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take “statistical techniques” to also include combinatorial 
methods and discrimination variables, in particular: 

triggering and reconstruction methods 
discrimination methods 
analysis methods 

SNO:Physical Review C 88, 025501 (2013) 
BOREXINO: Physical Review D 89, 112007 (2014)

(Statistical) Techniques in Solar ν 
Physics
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Solar Fusion and Solar Neutrinos
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nice discussion this morning 
but: what IS the temperature 
of  the sun? 
a (frequentist?) answer…

Temperature of  the Sun
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25 µ≥0                                No prior for µ 

    Classical (Neyman) Confidence Intervals 
 
                     Uses only P(data|theory) 

    Example: 
Param = Temp at centre of Sun 
Data = est. flux of solar neutrinos 

Theoretical 
Parameter 
       µ 
 

Data x 

Data x        µ range 
<1.5            Empty 
1.5 – 2.2     Upper limit 
>2.2            2-sided 

Louis Lyons, this morning
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here: will ignore radiochemical experiments, since in 
those no event-by-event analysis is possible 

all other solar neutrino experiments detect neutrino 
interactions with light (either Cherenkov or scintillation) 

background are all-important in solar neutrino detection

Solar Neutrino Analysis
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NASA 

Super-Kamiokande (H2O)                 SNO (D2O)        BOREXINO (Scint.)



50,000 tons of  water underground, cylindrical detector 

use innermost 22,500 tons to detect recoil electrons of  
solar 8B neutrino-electron scattering by their Cherenkov 
light seen by 11,149 photomultiplier tubes (PMTs) 

timing: determine interaction position 

light pattern: determine electron direction (highly 
correlated with neutrino direction) 

light intensity: determine electron energy (lower limit on 
neutrino energy)

Super-Kamiokande
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NASA 



Triggering of  Low-Light 
Interactions in Large Detectors

usually look for PMT coincidence: time window depends on 
detector size) 
however, at low light levels, accidental trigger rate is too large 
solution: correct for time-of-flight from the interaction vertex to 
the PMT, and then demand a much tighter coincidence 
window which depends on PMT time resolution 
but the vertex is unknown… 
…draw sets of  four hits and solve vertex exactly: if  xi is the ith 
PMT four-vector, and v the vertex four-vector, solve 

by substituting                  and solving for five unknowns
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BONSAI: Reconstruction 
of  Low-Light Interactions
Problem: local maxima of  likelihood in finding the 
interaction vertex in a big detector with little light 
Branch Optimization Navigating Successive 
Annealing Iterations 
simple search tree at each grid point of  the initial map 
to maximize a likelihood of  the PMT time fit residuals 
trace ALL branches for a RANGE of  likelihoods 
no randomness, but doesn’t get stuck in local maxima 
growth and pruning is controlled by the allowed range 
of  likelihood at each step
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BONSAI Growth and 
Pruning
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4-hit set
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~125cm tail
~60cm core

NASA 
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Triggering and Reconstruction 
of  2.5-5.5 MeV Electrons in SK
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one hour of  low 
energy activity in SK 
just after injection of  a 
bubble of  Rn rich 
water 
slice in z: |z|<250cm 
entering background 
from the detector edge 
the Rn bubble can be 
clearly seen

y in cm

x in cm



Sudbury Neutrino Observatory 
(SNO)
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SNO measured charged-current (CC) interactions of  
solar neutrinos on deuterium in heavy water, resulting 
electron energy is neutrino energy minus 1.4 MeV 
also: elastic scattering off  electrons 
three ways to measure neutral-current (NC) break-up 
due to any type of  active solar neutrino by detecting the 
neutron: 

phase-I: pure D2O (capture of  n on deuterium) 
phase-II: salted D2O (capture of  n on Chlorine) 
phase-III: special 3He counters allow event-by event 
detection



SNO’s Combined 
Oscillation Analysis
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SNO experimental variables: 
energy distribution 
radial vertex distribution 
direction of  events with respect to the sun 
event hit pattern (distinguish electrons from γ cascades 
from neutron captures) 

different phases of  SNO and three different interaction 
channels render a correct data analysis difficult to people 
outside the collaboration
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therefore SNO defines and “measures” six generic 
variables of  describing energy-dependent flavor changes: 

survival probability of  electron-type solar neutrinos: 
Peeday(Eν)=c0+c1(Eν[MeV]-10)+c2(Eν[MeV]-10)2 
energy-dependent day-night asymmetry: 

parameterized as Aee(Eν)=a0+a1(Eν[MeV]-10) 
total 8B solar neutrino flux

Aee(Eν ) = 2
Pee
night (Eν )−Pee

day (Eν )
Pee
night (Eν )+Pee

day (Eν )

SNO’s Combined 
Oscillation Analysis



SNO Variables
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Best fit Stat.
Systematic Uncertainty

basic D/N MC Total

φ8B 5.25 ±0.16 +0.11 
-0.12 ±0.01 +0.01 

-0.03
+0.11 
-0.13

c0 0.317 ±0.016 +0.008 
-0.010 ±0.002 +0.002 

-0.001 ±0.009

c1 0.0039 +0.0065 
-0.0067

+0.0047 
-0.0038

+0.0012 
-0.0018

+0.0004 
-0.0008 ±0.0045

c2 -0.0010 ±0.029 +0.0013 
-0.0016

+0.0002 
-0.0003

+0.0004 
-0.0002

+0.0014 
-0.0016

a0 0.046 ±0.031 +0.007 
-0.005 ±0.012 +0.002 

-0.003
+0.014 
-0.013

a1 -0.016 ±0.025 +0.003 
-0.006 ±0.009 ±0.002 +0.010 

-0.011



SNO Correlation Matrix
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φ8B c0 c1 c2 a0 a1

φ8B 1.000 -0.723 0.302 -0.168 0.028 -0.012

c0 -0.723 1.000 -0.299 -0.366 -0.376 0.129

c1 0.302 -0.299 1.000 -0.206 0.219 -0.677

c2 -0.168 -0.366 -0.206 1.000 0.008 -0.035

a0 0.028 -0.376 0.219 0.008 1.000 -0.297

a1 -0.012 0.129 -0.677 -0.035 -0.297 1.000



Using the SNO Variables
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fit Pee parameters to MSW calculations of  Pee weighted 
by SNO sensitivity 
calculate a χ2 value of  the SNO “measurement” of  these 
parameters using the SNO error matrix 
find best fit at minimum χ2 and draw allowed region(s) 
coefficients also used to draw allowed 1σ bands

Peeday Aee
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Pee Analysis from SK
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SK does a similar 
analysis, but only 
for Pee, not Aee 
(standard Aee 
assumed) 
use three different 
parameterizations  
lesson: only take 
these bands 
seriously in the 
sensitivity center

Peeday(Eν)=c0+c1(Eν[MeV]-10)+c2(Eν[MeV]-10)2

Peeday(Eν)= 

c0+c1(Eν[MeV]-10)+c2(Eν[MeV]-10)2+  c3(Eν[MeV]-10)3

Peeday(Eν)=e0+     (eEν[MeV]-10)-1)__
e2
e1



NASA 

Pee Analysis from SK
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SNO (and SK+SNO) numbers are a reduction of  their 
published results (taking out Aee) 
shape errors in SK+SNO reduced more than expected 
compared to SK, SNO

e0/c0 e1/c1 e2/c2 c3

expon. 0.336±0.023 -0.0014±0.0051 no constr.

quadratic 0.334±0.023 -0.0003±0.0065 0.0008±0.0029

cubic 0.313±0.024 -0.031±0.016 0.0097±0.0051 0.0044±0.0020

SNO 0.315±0.017 -0.0007±0.0059 -0.0011±0.0033

SK+SNO 0.311±0.015 -0.0034±0.0036 0.0004±0.0018



NASA 

Correlations: SK+SNO
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c0 c1 c2

c0 1.000 -0.131 -0.345
c1 -0.131 1.000 0.649
c2 -0.345 0.649 1.000

c0 c1 c2

c0 1.000 -0.301 -0.391
c1 -0.301 1.000 -0.312
c2 -0.391 -0.312 1.000 c 2
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Super-K

SNO

SK+SNO

SNO

Super-K

c0 c1 c2

c0 1.000 -0.453 -0.407
c1 -0.453 1.000 0.301
c2 -0.407 0.301 1.000

shape correlations in SK, SNO 
are opposite

SK+SNO
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SK+SNO
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SK Oscillation Analysis: 
“Mixed Likelihood-χ2”
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SK measures elastic         
scattering off  electrons; 
directionality is critical              
to the signal extraction 
use extended maximum  
likelihood fit in Nbin=23             
energy regions i 

S: signal events,                       
Bi: background events (bin i)           
sij: signal pdf  of  event ij,                           
bij: background pdf  of  event ij,                                          
Yi: MC ratio of  events in bin i

z
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L = e
− (Bi+S )

i
∑

(Bi ⋅bij + S ⋅Yi ⋅ sij )
j=1

ni

∏
i=1

Nbin

∏ ΣBi

S



optimal analysis: add time-dependence of  signal z(t), and calculate 
z(t) and Yi for each oscillation parameter, include nuisance 
parameters for systematics like energy scale, 8B ν spectrum, etc. 

but: ~30,000 solar neutrinos, and ~400,000 background events 
(takes a long time to fit for each possible oscillation parameter set) 
better to use binned χ2 for spectrum, and likelihood for time 
dependence: log L=(log L-log Lno-tv)+log Lno-tv= ΔlogLtv +log Lno-tv 
Lno-tv is the likelihood for z(t)=1 (no time variation) 
Δlog Ltv is the log of  the likelihood ratio: 

approximate log Lno-tv=-½ χ2
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±3.5% flux variation between 
perihelion and aphelion (just 1/r2) 
possible change in solar neutrino 
luminosity 
possible change in solar neutrino flavor 
(e.g. resonant spin-flavor conversion) 
terrestrial matter effects: regeneration 
of  νe flavor during the night (day/
night effect)

Solar Neutrino Time Variations
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νμ/τ

νe



SK Time Variation Analysis
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SK Time Variation Analysis
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expand likelihood fit to allow measuring the amplitude of  the time 
variation independently of  the average solar neutrino interaction 
rate R=S/L, where L is the detector lifetime 
time-dependent rate is then r(t)=Rz(t) 
define an amplitude scaling parameter α that increases/decreases 
the time variation, but leaves R unchanged 
day/night: measure diurnal variation by the asymmetry of  the 
average day, night rate RD,N 

if  the “livetime” asymmetry is                      , the desired scaling is

SK Time Variation Analysis
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result: scaled asym. 
ADN=-3.3±1.1%

SK Time Variation Analysis
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NASA 
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fit the measured event rate spectrum to  the (7Be) solar neutrino 
rate various backgrounds 
subtract the measured day rate spectrum from the night rate 
spectrum: most backgrounds cancel, even in an enlarged fiducial 
volume 
fit this rate difference to the (7Be) solar neutrino rate difference 
divide by the average rate obtained in the first step and obtain the 
day/night asymmetry 
correlations between numerator and denominator are not taken 
into account (but should be small)

BOREXINO’s D/N Analysis

28 Michael Smy, UC Irvine

NASA 



BOREXINO Rate Spectrum
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α-β Discrimination: Gatti Filter in 
BOREXINO

have two binned time distributions 
(e.g. scintillation of  α’s and β’s) r1, r2 

form asymmetries 

test data distributions d(t) with Gatti 
variable
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w(t) = r1(t)− r2 (t)
r1(t)+ r2 (t)

G = d(
n
∑ tn )w(tn )

∝ energy



Statistically Remove 
Remaining α’s

make the Gatti distribution in each energy bin 
fit with either with MC distributions or Gaussians
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11C β+ Background

11C is extremely long-lived: ~30min 
produced cosmogenically from 12C by neutron emission 
tag β+ decays to 11B by spalling muon and n capture 
50% efficient tag removes 90% of  11C

32 Michael Smy, UC Irvine

μ 2.2 MeV γ

β+~30 min



Distinguishing β+
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time [nsec]time [nsec]

tagged 11C
tagged 214Bi

1 MC w/o positronium
2 MC w/ positronium

Gatti 
variable



β+ Boosted Decision Tree
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use Gatti parameters for β+/β-, β+ 
MC w/, w/o positronium, α/β 

use KS tests of  time profiles 

first four moments of  time profile 

“fraction of  hits in tail” variables 

four Legendre polynomials of  hit 
pair angles 

vertex reconstruction uncertainties 

determine remaining 11C 
contamination (~10% for a 50% 
signal efficiency) 

BDT parameter

BDT parameter



Separate out 11C Background and 
Determine pep Rate

35
Michael Smy, UC Irvine

: 11C enriched

50% of  exposure

other 
50% of  exposure



Day/Night of  7Be
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find average rate R=46.0±1.5(stat)       (sys)/day/100t 
fit rate difference spectrum of  enlarged volume to    
RN-RD=0.04±0.57(stat)/day/100t 
ratio is ADN=0.001±0.012(stat)±0.007(sys) 
“dip” is due to the finite lifetime of  210P

+1.5
-1.6

∝ energy

1. day rate spectrum (standard FV) 
2. day rate spectrum R<3m 
3. day rate spectrum R<3.5m 
4. day rate spectrum R<4m



mostly useful in water Cherenkov detectors 

obtains particle directions and velocity 

some limited sensitivity to energy (low energy 
electrons)

Angular Hit Pattern
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event direction in region of  “maximal overlap” 

find answer by combinatorical means from hit pairs 

Direction fit: Hit-by-Hit 
Hough Transform

38

fake solution

true solution

Michael Smy, UC Irvine

NASA 

cone around hit 
direction

cone around 
hit direction

hit 1

hit 2
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NASA 

more hit pairs

cone around hit 
direction

cone around 
hit direction

hit 1

hit 2



scattering of  hits transformed to scattering of  
direction center candidates 
combine “aligned” (within some maximum deviation 
angle) direction center candidates by vector sum 
find largest such sum 
goodness: length of  vector divided by # centers

Estimate Multiple 
Coulomb Scattering

39

combined direction: 
(length is goodness)

center candidatescompare 
length of

with
also report: quality=fraction of used centers

Michael Smy, UC Irvine

NASA 



Use Multiple Coulomb Scattering to 
Separate Background from Solar ν’s

true energy of  many radioactive 
backgrounds is quite low (e.g. 
from Rn decay chain: 3.3 MeV 
endpoint) 
harder solar ν-induced electron 
spectrum 
use the “multiple scattering 
goodness” (MSG) to separate 
solar ν’s from background 40

low energy 
electron:
high energy 
electron:

more isotropic 
hit pattern
more forward 
hit pattern
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Use Multiple Coulomb Scattering to 
Separate Background from Solar ν’s

background accumulates 
in left column (low 
MSG), solar signal in 
right column (high MSG) 
angular resolution gets 
better for higher MSG 
perform simultaneous fit 
to directional distribution 
in all three MSG bins 
gives a 10-15% smaller 
statistical uncertainties of  
signal rates at low energy

41 Michael Smy, UC Irvine
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SNO’s ID of  8.6 MeV γ Cascade 
from n Capture on Cl

get pairs of  PMT hits and 
measure their relative angles 
θij (seen from the vertex) 
using Legendre Polynomial 
Pl  define 

β14=β1-4β4 discriminates 
electrons from γ cascades  
used for the SNO salt phase 
data to distinguish NC 
events from CC events

42 Michael Smy, UC Irvine

βl =
2

N(N −1)
Pl (cosϑ ij )

j=i+1

N

∑
i=1

N

∑

vertex

direction of PMT hit i

direction of PMT hit j

θij

6.1 MeV 
single γ’s

Physical Review C 81, 055504 (2010)



Conclusion

most statistical methods in solar neutrino physics are 
pretty straight-forward (perhaps even a bit out-
dated) 
I hope you found some of  the (non-statistical) 
analysis methods interesting and unique

43 Michael Smy, UC Irvine


