of the curvature and tensor perturbations suggests that this mapping
may be extended to full non-linear order without resorting to gradient expansion [58]. This will make a very useful
tool for studying the cosmological perturbations in otherwise complicated models. Definitely further studies in this
direction seems fruitful.
As for the multi-disformal transformation, it might play an important role in uncovering a new theory. After the

(re-)discovery of the generalized Galileon or Horndeski theory [36], which is the most general scalar-tensor theory
with the second-order field equations, it has been further extended to a more general class of theories [37]. The
relations among those theories under disformal plus conformal transformations have been partially studied in the
literature [59, 60], but they have not been fully understood yet. The relation between Galileon/Horndeski theory and
DBI theory under the disformal transformation has been also discussed [61–65], but restricted to a very special case.
For multi-field extensions of Galileon/Horndeski theory, there are so far two attempts in the literature: one is a

(not necessarily general) multi-field extension of the single-field Galileon/Horndeski theory [40], and the other is a
multi-scalar version of DBI Galileon theory [66–68] obtained by a special form of the multi-disformal transformation
applied to the DBI theory. It has been found that thus obtained multi-DBI Galileon theory contains terms which
are absent in the above-mentioned multi-field Galileon/Horndeski theory [41]. This fact indicates the existence of
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Since the multi-disformal transformation only affects the lapse function, 
we can apply the same argument as before!   



• The curvature and tensor perturbations on the uniform φ slicing are 
fully nonlinearly invariant under the disformal transformation.

• The same conclusion can be drawn for a multi-component 
extension of the disformal transformation, dubbed multi-disformal 
transformation, on the uniform      slicing in the adiabatic limit.

• Once a 2nd order differential eq. is obtained in modified gravity or 
EFT, one can map it into the same form as the one in GR by a 
suitable disformal transformation, linearly and non-linearly (the next 
leading order in gradient expansion).
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