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Long Baseline Neutrino Oscillation
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tector data samples (Section VI and Section VIII respec-
tively). The fit to near detector data, described in Sec-
tion VII, is used to constrain the far detector rate and as-
sociated uncertainties. Finally, Section IX describes how
the far detector ⌫

e

sample is used to estimate sin22✓
13

.

II. EXPERIMENTAL OVERVIEW AND DATA
COLLECTION

The T2K experiment [31] is optimized to observe elec-
tron neutrino appearance in a muon neutrino beam. We
sample a beam of muon neutrinos generated at the J-
PARC accelerator facility in Tokai-mura, Japan, at base-
lines of 280 m and 295 km from the neutrino production
target. The T2K neutrino beam line accepts a 31 GeV/c
proton beam from the J-PARC accelerator complex. The
proton beam is delivered in 5 µs long spills with a period
that has been decreased from 3.64 s to 2.56 s over the
data-taking periods described in this paper. Each spill
consists of 8 equally spaced bunches (a significant subset
of the data was collected with 6 bunches per spill) that
are ⇠ 15 ns wide. The protons strike a 91.4 cm long
graphite target, producing hadrons including pions and
kaons, and positively charged particles are focused by a
series of three magnetic horns operating at 250 kA. The
pions, kaons and some muons decay in a 96 m long vol-
ume to produce a predominantly muon neutrino beam.
The remaining protons and particles which have not de-
cayed are stopped in a beam dump. A muon monitor
situated downstream of the beam dump measures the
profile of muons from hadron decay and monitors the
beam direction and intensity.

We detect neutrinos at both near (280 m from the tar-
get) and far (295 km from the target) detectors. The far
detector is the Super-Kamiokande (SK) water Cherenkov
detector. The beam is aimed 2.5� (44 mrad) away from
the target-to-SK axis to optimize the neutrino energy
spectrum for the oscillation measurements. The o↵-axis
configuration [32–34] takes advantage of the kinematics of
pion decays to produce a narrow band beam. The angle
is chosen so that the spectrum peaks at the first oscilla-
tion maximum, as shown in Fig. 1, maximizing the signal
in the oscillation region and minimizing feed-down back-
grounds from high energy neutrino interactions. This
optimization is possible because the value of |�m

2

32

| is
already relatively well known.

The near detectors measure the properties of the beam
at a baseline where oscillation e↵ects are negligible. The
on-axis INGRID detector [35, 36] consists of 16 mod-
ules of interleaved scintillator/iron layers in a cross con-
figuration centered on the nominal neutrino beam axis,
covering ±5 m transverse to the beam direction along
the horizontal and vertical axes. The INGRID detector
monitors the neutrino event rate stability at each mod-
ule, and the neutrino beam direction using the profile of
event rates across the modules.

The o↵-axis ND280 detector is a magnetized multi-
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FIG. 1: The muon neutrino survival probability (top)
and electron neutrino appearance probabilities (middle)

at 295 km, and the unoscillated neutrino fluxes for
di↵erent values of the o↵-axis angle (OA) (bottom).
The appearance probability is shown for two values of
the phase �

CP

, and for normal (NH) and inverted (IH)
mass hierarchies.

purpose detector that is situated along the same di-
rection as SK. It measures the neutrino beam compo-
sition and energy spectrum prior to oscillations and is
used to study neutrino interactions. The ND280 detec-
tor utilizes a 0.2 T magnetic field generated by the re-
furbished UA1/NOMAD magnet and consists of a num-
ber of sub-detectors: side muon range detectors (SM-
RDs [37]), electromagnetic calorimeters (ECALs), a ⇡

0

detector (P0D [38]) and a tracking detector. The tracking
detector is composed of two fine-grained scintillator bar
detectors (FGDs [39]) sandwiched between three gaseous
time projection chambers (TPCs [40]). The first FGD
primarily consists of polystyrene scintillator and acts as
the target for most of the near detector neutrino inter-
actions that are treated in this paper. Hence, neutrino
interactions in the first FGD are predominantly on car-
bon nuclei. The ND280 detector is illustrated in Fig. 2,
where the coordinate convention is also indicated. The
x and z axes are in the horizontal plane, and the y axis
is vertical. The origin is at the center of the magnet,
and the magnetic field is along the x direction. The z

axis is the direction to the far detector projected to the
horizontal plane.
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Location of dip in energy: ∆m232 

Depth of dip: sin2θ23

Magnitude of peak linked to 
sin2θ13, δCP, and mass hierarchy
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Open Questions
๏ How well can we estimate the 

values of θ13, θ23, and ∆m232? 

๏ Is δCP different from 0 and π? 

๏ Do neutrinos and antineutrinos 
behave differently? 

๏ What is the mass hierarchy?
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T2K
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The T2K Experiment 

30 April 2012 Sam Short 10 

Near detector suite Super-Kamiokande 

Off-axis neutrino beam reduces the spread of 

muon neutrino energies. 
 

Chosen off-axis angle is 2.5o which 

corresponds to a peak beam energy of 0.6 GeV.  

The  most  intense  accelerator  νμ  beam ever built is produced at J-PARC and directed (2.5° off-axis) toward SK. 
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tector data samples (Section VI and Section VIII respec-
tively). The fit to near detector data, described in Sec-
tion VII, is used to constrain the far detector rate and as-
sociated uncertainties. Finally, Section IX describes how
the far detector ⌫

e

sample is used to estimate sin22✓
13

.

II. EXPERIMENTAL OVERVIEW AND DATA
COLLECTION

The T2K experiment [31] is optimized to observe elec-
tron neutrino appearance in a muon neutrino beam. We
sample a beam of muon neutrinos generated at the J-
PARC accelerator facility in Tokai-mura, Japan, at base-
lines of 280 m and 295 km from the neutrino production
target. The T2K neutrino beam line accepts a 31 GeV/c
proton beam from the J-PARC accelerator complex. The
proton beam is delivered in 5 µs long spills with a period
that has been decreased from 3.64 s to 2.56 s over the
data-taking periods described in this paper. Each spill
consists of 8 equally spaced bunches (a significant subset
of the data was collected with 6 bunches per spill) that
are ⇠ 15 ns wide. The protons strike a 91.4 cm long
graphite target, producing hadrons including pions and
kaons, and positively charged particles are focused by a
series of three magnetic horns operating at 250 kA. The
pions, kaons and some muons decay in a 96 m long vol-
ume to produce a predominantly muon neutrino beam.
The remaining protons and particles which have not de-
cayed are stopped in a beam dump. A muon monitor
situated downstream of the beam dump measures the
profile of muons from hadron decay and monitors the
beam direction and intensity.

We detect neutrinos at both near (280 m from the tar-
get) and far (295 km from the target) detectors. The far
detector is the Super-Kamiokande (SK) water Cherenkov
detector. The beam is aimed 2.5� (44 mrad) away from
the target-to-SK axis to optimize the neutrino energy
spectrum for the oscillation measurements. The o↵-axis
configuration [32–34] takes advantage of the kinematics of
pion decays to produce a narrow band beam. The angle
is chosen so that the spectrum peaks at the first oscilla-
tion maximum, as shown in Fig. 1, maximizing the signal
in the oscillation region and minimizing feed-down back-
grounds from high energy neutrino interactions. This
optimization is possible because the value of |�m

2

32

| is
already relatively well known.

The near detectors measure the properties of the beam
at a baseline where oscillation e↵ects are negligible. The
on-axis INGRID detector [35, 36] consists of 16 mod-
ules of interleaved scintillator/iron layers in a cross con-
figuration centered on the nominal neutrino beam axis,
covering ±5 m transverse to the beam direction along
the horizontal and vertical axes. The INGRID detector
monitors the neutrino event rate stability at each mod-
ule, and the neutrino beam direction using the profile of
event rates across the modules.

The o↵-axis ND280 detector is a magnetized multi-
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FIG. 1: The muon neutrino survival probability (top)
and electron neutrino appearance probabilities (middle)

at 295 km, and the unoscillated neutrino fluxes for
di↵erent values of the o↵-axis angle (OA) (bottom).
The appearance probability is shown for two values of
the phase �

CP

, and for normal (NH) and inverted (IH)
mass hierarchies.

purpose detector that is situated along the same di-
rection as SK. It measures the neutrino beam compo-
sition and energy spectrum prior to oscillations and is
used to study neutrino interactions. The ND280 detec-
tor utilizes a 0.2 T magnetic field generated by the re-
furbished UA1/NOMAD magnet and consists of a num-
ber of sub-detectors: side muon range detectors (SM-
RDs [37]), electromagnetic calorimeters (ECALs), a ⇡

0

detector (P0D [38]) and a tracking detector. The tracking
detector is composed of two fine-grained scintillator bar
detectors (FGDs [39]) sandwiched between three gaseous
time projection chambers (TPCs [40]). The first FGD
primarily consists of polystyrene scintillator and acts as
the target for most of the near detector neutrino inter-
actions that are treated in this paper. Hence, neutrino
interactions in the first FGD are predominantly on car-
bon nuclei. The ND280 detector is illustrated in Fig. 2,
where the coordinate convention is also indicated. The
x and z axes are in the horizontal plane, and the y axis
is vertical. The origin is at the center of the magnet,
and the magnetic field is along the x direction. The z

axis is the direction to the far detector projected to the
horizontal plane.
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FIG. 2: An exploded illustration of the ND280 detector.
The description of the component detectors can be

found in the text.

The SK far detector [41], as illustrated in Fig. 3, is a
50 kt water Cherenkov detector located in the Kamioka
Observatory. The cylindrically-shaped water tank is op-
tically separated to make two concentric detectors : an
inner detector (ID) viewed by 11129 inward-looking 20
inch photomultipliers, and an outer detector (OD) with
1885 outward-facing 8 inch photomultipliers. The fidu-
cial volume is defined to be a cylinder whose surface is
2 m away from the ID wall, providing a fiducial mass
of 22.5 kt. Cherenkov photons from charged particles
produced in neutrino interactions form ring-shaped pat-
terns on the detector walls, and are detected by the pho-
tomultipliers. The ring topology can be used to iden-
tify the type of particle and, for charged current inter-
actions, the flavor of the neutrino that interacted. For
example, electrons from electron neutrino interactions
undergo large multiple scattering and induce electromag-
netic showers, resulting in fuzzy ring patterns. In con-
trast, the heavier muons from muon neutrino interactions
produce Cherenkov rings with sharp edges.

The T2K experiment uses a special software trigger to
associate neutrino interactions in SK to neutrinos pro-
duced in the T2K beam. The T2K trigger records all
the photomultiplier hits within ±500 µs of the beam ar-
rival time at SK. Beam timing information is measured
spill-by-spill at J-PARC and immediately passed to the
online computing system at SK. The time synchroniza-
tion between the two sites is done using the Global Po-
sitioning System (GPS) with < 150 ns precision and is
monitored with the Common-View method [42]. Spill
events recorded by the T2K triggers are processed o✏ine
to apply the usual SK software triggers used to search
for neutrino events, and any candidate events found are
extracted for further T2K data analysis. Spills used for

x

y
z

Inner 

Outer Detector

   1,000m 

Control room

Access Tunnel

Photo multipliers

41m

    Detector hall

Beam Direction

39m

Detector

FIG. 3: An illustration of the SK detector.

TABLE I: T2K data-taking periods and the integrated
protons on target (POT) for SK data collected in those

periods.

Run Period Dates Integrated POT by SK
Run 1 Jan. 2010-Jun. 2010 0.32⇥ 1020

Run 2 Nov. 2010-Mar. 2011 1.11⇥ 1020

Run 3 Mar. 2012-Jun. 2012 1.58⇥ 1020

the far detector data analysis are selected by beam and
SK quality cuts. The primary reason spills are rejected
at SK is due to the requirement that there are no events
in the 100 µs before the beam window, which is necessary
to reject decay electrons from cosmic-ray muons.

In this paper we present neutrino data collected during
the three run periods listed in Table I. The total SK data
set corresponds to 3.01 ⇥ 1020 protons on target (POT)
or 4% of the T2K design exposure. About 50% of the
data, the Run 3 data, were collected after T2K and J-
PARC recovered from the 2011 Tohoku earthquake. A
subset of data corresponding to 0.21 ⇥ 1020 POT from
Run 3 was collected with the magnetic horns operating
at 205 kA instead of the nominal value of 250 kA. The size
of the total data set is approximately two times that of
T2K’s previously published electron neutrino appearance
result [21].

We monitor the rate and direction of the neutrino
beam over the full data-taking period with the INGRID
detector. As illustrated in Fig. 4, the POT-normalized
neutrino event rate is stable to within 1%, and the beam
direction is controlled well within the design requirement
of 1 mrad, which corresponds to a 2% shift in the peak
energy of the neutrino spectrum.

n p

νl l- ND Fit
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tector data samples (Section VI and Section VIII respec-
tively). The fit to near detector data, described in Sec-
tion VII, is used to constrain the far detector rate and as-
sociated uncertainties. Finally, Section IX describes how
the far detector ⌫

e

sample is used to estimate sin22✓
13

.

II. EXPERIMENTAL OVERVIEW AND DATA
COLLECTION

The T2K experiment [31] is optimized to observe elec-
tron neutrino appearance in a muon neutrino beam. We
sample a beam of muon neutrinos generated at the J-
PARC accelerator facility in Tokai-mura, Japan, at base-
lines of 280 m and 295 km from the neutrino production
target. The T2K neutrino beam line accepts a 31 GeV/c
proton beam from the J-PARC accelerator complex. The
proton beam is delivered in 5 µs long spills with a period
that has been decreased from 3.64 s to 2.56 s over the
data-taking periods described in this paper. Each spill
consists of 8 equally spaced bunches (a significant subset
of the data was collected with 6 bunches per spill) that
are ⇠ 15 ns wide. The protons strike a 91.4 cm long
graphite target, producing hadrons including pions and
kaons, and positively charged particles are focused by a
series of three magnetic horns operating at 250 kA. The
pions, kaons and some muons decay in a 96 m long vol-
ume to produce a predominantly muon neutrino beam.
The remaining protons and particles which have not de-
cayed are stopped in a beam dump. A muon monitor
situated downstream of the beam dump measures the
profile of muons from hadron decay and monitors the
beam direction and intensity.

We detect neutrinos at both near (280 m from the tar-
get) and far (295 km from the target) detectors. The far
detector is the Super-Kamiokande (SK) water Cherenkov
detector. The beam is aimed 2.5� (44 mrad) away from
the target-to-SK axis to optimize the neutrino energy
spectrum for the oscillation measurements. The o↵-axis
configuration [32–34] takes advantage of the kinematics of
pion decays to produce a narrow band beam. The angle
is chosen so that the spectrum peaks at the first oscilla-
tion maximum, as shown in Fig. 1, maximizing the signal
in the oscillation region and minimizing feed-down back-
grounds from high energy neutrino interactions. This
optimization is possible because the value of |�m

2

32

| is
already relatively well known.

The near detectors measure the properties of the beam
at a baseline where oscillation e↵ects are negligible. The
on-axis INGRID detector [35, 36] consists of 16 mod-
ules of interleaved scintillator/iron layers in a cross con-
figuration centered on the nominal neutrino beam axis,
covering ±5 m transverse to the beam direction along
the horizontal and vertical axes. The INGRID detector
monitors the neutrino event rate stability at each mod-
ule, and the neutrino beam direction using the profile of
event rates across the modules.

The o↵-axis ND280 detector is a magnetized multi-
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FIG. 1: The muon neutrino survival probability (top)
and electron neutrino appearance probabilities (middle)

at 295 km, and the unoscillated neutrino fluxes for
di↵erent values of the o↵-axis angle (OA) (bottom).
The appearance probability is shown for two values of
the phase �

CP

, and for normal (NH) and inverted (IH)
mass hierarchies.

purpose detector that is situated along the same di-
rection as SK. It measures the neutrino beam compo-
sition and energy spectrum prior to oscillations and is
used to study neutrino interactions. The ND280 detec-
tor utilizes a 0.2 T magnetic field generated by the re-
furbished UA1/NOMAD magnet and consists of a num-
ber of sub-detectors: side muon range detectors (SM-
RDs [37]), electromagnetic calorimeters (ECALs), a ⇡

0

detector (P0D [38]) and a tracking detector. The tracking
detector is composed of two fine-grained scintillator bar
detectors (FGDs [39]) sandwiched between three gaseous
time projection chambers (TPCs [40]). The first FGD
primarily consists of polystyrene scintillator and acts as
the target for most of the near detector neutrino inter-
actions that are treated in this paper. Hence, neutrino
interactions in the first FGD are predominantly on car-
bon nuclei. The ND280 detector is illustrated in Fig. 2,
where the coordinate convention is also indicated. The
x and z axes are in the horizontal plane, and the y axis
is vertical. The origin is at the center of the magnet,
and the magnetic field is along the x direction. The z

axis is the direction to the far detector projected to the
horizontal plane.
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FIG. 2: An exploded illustration of the ND280 detector.
The description of the component detectors can be

found in the text.

The SK far detector [41], as illustrated in Fig. 3, is a
50 kt water Cherenkov detector located in the Kamioka
Observatory. The cylindrically-shaped water tank is op-
tically separated to make two concentric detectors : an
inner detector (ID) viewed by 11129 inward-looking 20
inch photomultipliers, and an outer detector (OD) with
1885 outward-facing 8 inch photomultipliers. The fidu-
cial volume is defined to be a cylinder whose surface is
2 m away from the ID wall, providing a fiducial mass
of 22.5 kt. Cherenkov photons from charged particles
produced in neutrino interactions form ring-shaped pat-
terns on the detector walls, and are detected by the pho-
tomultipliers. The ring topology can be used to iden-
tify the type of particle and, for charged current inter-
actions, the flavor of the neutrino that interacted. For
example, electrons from electron neutrino interactions
undergo large multiple scattering and induce electromag-
netic showers, resulting in fuzzy ring patterns. In con-
trast, the heavier muons from muon neutrino interactions
produce Cherenkov rings with sharp edges.

The T2K experiment uses a special software trigger to
associate neutrino interactions in SK to neutrinos pro-
duced in the T2K beam. The T2K trigger records all
the photomultiplier hits within ±500 µs of the beam ar-
rival time at SK. Beam timing information is measured
spill-by-spill at J-PARC and immediately passed to the
online computing system at SK. The time synchroniza-
tion between the two sites is done using the Global Po-
sitioning System (GPS) with < 150 ns precision and is
monitored with the Common-View method [42]. Spill
events recorded by the T2K triggers are processed o✏ine
to apply the usual SK software triggers used to search
for neutrino events, and any candidate events found are
extracted for further T2K data analysis. Spills used for

x
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Inner 

Outer Detector

   1,000m 

Control room

Access Tunnel

Photo multipliers

41m

    Detector hall

Beam Direction

39m

Detector

FIG. 3: An illustration of the SK detector.

TABLE I: T2K data-taking periods and the integrated
protons on target (POT) for SK data collected in those

periods.

Run Period Dates Integrated POT by SK
Run 1 Jan. 2010-Jun. 2010 0.32⇥ 1020

Run 2 Nov. 2010-Mar. 2011 1.11⇥ 1020

Run 3 Mar. 2012-Jun. 2012 1.58⇥ 1020

the far detector data analysis are selected by beam and
SK quality cuts. The primary reason spills are rejected
at SK is due to the requirement that there are no events
in the 100 µs before the beam window, which is necessary
to reject decay electrons from cosmic-ray muons.

In this paper we present neutrino data collected during
the three run periods listed in Table I. The total SK data
set corresponds to 3.01 ⇥ 1020 protons on target (POT)
or 4% of the T2K design exposure. About 50% of the
data, the Run 3 data, were collected after T2K and J-
PARC recovered from the 2011 Tohoku earthquake. A
subset of data corresponding to 0.21 ⇥ 1020 POT from
Run 3 was collected with the magnetic horns operating
at 205 kA instead of the nominal value of 250 kA. The size
of the total data set is approximately two times that of
T2K’s previously published electron neutrino appearance
result [21].

We monitor the rate and direction of the neutrino
beam over the full data-taking period with the INGRID
detector. As illustrated in Fig. 4, the POT-normalized
neutrino event rate is stable to within 1%, and the beam
direction is controlled well within the design requirement
of 1 mrad, which corresponds to a 2% shift in the peak
energy of the neutrino spectrum.
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Figure 122: Fractional error of Run 1-4† flux at Super-K
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Near Detector Results
๏ Measure negative correlation between flux and cross 

section parameters 

๏ Variety of analyses checks that gaussian assumptions 
are justified
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with sin2 ✓23 = 0.513 and �m2 = 2.4375⇥ 10�3eV 2/c4. The solar parameters were fixed to the values in Tab. 1 and the normal hierarchy was assumed.
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templates considered, as explained in Sec. 2 are included in this table, although for the analysis the templates corresponding to1118

⌫̄e ! ⌫̄µ were finally not used due to its negligible contribution to both samples as can be observed in Tab. 3.1119

A MC tune derived using NA61 data is applied to the nominal MC templates, and another tune derived using the ND2801120

data is applied to the NA61-tuned templates as described in Secs. 4.3 and 4.4. The effects of the NA61 and BANFF tunes on the1121
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mode of each sample are shown in Tab. 4 and Tab. 5 respectively for single µ-like ring events and single e-like ring events with1123

sin

2 ✓23=0.5 and |�m2|=2.4375⇥10�3 eV2/c4, sin2 ✓13=0.0251, �CP =0 and the values for the solar parameters in Tab. 1, and1124

normal mass hierarchy assumed. Tables 6 and 7 show the same effect for no oscillations.1125
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of systematic parameters is used; they multiply the nominal expected number of ⌫µ or ⌫e

events, with one parameter for each reconstructed energy bin. Results from the alternate

analysis agree with the results presented in Secs. IXA and IXB.
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Figures 42 and 43 show the posterior PDFs for the oscillation parameters both singly
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mass hierarchy. The o↵-diagonal elements show the pairwise posterior PDFs.
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T2K loves all statistical methods!
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Abe, K., et al. "Measurements of neutrino 
oscillation in appearance and disappearance 
channels by the T2K experiment with 6.6× 1020 
protons on target." Physical Review D 91.7 (2015): 
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)π(CPδ
-1 -0.5 0 0.5 1

2 χ
∆

0

1

2

3

4

5

6

7

Normal Hierarchy
Inverted Hierarchy

 (NH)2χ∆FC 90 % critical 
 (IH)2χ∆FC 90 % critical 

excluded at 90% CL

excluded at 90% CL

FIG. 37: Profiled ��

2 as a function of �CP with the results of the critical ��

2 values for

the normal and inverted hierarchies for the joint fit with reactor constraint, with the

excluded regions found overlaid.

94

Results

16

π / CPδ
-1 -0.5 0 0.5 1

/5
0

π
Po

st
er

io
r D

en
si

ty
 p

er
 

0

0.01

0.02

90% Credible Interval
68% Credible Interval
Marginal Posterior
1D Posterior Mode

FIG. 40: The posterior probability for �CP , marginalized over all other parameters,

including mass hierarchy, for the T2K+reactor combined analysis.
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this analysis, but the posterior odds ratio2 is only 1.2. Table XXVIII shows the same for

the T2K+reactor combined analysis. In this analysis, the normal hierarchy is preferred, but

with a posterior odds ratio of 2.2, the inverted hierarchy is not significantly excluded with

the present analysis.

2 with the prior odds assumed to be 1, the posterior odds ratio is equivalent to the Bayes Factor

100

confidence level interval 
Feldman-Cousins-Highland 

separate for NH/IH

credible interval interval 
highest posterior density method 

marginalized over hierarchy

See posters by: L. Haegel, D. 
Sgalaberna, and R. Shah

If constant ∆χ2 assumed



A Brief Review of F-C-H
๏ Scan over your parameter space  

๏ At every point, generate many toy MC experiments, 
including systematic parameter variations  

๏ Fit your toys and generate the distribution of the test 
statistic 

๏ Find the value of the test statistic where α% are 
excluded; this is the critical value of the test statistic 
at that point in the parameter space 

๏ For the distribution of your data test statistic over 
your parameter space, draw a contour to exclude 
those where the data test statistic is greater than the 
critical value

17
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A Brief Review of HPD 
Credible Intervals

๏ Build your posterior in your parameter space of interest 

๏ Draw your contour such that the integral of the probability 
inside your contour is α%, and such that the posterior density 
at any point inside the contour is higher than any point 
outside the contour 

๏ This minimizes the size of the contour
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NOvA
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NO𝜈A 

Fermilab 

NO𝜈A Far Detector (Ash River, MN) 
MINOS Far Detector (Soudan, MN) 

� Determine the 𝜈 mass hierarchy 
� Determine the 𝜃23 octant 
� Constrain 𝛿CP 
 

Using  𝜈𝜇→𝜈e  ,  𝜈͞ 𝜇→𝜈͞ e … 
A broad physics scope 

� Precision measurements of 
sin22𝜃23 and 'm2   .  
    (Exclude 𝜃23=𝜋/4?) 

� Over-constrain the atmos. sector 
(four oscillation channels) 

Using  𝜈𝜇→𝜈𝜇  ,  𝜈͞ 𝜇→𝜈͞ 𝜇 … 

32 

� Neutrino cross sections at 
the NO𝜈A Near Detector 

� Sterile neutrinos 
� Supernova neutrinos 
� Other exotica 

Also … 

Ryan Patterson, Caltech 

Ryan Patterson, Caltech Fermilab JETP, August 6, 2015 11 

Ryan Patterson, Caltech Fermilab JETP, August 6, 2015 11 
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Ryan Patterson, Caltech Fermilab JETP, August 6, 2015 29 

Far Detector prediction 
(1) Estimate the underlying true energy distribution of selected ND events 
(2) Multiply by expected Far/Near event ratio and 𝜈𝜇→𝜈𝜇 oscillation probability 

    as a function of true energy 
(3) Convert FD true energy distribution into predicted FD reco energy distribution 

Systematic uncertainties assessed by varying all MC-based steps 

Estimated from simulation

Select CC inclusive Select CC inclusive

Use a binned ML method
R. Patterson
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Muon

Proton

Michel e-

Electron

Proton

�0 (���)

�� + n � � + p

�e + n � e + p

� + X � � + X'Proton

1m
1m

�� Charged Current 

�e Charged Current

Neutral Current 

Low-Z to enhance electron 
photon separation, each 
plane is just 0.15 X0 

dE/dx ≈ 12.9 MeV/cm(MIP through cell) 

gap 

30 Division of Particles and Fields L. Suter 

R. Patterson
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Energy estimation 
Reconstructed muon track: 

length ⇒ E𝜇 

Hadronic system: 
    Evisible ⇒ Ehad 

 
 
Reconstructed 𝜈𝜇 energy is 
the sum of these two: 
    E𝜈 = E𝜇 + Ehad 

 

Energy resolution at 
beam peak ~7% 

cells 6  

Ryan Patterson, Caltech Fermilab JETP, August 6, 2015 27 R. Patterson



Cross Section Uncertainties

๏ Change underlying parameters in neutrino model, similar to T2K 

๏ NOvA uses a CC-inclusive sample, so individual modes are less important 

๏ However, see a large uncertainty in the hadronic energy component 
which is currently a major systematics driver

23
Jonathan M. Paley

 (GeV)HitHadronic N
0 20 40 60 80 100

Ev
en

ts

0

20

40

60

310×

 CCµνSimulated 
Simulated Background
Data

A PreliminaryνNO POT2010×ND, 1.66

18

Near Detector Data/MC Comparisons
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6

simulation. Because the detectors are functionally iden-
tical, many systematic uncertainties largely cancel in the
measurements of sin2 ✓23 and �m

2
32. The uncertainties

assessed and their impact are summarized in Table I.
For the beam-induced backgrounds, which are small, a

normalization uncertainty of 100% is assigned. The mea-
sured background outside the beam spill window has neg-
ligible uncertainty. The neutrino interaction cross sec-
tion and hadronization uncertainties are determined by
altering each cross section and hadronization parameter
by its predetermined uncertainties in the GENIE simula-
tion, which vary in size from 15% to 25%, as specified
in Ref. [27]. Uncertainties in particle-transport modeling
are assessed by comparing alternative hadronic models
in the GEANT4 simulation. The beam flux normaliza-
tion uncertainty in each detector is dominated by beam-
line hadron production uncertainties. This uncertainty
is approximately 20% near the peak of the spectrum, es-
timated by comparing simulated pion and kaon yields in
the NuMI target to measured yields for interactions of
158GeV protons on a thin carbon target in the NA49
experiment [28, 29]. The detector exposure uncertainty,
which accounts for uncertainties in detector mass and
periods of data collection when only one detector was
operational, is 1%.

The uncertainty in muon energy scale is 2%, driven by
detector mass and muon energy-loss modeling. The un-
certainty in calorimetric (hadronic) energy scale is 14.9%,
the quadrature sum of the 14% uncertainty assigned to
reflect the di↵erence in Ehad scales used in data and sim-
ulation, and 5% derived from comparisons of muon and
Michel electron data and simulation. An additional rela-
tive 5.2% calorimetric energy uncertainty is taken uncor-
related between the two detectors. The main component
of this is a 5% uncertainty derived from muon and Michel
electron studies. An additional 1.4% comes from poten-
tial di↵erences in Ehad scale between the ND and FD
due to their di↵ering neutrino spectra (primarily due to
oscillations). To estimate this uncertainty, the simulated
ND kinematic distributions were fit to data by adjusting
some or all of the normalizations, hadronic energy scales,
and muon energy scales of QE, RES, and DIS events
separately in the simulation. The fit results were then
applied to FD simulation, and the largest relative energy
o↵set seen between detectors across the ensemble of fits
was 1.4%. The largest normalization o↵set seen was 1%,
which is also taken as an uncertainty.

Upon applying the FD event selection criteria to the
full data set reported here, a total of 33 ⌫µ CC candi-
date events are observed for reconstructed neutrino ener-
gies below 5GeV. The total expected background is 3.4
events, which includes 2.0± 2.0 NC events and 1.4± 0.2
cosmic-ray events. In the absence of neutrino oscillations
211.8± 12.5 (syst.) candidate events are predicted. The
energy spectrum for the sample is shown in Fig. 5.

Using a three-flavor neutrino oscillation model that in-
cludes matter e↵ects, the data are fit for sin2 ✓23 and
�m

2
32 assuming either the normal or inverted mass hi-
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FIG. 5. The reconstructed energy for FD selected events.
The black data points show the statistical uncertainties. The
short-dashed green histogram corresponds to the predicted
spectrum in the absence of oscillations. The solid brown his-
togram corresponds to the best fit prediction with systematic
e↵ects included. The long-dashed red histogram corresponds
to the best-fit prediction when the e↵ects from the systematic
shifts in the fit are removed. The light-red band represents
the systematic uncertainty on the no-systematics (red) predic-
tion. The blue, open-circled points represent the background,
mostly NC and cosmic-ray muons.
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confidence level contours 
Feldman-Cousins 

Profiling treatment of systematics 
Gradient descent

Adamson, P., et al. "First measurement of 
muon-neutrino disappearance in NOvA." 
arXiv preprint arXiv:1601.05037 (2016).
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FIG. 3: Allowed values of �CP vs sin2 2✓13. Top (bottom)
plots show the NH (IH). Left (right) plots show results for
the primary (secondary) selector. Both have sin2 ✓23 fixed at
0.5.

experiments which have a larger or equal likelihood ratio,
converted into a significance. The discontinuities are due
to the discrete set of possible event counts. The range of
0.1⇡ < �CP < 0.5⇡ in the IH is disfavored at the 90% C.L.
The number of events selected by the secondary analysis
is larger than the number of events expected given the
range of oscillation parameters favored in global fits [46],
but 13% of pseudo-experiments generated at the NOvA
best fit find at least as many events as observed in the
data. With the secondary selector all values of �CP in the
IH are disfavored at greater than 90% C.L. The range of
0.25⇡ < �CP < 0.95⇡ in the NH is disfavored at the 90%
C.L.

In conclusion, with an exposure of 2.74 ⇥ 1020 POT,
NOvA observes 6 ⌫e-like events in the FD, with a back-
ground prediction of 0.99± 0.11 (syst.). The 3.3� excess
of events above background disfavors 0.1⇡ < �CP < 0.5⇡
in the inverted mass hierarchy at the 90% C.L.
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Energy; the US National Science Foundation; the De-
partment of Science and Technology, India; the Euro-
pean Research Council; the MSMT CR, Czech Repub-
lic; the RAS, RMES, and RFBR, Russia; CNPq and
FAPEG, Brazil; and the State and University of Min-
nesota. We are grateful for the contributions of the sta↵s
at the University of Minnesota module assembly facil-
ity and Ash River Laboratory, Argonne National Lab-
oratory, and Fermilab. Fermilab is operated by Fermi
Research Alliance, LLC under Contract No. De-AC02-
07CH11359 with the US DOE.
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[12] J. Záles̆ák et al., J. Phys.: Conf. Ser. 513, 012041 (2014).
[13] T. Bohlen et al., Nucl. Data Sheets 120, 211 (2014);

A. Ferrari et al., Tech. Rep. CERN-2005-010 (2005).
[14] S. Agostinelli et al., Nucl. Instrum. Meth. A 506, 250

(2003); J. Allison et al., IEEE Trans. Nucl. Sci. 53, 270
(2006).

[15] M. Campanella et al., Tech. Rep. CERN-ATL-SOFT-99-
004 (1999).

[16] C. Andreopoulos et al., Nucl. Instrum. Meth. A 614, 87
(2010); C. Andreopoulos et al., arXiv:1510.05494.

[17] A. Aurisano et al., J. Phys.: Conf. Ser. 664, 072002
(2016).

[18] M. Baird et al., J. Phys.: Conf. Ser. 664 072035 (2016).
[19] M. Baird, Ph.D. Thesis, Indiana University (2015).

confidence levels 
Feldman-Cousins 

separate for NH/IH
Adamson, P., et al. "First measurement of electron 
neutrino appearance in NOvA." arXiv preprint 
arXiv:1601.05022 (2016).



Special Issues

26



Marginalization vs Projection
๏ T2K found that treatment 

of systematics can have 
noticeable effects on 
analyses, especially 
when treating oscillation 
parameters, which are 
very non-gaussian 

๏ T2K has moved to 
marginalization for all 
oscillation analyses, 
using both MCMC and 
likelihood averaging 
over toys 27

Physics 509 11

A comparison of two marginalization 
procedures

0.05exp [−12  x2 y2]0.95exp [− 1

20.05
x−0.52 y2]

We can calculate the marginal and projected distributions 
analytically:

f marg  x=∫ dy f x , y∝0.05exp [−12 x2 ]0.9520
exp [− 1
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Figure 25: The full marginal posterior of sin2
(✓23) for FDS1 (cyan) compared with a “re-

stricted posterior” constructed from MCMC steps taken only from a small region around

the best fit point of sin2
(✓13) and �m2

32 (darker blue). Restricting the posterior to points

only around the most probable regions of the marginalized oscillation parameters is simi-

lar in approach to the frequentist profiling technique. Red arrows indicate the 1D poste-

rior mode for each distribution. This exercise highlights the difference in best fit points

between analyses.
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Selections with Tension
๏ NOvA has two event selections: 

๏ Likelihood Identification (LID) 
with 6 events  

๏ Library Event Matching (LEM) 
with 11 events 

๏ All 6 LID events are in the LEM 
selection 

๏ The predicted number of events 
for the two selections was 
roughly equal (5.6 vs 5.9) 

๏ Should we be worried?
28Ryan Patterson, Caltech Fermilab JETP, August 6, 2015 55 

Far Detector selected events 

LID: 6 𝜈e candidates 

LEM: 11 𝜈e candidates 

3.3𝜎 significance for 𝜈e appearance 

5.5𝜎 significance for 𝜈e appearance 

(All 6 LID events present in LEM set) 

At right: 
   Calorimetric energy 



Selections with Tension
๏ Use MC to estimate p1, 

p2, and p3 for signal and 
background separately, 
and calculate P for 
Nb=0,1,2,… 

๏ What is the total 
probability for 
combinations which are 
less probable than the 
data combination?

29

Probability of LEM only

Probability of LID only

Probability of LEM and LID

n1=0

n2=5

n3=6



Selections with Tension

30

   

Brief Article

The Author

May 28, 2016

B = 0, S = 11 ! p1,B=0, p2,B=0, p3,B=0 ! P (0/5/6 + |B = 0) = 6%

B = 1, S = 10 ! p1,B=1, p2,B=1, p3,B=1 ! P (0/5/6 + |B = 1) = 7.1%

B = 2, S = 9 ! p1,B=2, p2,B=2, p3,B=2 ! P (0/5/6 + |B = 2) = 8.3%

. . .

where

p1,B=Nb = pb1Nb/11 + ps1(11�Nb)/11

and

P (B = 0) = 20.9%

P (B = 1) = 35.2%

P (B = 2) = 26.9%

. . .

so

P =

X

B

P (0/5/6 or worse|B)P (B) = 7.8%

1

Uses central value of 
background prediction



Parameterizing ν/ν ̅Differences
๏ After establishing νe 

appearance, T2K wanted to 
analyze νe̅ appearance 

๏ How to build a model that is 
“minimally” CP-violating? 

๏ Decided to introduce a 
parameter β  that multiplies 
P(νμ̅→νe̅) while keeping all 
other oscillation parameters 
the same between ν and ν ̅ 

๏ Allow β to only take the values 
0 (no νμ̅→νe̅ oscillation) and 1 
(νμ̅→νe̅ oscillates as νμ→νe)

31
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Parameterizing ν/ν ̅Differences
๏ Use a test statistic of 

๏ Throw toy data sets for the 
cases β=0 and β=1 and 
compare what data looks like 

๏ Also calculate a Bayes factor

32
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Parameterizing ν/ν ̅Differences
๏ For ν ̅disappearance 

measurements, T2K chose 
to duplicate the full set of 
oscillation parameters 
(θ23, θ2̅3, etc.) 

๏ Because of a low statistics 
sample, all parameters 
except the 23 parameters 
were fixed as equal 
between ν and ν;̅ only 
θ2̅3 and ∆m̅2

23 are 
variable

33
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| assuming normal hierarchy. T2K ⌫ [13], SK ⌫ [5]
and MINOS ⌫ [4] 90% confidence regions are also shown.

no indication of new physics, and are also in good agree-
ment with similar measurements from MINOS [4] and
SK [5]. The results presented here, with the first T2K
anti-neutrino dataset, are competitive with those from
both MINOS and SK, demonstrating the e↵ectiveness of
the o↵-axis beam technique.
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FIG. 3: Allowed values of �CP vs sin2 2✓13. Top (bottom)
plots show the NH (IH). Left (right) plots show results for
the primary (secondary) selector. Both have sin2 ✓23 fixed at
0.5.

experiments which have a larger or equal likelihood ratio,
converted into a significance. The discontinuities are due
to the discrete set of possible event counts. The range of
0.1⇡ < �CP < 0.5⇡ in the IH is disfavored at the 90% C.L.
The number of events selected by the secondary analysis
is larger than the number of events expected given the
range of oscillation parameters favored in global fits [46],
but 13% of pseudo-experiments generated at the NOvA
best fit find at least as many events as observed in the
data. With the secondary selector all values of �CP in the
IH are disfavored at greater than 90% C.L. The range of
0.25⇡ < �CP < 0.95⇡ in the NH is disfavored at the 90%
C.L.

In conclusion, with an exposure of 2.74 ⇥ 1020 POT,
NOvA observes 6 ⌫e-like events in the FD, with a back-
ground prediction of 0.99± 0.11 (syst.). The 3.3� excess
of events above background disfavors 0.1⇡ < �CP < 0.5⇡
in the inverted mass hierarchy at the 90% C.L.
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Why are these so jagged?



P-Values (1)
๏ These p-values are 

generated as a counting 
rate 

๏ When the assumptions 
about the oscillation 
parameters are varied, 
these spikes can cross the 
critical value, which causes 
jaggedness 

๏ Things like shape 
information and more data 
will smooth this out
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P-Values (2)
๏ How do we treat p-values in the presence of 

systematic uncertainties that may be constrained 
by the analysis? 

๏ This is an issue for δCP and mass hierarchy 
measurements 

๏ T2K has been discussing which of several 
methods to use: http://physics.rockefeller.edu/
luc/proceedings/phystat2007.pdf (Thank you to 
PhyStats of years gone by!)
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P-Values (2)
๏ Two options, both which integrate the p-value over the systematics 

๏ Prior-predictive 

๏   

๏ “A small value of pprior is therefore evidence against the overall 
model used to describe the data, and could in principle be caused 
by a badly elicited prior as well as by an invalid likelihood (or 
unlikely data)” 

๏ Posterior-predictive 

๏   

๏ “Estimates the probability that a future observation will be at least 
as extreme as the current observation if the null hypothesis is true”  

๏ Ongoing discussion!
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Second, it does not take into account the uncertainty on the parameter estimate. This tends to exaggerate
the significance and hence works against H0. There are several ways for correcting these deficiencies.

One option is to base the plug-in estimate of ν on the auxiliary measurement x0 only, in order
to avoid potential signal contamination from the observation n0. This is equivalent to extracting the
estimate of ν from the conditional distribution of the data given the test statistic n0, and the resulting p
value is therefore referred to as a conditional plug-in p value. Although this method avoids double use of
the data, it still ignores the uncertainty on the estimate of ν, which can lead to significant undercoverage.

A better way is to adjust the plug-in p value by the following procedure. Let Fplug(pplug | ν) be
the cumulative distribution function of pplug. It depends on the nuisance parameter ν, whose value we
don’t know. However, we can estimate it, and substitute that estimate in Fplug. This yields the so-called
adjusted plug-in p value:

pplug,adj = Fplug(pplug | ˆ̂ν). (20)

This adjustment algorithm is known as a double parametric bootstrap and can be implemented by aMonte
Carlo calculation [9]. Since double bootstrap calculations tend to require large amounts of computing
resources, methods have been developed to speed them up [10, 11, 12].

Another way to correct the plug-in p value is to work with a different test statistic. Ideally one
would like to use a test statistic that is pivotal, i.e. whose distribution under the null hypothesis does not
depend on any unknown parameters. Often this is not possible, but an asymptotically pivotal statistic
can be found; this is then still better than a non-pivotal statistic. The test statistic used above for pplug,
namely n, is clearly not pivotal, not even asymptotically. However, twice the negative log-likelihood
ratio, equation (12), is asymptotically pivotal, having a 1

2χ2
0 + 1

2χ2
1 distribution in the large-sample limit.

The parametric bootstrap evaluation of the likelihood ratio p value consists in substituting ˆ̂ν for ν in
equation (15). We will write pplug,λ for this plug-in p value, to distinguish it from the one based on n. In
finite samples, pplug,λ is usually more accurate than the asymptotic p value p∞ (eq. 16).

Figure 1 compares the relative coverage error,R ≡ (α−IPr(p ≤ α))/α, of pplug, pplug,adj , pplug,λ,
and p∞ for our Poisson benchmark problem with a Gaussian uncertainty ∆ν on ν. Positive values of R
indicate overcoverage, negative ones undercoverage. Exactly uniform p values have R = 0. In terms of
uniformity, pplug,λ performs best, followed by pplug,adj , p∞, and pplug, in that order. The first two exhibit
some minor undercoverage, which varies with the value of ∆ν.

An interesting alternative to the bootstrap, known as Bartlett adjustment, can be applied to any
log-likelihood ratio statistic T whose asymptotic distribution under the null hypothesis is chisquared
with k degrees of freedom. In finite samples one assumes that T is distributed as a scaled chisquared
variate with expectation value ⟨T ⟩ = k (1 + B), where B goes to zero with increasing sample size. An
estimate of B can be extracted from a Monte Carlo calculation of ⟨T ⟩, in which unknown parameters
are replaced by their maximum likelihood estimates under H0. For continuous data it turns out that the
Bartlett-adjusted statistic T/(1 + B) is a better approximation than T to a chisquared statistic with k
degrees of freedom. For discrete data the improvement is less consistent.

3.5 Prior-predictive Method
The last two nuisance parameter elimination methods we examine are inspired by a Bayesian approach
to model selection. It is assumed that information about the nuisance parameter ν is available in the form
of a prior distribution π(ν). The prior-predictive method consists in averaging the p value p(ν) over this
prior:

pprior =

∫

dν π(ν) p(ν). (21)

6

Inserting this prior and the Poisson p value (4) in equation (21) yields, after some simple algebra:

pprior =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

∫ +∞

0
du

1 + erf
(

x0−u√
2∆ν

)

1 + erf
(

x0√
2∆ν

)

un0−1 e−u

(n0−1)!
if n0 > 0,

1 if n0 = 0.

(25)

In this type of application it is interesting to study the characteristics of pprior with respect to a purely
frequentist ensemble, in which both n0 and x0 fluctuate according to their uncertainties. This is to be
contrasted with the prior-predictive ensemble, where n0 and ν fluctuate, and with respect to which pprior

is exactly uniform by construction. Figure 2 shows the behaviour of the prior-predictive p value (25)
with respect to the frequentist ensemble. It appears to be everywhere conservative.

3.6 Posterior-predictive Method
The prior-predictive p value is undefined when π(ν) is improper. A possible way to overcome this
problem is to average the p value over the posterior π(ν |n0) instead of the prior π(ν) [14]:

ppost =

∫

dν π(ν |n0) p(ν), with π(ν |n0) ≡
L(ν |n0)π(ν)

mprior(n0)
. (26)

This posterior-predictive p value is also a tail probability, as can be seen by the same manipulations that
led from eq. (21) to eq. (22) in analyzing our Poisson benchmark problem:

ppost =
+∞
∑

n=n0

mpost(n), where mpost(n) =

∫

dν π(ν |n0)
νn e−ν

n!
. (27)

The posterior-predictive distribution mpost(n) is the predicted distribution of n after having observed
n0. Therefore, ppost estimates the probability that a future observation will be at least as extreme as the
current observation if the null hypothesis is true.

The posterior-predictive p value uses the data n0 twice, first to calculatempost and then again when
evaluating ppost. As was the case for pplug, this makes ppost conservative, increasing the risk of accepting
a bad model. The behaviour of ppost with respect to the frequentist ensemble for our benchmark problem
is compared to that of pprior in Fig. 2. Note that for small values of∆ν, inferences about ν are dominated
by the prior (24), so that pprior and ppost become indistinguishable.

An advantage of ppost over pprior is that the former can be used to calibrate discrepancy variables
in addition to test statistics. In contrast with statistics, discrepancy variables depend on both data and pa-
rameters. A typical example is a sumD(x⃗, θ⃗) of squared residuals between data x⃗ and model predictions
that depend on unknown parameters θ⃗. Whereas a frequentist approach consists in minimizing D(x⃗, θ⃗)
with respect to θ⃗, the posterior-predictive approach integrates the joint distribution of x⃗ and θ⃗, given the
observed value x⃗0 of x⃗, over all values of x⃗ and θ⃗ that satisfyD(x⃗, θ⃗) ≥ D(x⃗0, θ⃗) [14].

In spite of its advantages, the extreme conservativeness of ppost remains troubling and has led
some statisticians to propose a recalibration [15] or modified constructions [16].

4 Nuisance parameters that are present only under the alternative
Even though p values are designed to test a single hypothesis (the “null”), they often depend on the
general type of alternative envisioned. The benchmark example of section 3 illustrates this, since only
positive excursions of the background level are of interest, and negative excursions, no matter how large,
are never considered part of the alternative. This clearly affects the calculation of the p value, which
depends on one’s definition of “more extreme than the observation”. As another example, consider

8



Discrete Model Issues
๏ We do our best to have the best 

model of cross section, but this is 
hard 

๏ Test impact using fake data studies
—can see bias in parameters 

๏ We may not have complete 
implementation of a particular 
model, which makes it hard to use 
that model to fit data 

๏ How can we include the error from 
these discrete model differences 
on our final parameters?
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Mass Hierarchy
๏ What should we report? 

๏ Answer: report it all!  

๏ Show distributions for 
test statistic 

๏ Show Bayes Factor 

๏ Show sensitivity (and 
assumptions) 

๏ Let the consumer make 
choice—somewhat help 
them along!

For P(NH)=P(IH)=0.5

Fake toy 
counting 

experiment

Distributions of the Test Statistic
• The test statistic distributions of NH and IH along with the values of 

the test statistic at the expected number of events in NH and IH:
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Data?

Data?

BF=2.2



Questions for Discussion

๏ Are we doing anything that’s flat 
out wrong? 

๏ Do we need to do anything more? 

๏ How do we best communicate our 
choices?
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Posterior Probability
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2. Samples1387

Unlike the frequentist analyses described above, the joint near-far analysis does not use1388

the covariance matrix produced by the ND280 analysis described in Sec. V. Instead, this1389

analysis is performed simultaneously with the three ND280 ⌫µ CC, SK 1Rµ, and SK 1Re1390

samples. By fitting all samples simultaneously, this analysis avoids any error coming from1391

neglecting non-linear dependencies of the systematic parameters constrained by ND280 anal-1392

ysis on the oscillation parameters.1393

The systematic uncertainties used for the ND280 samples are nearly identical to those in1394

Sec. V with the following exceptions: the uncertainties on the cross section ratios �⌫
e

/�⌫
µ

1395

and �⌫̄/�⌫ are applied and the NC normalization uncertainties are divided into NC1⇡0,1396

NC1⇡±, NC coherent, and NC other for all samples. Additionally, the number of bins in the1397

ND280 detector systematic covariance matrix is reduced to 105, in order to reduce the total1398

number of parameters. There are no di↵erences in the systematic uncertainties for the SK1399

samples. The negative log of the posterior probability is given by,1400

� ln(P ) = c +
ND280binsX
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(23)

where c is a constant. The vector ~

✓sr contains the solar oscillation parameters and, for1401

combined fits with reactor data, sin2 2✓13, with priors described in Sec. VIIB. The priors on1402

the other oscillation parameters of interest are uniform in sin2
✓13 between 0 and 1, sin2

✓231403

between 0 and 1, |�m

2
32| between 0.001 and 0.005 eV2/c4, and �CP between �⇡ and ⇡.1404

Additionally, the prior probability of the normal hierarchy and inverted hierarchy are each1405

0.5. Priors for the systematic parameters are the multivariate Gaussian terms shown, with1406

the exception of the cross section spectral function parameters which are given a uniform1407

prior between 0 and 1.1408

95

How well does 
the data agree 

with our 
prediction? 

What prior understanding did 
we put into our prediction?

Brief Article

The Author

January 21, 2015

POT+RFG+RPA POT+RFG+RPA+MAQE POT+RFG+RPA+PF POT+RFG+RPA+MEC
CC0pi 3658.71 3424.24 3623.36 3521.87
CC1pi 973.38 963.33 973.02 970.35
CCOth 729.60 722.54 729.24 726.83

⌘ ⌘ nb � nb̄

n�
= (6.14± 0.08)⇥ 10�10

nb

n�
⇡ nb̄

n�
⇡ 10�18

P (~z|data) / P (data|~z)P (~z)

1
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Mass Hierarchy
๏ Markov Chain steps 

between the two hierarchies 

๏ Relative probability shows 
any preference for 
hierarchy
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NH IH Total

sin2θ23≤0.5 17.9% 7.8% 25.7%

sin2θ23>0.5 50.5% 23.8% 74.3%

Total 68.4% 31.6% 100%
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Markov Chain Monte Carlo and GPUs

๏ High dimensionality 
problem: 210 parameters 

๏Use Metropolis-Hastings 
algorithm with MCMC; 
doesn’t require calculating 
likelihood derivatives

Start here 
Calculate Pcurrent

Propose another point 
Calculate Pproposed; if better, step to that point 

if not, step with probability Pproposed/Pcurrent

Repeat!

Don’t step here— 
P too small

A Markov Chain maps out the 
probability density of a 
likelihood function, P


