
Towards a holographic realization 
of the quarkyonic phase

Michał P. Heller m.p.heller@uva.nl
University of Amsterdam, The Netherlands

&

National Centre for Nuclear Research, Poland (on leave)

1209.5915 [hep-th] with J. de Boer, B. Chowdhury & J. Jankowski

mailto:m.p.heller@uva.nl
mailto:m.p.heller@uva.nl


Introduction



Motivation
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Two current holographic trends: non-equilibrium processes         and AdS/CMT
���
�!1

None of them addresses directly one of the biggest challenges in QCD:

the structure of QCD phase diagram

QCD phase diagram: an overview M. Stephanov
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Figure 3: The contemporary view of the QCD phase diagram – a semiquantitative sketch.

This transitional crossover region is notoriously difficult to describe or model analytically
– description in terms of the hadronic degrees of freedom (resonance gas) breaks down as one
approaches crossover temperature (often called Tc), and the dual description in terms of weakly
interacting quarks and gluons does not become valid until much higher temperatures. Recent ter-
minology for the QCD state near the crossover (T ∼ (1− 2)Tc) is strongly coupled quark-gluon
plasma (sQGP).

Transport properties of sQGP have attracted considerable attention. For example, generally,
the shear viscosity η is a decreasing function of the coupling strength. The dimensionless ratio of
η/ h to the entropy density s tends to infinity asymptotically far on either side of the crossover – in
dilute hadron gas (T → 0) and in asymptotically free QGP (T →∞). Near the crossover η/s should
thus be expected to reach a minimum [6]. The viscosity can be indirectly determined in heavy
ion collisions by comparing hydrodynamic calculations to experimental data. Such comparison [7]
indeed indicates that the viscosity (per entropy density) of this “crossover liquid” is relatively small,
and plausibly is saturating the lower bound conjectured in [8].

2.5 Physical quark masses and the critical point

The first order transition line is now ending at a point known as the QCD critical point or end
point.2 The end point of a first order line is a critical point of the second order. This is by far
the most common critical phenomenon in condensed matter physics. Most liquids possess such
a singularity, including water. The line which we know as the water boiling transition ends at
pressure p= 218 atm and T = 374◦C. Along this line the two coexisting phases (water and vapor)
become less and less distinct as one approaches the end point (the density of water decreases and
of vapor increases), resulting in a single phase at this point and beyond.

In QCD the two coexisting phases are hadron gas (lower T ), and quark-gluon plasma (higher
T ). What distinguishes the two phases? As in the case of water and vapor, the distinction is only

2The QCD critical point is sometimes also referred to as chiral critical point which sets it apart from another known
(nuclear) critical point, the end-point of the transition separating nuclear liquid and gas phases (see Fig. 3). This point
occurs at much lower temperatures O(10MeV ) set by the scale of the nuclear binding energies.
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Why not apply holographic techniques there (AdS/CMT of holographic QCD)?

- hard to solve ab initio
- interesting for astrophysics
- to be scanned at FAIR experiment

Idea: search for the holographic quarkyonic phase, conjectured within large-Nc QCD.

[hep-lat/0701002] Stephanov
taken from
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0706.2191 [hep-ph] McLerran & Pisarski

The McLerran - Pisarski argument (2007)
In the large Nc world at low temperatures confinement persists up to any large
density. In the large Nc world there are neither quark-antiquark nor quark-quarkhole
loops. No Debye screening of the confining gluon propagator. Confinement in a
medium is the same as in a vacuum.
Then the deconfining quark-gluon matter at small temperatures should not exist .
Instead - QUARKYONIC phase . One cannot excite independent quarks - only color
singlet hadrons.

T

deconfined

hadronic  O(1)

O(N )

quarkyonic O(N )

c
2

c

µ

(confined) (confined)

E < 0

E > 0

L.Ya.Glozman

µB

T

exotic features:

- baryons heavily overlap and produce
  a Fermi sea of quarks;

- this leads to P ~ O(Nc);

- the phase is confining.

- at lower densities, momentum-carrying instabilities of the Fermi surface:

density and in the confined phase for a large enough
axial density. In both situations it was necessary to con-
sider parametrically large—of order Oð!2Þ—densities, as
expected on general grounds and discussed in Sec. III. It
is worth stressing already at this point that it was not
the large rescaled density of charge which was really
necessary in both cases, but rather the large bulk electric
field associated with it. Note, however, that in our case
the electric field is bounded from above by a rather
small value (60). The second comment in place is that
the ansatz invoked (61) leads to the appearance of a non-
zero magnetic field, but it does not modify the electric field
in any way. As the magnetic field couples only to the
moving charge, the charge distribution is not going to be
altered by the mode (61).

The breakdown of translational invariance at nonzero
baryon density due to the presence of the Chern-Simons
term in the flavor-brane Lagrangian might not be an
unwanted feature after all, as the quarkyonic phase is
expected to be inhomogeneous too. Although the conden-
sate there [10], which was given by

h !c exp ð2i"x3#0#3Þc i; (62)

is clearly different from the prospective one in our case,

h !c ½#1 cos ð~k~x3Þ þ #2 sin ð~k~x3Þ%c i; (63)

it is not entirely inconceivable that the modulation in the
vector or axial current triggers the one encountered in
the quarkyonic phase. We will come back to this issue in
the Conclusions. Last but not least, it is also worth stressing
that any inhomogeneities at large distances will influence
the spectrum of mesons, and as the spectrum is another
feature we are investigating the presence of instabilities is
of clear importance and interest for us.

To clarify the mechanism for the instability, we focus
on the antipodal case where the expressions are less
cluttered. Searching for the marginally stable mode (61)
in the nonantipodal case is a simple generalization of the
antipodal situation, and hence we skip the technical details
and just present the results. It is instructive to derive the
reduced action for perturbations by Eq. (61) by expanding
our coarse-grained action to the quadratic order in ~h. As
expected on physical grounds, we find that the perturba-
tions in question decouple, leading to the reduced one-
dimensional Lagrangian density

L ¼ að~zÞ~h0ð~zÞ2 þ bð~zÞ~hð~zÞ2 þ 12$~k ~hð~zÞ2 ~A0
0ð~zÞ; (64)

where

að~zÞ ¼ ' 3ð1þ ~z2Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4' 9ð1þ ~z2Þ1=3 ~A0

0ð~zÞ2
q ;

bð~zÞ ¼ '
~k2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4' 9ð1þ ~z2Þ1=3 ~A0

0ð~zÞ2
q

6ð1þ ~z2Þ13
;

(65)

and ~A0ð~zÞ is the background gauge field. It is easy to see
already at the level of Eq. (64) that the Chern-Simons
term—the one entering with the $ coefficient—can lead
to tachyonic behavior at nonzero momenta: although bð~zÞ
(playing the role of the mass term) is negative or zero as it
needs to be, the Chern-Simons-term contribution does not
come with a definite sign and in certain circumstances can
win over the standard mass term.
Up to this point, while deriving Eq. (64), we did not

assume anything about the form of the background gauge
field; it could come from the axial or baryon charge, or
both. Let us now discuss a subtlety that has not been
present in the axial case analyzed in Ref. [31] and which
complicates studies of the baryonic case here. It is easy to
spot that að~zÞ and bð~zÞ are even under parity, i.e., ~z ! '~z.
We see that if ~A0ð~zÞ is odd under parity, which corresponds
to purely axial chemical potential, the Lagrangian (64) is
even under parity. This implies that the solutions ~hð~zÞ have
definite parity, and hence it is sufficient to construct them
for ~z ( 0. However, for any other form of the background
radial electric field—in particular for the vector form of the
potential we are interested in—the solutions ~hð~zÞ will not
have a definite parity. This implies that while searching for
normalizable solutions it is necessary to check normal-
izability at both boundaries, ~z ¼ '1 and ~z ¼ 1, and
this complicates the search for marginally stable modes
in our case. The discussed feature was not taken into
account in earlier studies in Ref. [50], where the authors
attempted to check the stability of the finite-baryon-density
configuration of Ref. [27], hence invalidating their conclu-
sions. The parity violation arises precisely from the pres-
ence of the Chern-Simons term.

B. Searching for marginally stable modes

Having understood the possible source of the instabil-
ities stemming from the presence of the Chern-Simons
term, we explain here how we searched for the marginally
stable modes. In the nonantipodal case the Lagrangian
for marginally stable modes is still of the form (64), but
now the functions að~zÞ and bð~zÞ are more complicated than
Eq. (65) and also depend on ~x4ð~zÞ. The Chern-Simons term,
since it is topological, remains the same. The equations of
motion following from the Lagrangian (64) read

~h00ð~zÞ þ a0ð~zÞ
að~zÞ

~h0ðzÞ ' bð~zÞ þ 12$k ~A0
0ð~zÞ

að~zÞ
~hð~zÞ ¼ 0: (66)

As explained earlier, the onset of the tachyonic instability
is usually signaled by a marginally stable mode that is
normalizable at both asymptotic regions. We search for
such modes in two different ways. First, we fix the value of
~hð0Þ by setting it to unity and solve Eq. (66) from ~z ¼ 0 to
~z ¼ 1 and from ~z ¼ 0 to ~z ¼ '1 for various values of
~h0ð0Þ. This approach misses solutions which have ~hð0Þ¼0,
so we also need to fix the value of ~h0ð0Þ (also to unity) and
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Large-Nc QCD and the quarkyonic phase

- at higher densities*, chiral symmetry restoration due to Pauli blocking

- excitation form then chiral multiplets (disputed)
0709.3080 [hep-ph] Glozman & Wagenbrunn

consequences:

(not dual to a massless DBI field!)
0803.3547 [hep-ph] Aharony & Kutasov

0912.3800 [hep-ph] Kojo et al.



All this is based on qualitative large-Nc arguments and model studies. Two questions:

- is it all relevant for Nc = 3, Nf = 3?

- is there a top-down realization of the quarkyonic phase (e.g. in holography)?
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Why is it interesting holographically?
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geometry                                adjoint sector

black hole                               deconfinement

IR wall                                     confinement

gauge field                              global symmetry

probe D-branes                      quenched quarks

connected D-branes                chiral symmetry breaking

D-branes falling into horizon    chiral symmetry restoration

So far, the only known way to restore the chiral symmetry is to deconfine.

Holographic, chirally-symmetric quarkyonic phase requires new ingredients!

Existing holographic dictionary (“AdS”/“CFT”):

Also, hQCD at finite      is interesting from the point of view of AdS/CMT!µB



hQCD: vacuum



Holographic QCD model
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The microscopics is that of the D4-D8 system.

Confining geometry is generated by Nc D4’s:

Holographic QCD Notes

November 8, 2011

1 Normalizing the action (Borun)

1.1 The background

In this model a stack of D4 branes wrap directions 1, 2, 3, 4 with the 4th direction being compactified to
a circle on which the fermions are anti-periodic. A D8 and a D8 wrap directions 1, 2, 3, the four sphere
S4 and run perpendicular to the D4. In the confined phase the geometry created by D4 branes has no
horizon and smoothly caps o↵ while in the deconfined phase the geometry has a horizon. In the former
the D8 and D8 have to join together while in the latter they might join or drop into the horizon. The
joining of the two is taken to mean the breaking of chiral symmetry.

The number of D4 branes is N
c

and the number of D8 and D8 branes is N
f

with N
c

� N
f

. The
left (right) handed quarks are open strings between D8(D8) and D4 and are thus bifundamentals under
SU(N

c

) and SU(N
f

). The gluons are the open string with both end points on D4 branes and are thus
in the adjoint of SU(N

c

). The mesons are open strings between D8 and D8. Baryons are described by
YM instantons of the SU(N

f

) theory.
The metric, dilaton and the background field strength in the confined phase are given by

ds2/R2 = u
3
2 (�d⌧2 + d~x2 + f(u)dx2

4) + u� 3
2 (

du2

f(u)
+ u2d⌦2

4)

e� = g
s

u
3
4

F4 =
(2⇡)3l3

s

N
c

⌦4
✏4 (1)

where ⌧ = ⌧ � i�, x4 ⇠ x4 +
�4

R

and

f(u) = 1� u3
KK

u3
, u

KK

=

✓
4⇡

3

◆2
R2

�2
4

, R3 = ⇡g
s

N
c

l3
s

(2)

and we have expressed everything in dimensionless coordinates. The corresponding quantities in decon-
fined phase are given by and rest of the quantities are the same.

ds2/R2 = u
3
2 (�f(u)d⌧2 + d~x2 + dx2

4) + u� 3
2 (

du2

f(u)
+ u2d⌦2

4) (3)

where

f(u) = 1� u3
T

u3
, u

T

=

✓
4⇡

3

◆2
R2

�2
(4)
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2-dimensional cigar u
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In this model a stack of D4 branes wrap directions 1, 2, 3, 4 with the 4th direction being compactified to
a circle on which the fermions are anti-periodic. A D8 and a D8 wrap directions 1, 2, 3, the four sphere
S4 and run perpendicular to the D4. In the confined phase the geometry created by D4 branes has no
horizon and smoothly caps o↵ while in the deconfined phase the geometry has a horizon. In the former
the D8 and D8 have to join together while in the latter they might join or drop into the horizon. The
joining of the two is taken to mean the breaking of chiral symmetry.
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1

with

The tip of the cigar 
gives the IR cut-off 

Nf probe D8-branes are localized* in x4.  The flavors are massless.

4x

U

3,1R4S

D8fN

0U = U

Figure 1: Type IIA string theory configuration for the Sakai-Sugimoto model.

matter had both bosonic and fermionic fields carrying baryon charge. In these cases,
the physics at finite chemical potential involves Bose condensation rather than the
formation of a Fermi surface. In order to get behavior similar to real QCD, it is
essential to study a theory with baryon charge carried exclusively by fermionic fields.
Such a model was constructed a few years ago by Sakai and Sugimoto [10], and it is
this model that we will focus on the present work.

The Sakai-Sugimoto model

The details of the Sakai-Sugimoto model are reviewed in section 2. Briefly, the
model gives a holographic construction of a non-supersymmetric SU(Nc) gauge the-
ory with Nf fundamental fermions. The gravity dual involves Nf D8-branes in the
near-horizon geometry of Nc D4-branes wrapped on a spatial circle with anti-period
boundary conditions for the fermions. In the geometry, the compact direction of the
field theory together with the radial direction form a cigar-type geometry, in which the
D8-branes are embedded as shown in figure 1. The other directions include an S4 car-
rying Nc units of D4-brane flux and the 3+1 directions of the field theory. In addition
to Nf and Nc, the theory has a dimensionless parameter λ, the ’t Hooft coupling at
the field theory Kaluza-Klein scale.2

For small values of λ, the scale ΛQCD where the running coupling becomes large is
well below the field theory Kaluza-Klein scale, and the low-energy physics should be
precisely that of pure SU(N) Yang-Mills theory coupled to Nf massless (fermionic)
quarks.3 Unfortunately, in this limit, the dual gravity background is highly curved so
we are not in a position to study it. For large λ on the other hand, the gravity back-
ground is weakly curved, and so via classical calculations on the gravity side of the
correspondence, it should be possible to map out the phase diagram of the field the-

2The model has another parameter, corresponding to the asymptotic separation between the D8-
branes, but we focus exclusively on the case where the two stacks are on opposite sides of circle and
extend down to the tip of the cigar.

3For recent work on adding quark masses, see [11, 12].

2

u = uKK

Bo
un

da
ry

1.2 D8 branes

The 8-brane DBI action is

SD8 = −µ8

∫
d9Xσe−φ

√
−det(gab + 2πl2sFab) (5)

where

µ8 =
1

(2π)8l9s
. (6)

The U(Nf) gauge field can be split into a SU(Nf ) and U(1) part

A = A+
1

√
2Nf

Â (7)

This choice is made because the SU(Nf) gauge fields are A = AaT
a with Tr(T aT b) = 1

2δ
ab. With this

choice the U(1) part is ÂT̂ where T̂ = 1√
2Nf

I which makes Tr[T̂ 2] = 1
2 putting it on equal footing.

The Chern-Simons term is given by

SCS =
µ8

6

∫

R4×R+×S4

C3Tr(2πl
2
sF )3

=
Nc

24π2

∫

R4×R+

(
3

√
2Nf

ÂtrF 2 +
1

2
√
2Nf

ÂF̂ 2 + . . .

)

(8)

where the other terms don’t seem relevant for our purposes but can be found for example in [3]. The
mixed term has a factor of 3 because of choosing one of the F to get the abelian part from. The U(1)
part has 1

(2Nf )
3
2
from the three 1√

2Nf
Â but then the trace is over I and gives an Nf . Thus for the U(1)

part we get an overall 1
2
√

2Nf
.

We make everything dimensionless to be conducive to numerical work. For this we work with the
scaled dimensionless metric g̃ab = 1

R2 gab (as is naturally given in (1) and (3)) and with scaled dimen-

sionless gauge potential Ã = 2πl2s
R2 A 1. Observing that there are no non-trivial configurations on S4 we

can integrate over it and we get for the DBI action

SD8 = −
µ8Ω4NfR

9

gs

∫

R4×R+

dτd3xduu
1
4

√
−det(g̃ab + F̃ab) (9)

The Chern-Simons term becomes

SCS =
Nc

24π2

(
R2

2πl2s

)3 ∫

R4×R+

(
3

√
2Nf

ˆ̃AtrF̃ 2 +
1

2
√
2Nf

ˆ̃A ˆ̃F 2

)

(10)

where we need to remember that the forms are in terms of dimensionless coordinates.
Thus we can write the complete D8 action as

S/c = −
∫

R4×R+

dτd3xduu
1
4

√
−det(g̃ab + F̃ab) +

1

2Nf

∫

R4×R+

(
3

√
2Nf

ˆ̃AtrF̃ 2 +
1

2
√
2Nf

ˆ̃A ˆ̃F 2

)

(11)

1To match with other papers in the literature we observe that Ã = Ãµdxµ while A = AµdXµ. Thus the scaling has

two pieces Ãµ =
2πl2s
R

and dxµ = dXµ

R
. Thus the field strength scales the same way as the gauge field F̃ =

2πl2s
R2 F with

the extra indices being compensated by extra factors of dxµ or dXµ as the case may be

2

+ Chern-Simons term

Holographic QCD Notes
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1 Normalizing the action (Borun)

1.1 The background

In this model a stack of D4 branes wrap directions 1, 2, 3, 4 with the 4th direction being compactified to
a circle on which the fermions are anti-periodic. A D8 and a D8 wrap directions 1, 2, 3, the four sphere
S4 and run perpendicular to the D4. In the confined phase the geometry created by D4 branes has no
horizon and smoothly caps off while in the deconfined phase the geometry has a horizon. In the former
the D8 and D8 have to join together while in the latter they might join or drop into the horizon. The
joining of the two is taken to mean the breaking of chiral symmetry.

The number of D4 branes is Nc and the number of D8 and D8 branes is Nf with Nc ! Nf . The
left (right) handed quarks are open strings between D8(D8) and D4 and are thus bifundamentals under
SU(Nc) and SU(Nf ). The gluons are the open string with both end points on D4 branes and are thus
in the adjoint of SU(Nc). The mesons are open strings between D8 and D8. Baryons are described by
YM instantons of the SU(Nf ) theory.

The metric, dilaton and the background field strength in the confined phase are given by

ds2/R2 = u
3
2 (−dτ2 + d"x2 + f(u)dx2

4) + u− 3
2 (

du2

f(u)
+ u2dΩ2

4)

eΦ = gsu
3
4

F4 =
(2π)3l3sNc

Ω4
ε4 (1)

where τ = τ − iβ, x4 ∼ x4 +
β4

R and

f(u) = 1−
u3
KK

u3
, uKK =

(
4π

3

)2
R2

β2
4

, R3 = πgsNcl
3
s (2)

and we have expressed everything in dimensionless coordinates. The corresponding quantities in decon-
fined phase are given by and rest of the quantities are the same.

ds2/R2 = u
3
2 (−f(u)dτ2 + d"x2 + dx2

4) + u− 3
2 (

du2

f(u)
+ u2dΩ2

4) (3)

where

f(u) = 1−
u3
T

u3
, uT =

(
4π

3

)2
R2

β2
(4)

1

4

[hep-th/0412141]
Sakai & Sugimoto

[hep-th/0507073]

DOFs: x4 (scalar) & Aa (SU(Nf) gauge field)

The vacuum is specified by providing L (asymptotic separation in x4) in units of uKK .

L

x4



Chiral symmetry breaking in (Nf=1) hQCD
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Let’s switch from u to z variable:                        ,                 correspond to bdry.

4x

U

3,1R4S

D8fN

0U = U

Figure 1: Type IIA string theory configuration for the Sakai-Sugimoto model.

matter had both bosonic and fermionic fields carrying baryon charge. In these cases,
the physics at finite chemical potential involves Bose condensation rather than the
formation of a Fermi surface. In order to get behavior similar to real QCD, it is
essential to study a theory with baryon charge carried exclusively by fermionic fields.
Such a model was constructed a few years ago by Sakai and Sugimoto [10], and it is
this model that we will focus on the present work.

The Sakai-Sugimoto model

The details of the Sakai-Sugimoto model are reviewed in section 2. Briefly, the
model gives a holographic construction of a non-supersymmetric SU(Nc) gauge the-
ory with Nf fundamental fermions. The gravity dual involves Nf D8-branes in the
near-horizon geometry of Nc D4-branes wrapped on a spatial circle with anti-period
boundary conditions for the fermions. In the geometry, the compact direction of the
field theory together with the radial direction form a cigar-type geometry, in which the
D8-branes are embedded as shown in figure 1. The other directions include an S4 car-
rying Nc units of D4-brane flux and the 3+1 directions of the field theory. In addition
to Nf and Nc, the theory has a dimensionless parameter λ, the ’t Hooft coupling at
the field theory Kaluza-Klein scale.2

For small values of λ, the scale ΛQCD where the running coupling becomes large is
well below the field theory Kaluza-Klein scale, and the low-energy physics should be
precisely that of pure SU(N) Yang-Mills theory coupled to Nf massless (fermionic)
quarks.3 Unfortunately, in this limit, the dual gravity background is highly curved so
we are not in a position to study it. For large λ on the other hand, the gravity back-
ground is weakly curved, and so via classical calculations on the gravity side of the
correspondence, it should be possible to map out the phase diagram of the field the-

2The model has another parameter, corresponding to the asymptotic separation between the D8-
branes, but we focus exclusively on the case where the two stacks are on opposite sides of circle and
extend down to the tip of the cigar.

3For recent work on adding quark masses, see [11, 12].

2

u = uKK Bo
un

da
ry

UVIR

u = (1 + z2)1/3 z = ±1

At there are 2

independent D8’s and so 2 U(1)’s.

Dual interpretation: spontaneous symmetry breaking U(1)V x U(1)A          U(1)V.

z = ±1

D-branes connect in the bulk. Where this exactly happens is fixed by extremizing 
DBI with respect to x4 at fixed asymptotic separation L .

In the following, for simplicity, Nf = 1. Due to large Nc , U(1)A is not anomalous.

L

Evidence: massless pseudoscalar meson in the spectrum (   )⌘0
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Question I: what happens with the masses at finite baryon density?

A

µ

(z, t, ~x) = B

µ

 (z)e�i!(k)t+i

~

k·~xFor the gauge field ansatz                                               one obtains                   

with α0 = 1, it is easy to verify that the quantities αl obey the recursion relation

4l2

9
αl −

2

3

l∑

m=1

mAl−mαm +
l−1∑

m=0

Bl−mαm = 0 . (4.9)

This yields the following:

α1 = −
9

10
λn , α2 =

81

280
λ2

n , α3 = −
1

3
−

27

560
λ3

n , · · · . (4.10)

We used these data as an input to solve (3.28) numerically by means of a shooting method.

In this computation, we can assume ψn to be an even or odd function since Eq. (3.28) is

invariant under Z → −Z, and we impose the regularity conditions

∂Zψn(0) = 0 or ψn(0) = 0 , (4.11)

at Z = 0 for even and odd functions ψn, respectively.

Our study produced the following result:

λCP
n = 0.67−− , 1.6++ , 2.9−− , 4.5++ , · · · . (4.12)

Here C and P stand for charge conjugation and parity. To read off the parity, recall that

the action is invariant under the transformation (x1, x2, x3, z) → (−x1,−x2,−x3,−z), which

is an element of the five-dimensional proper Lorentz transformation. This transformation

is interpreted as the parity transformation in the four-dimensional theory. Then, from the

expansion (3.42), we see that B(n)
µ is a four-dimensional vector and axial vector when ψn is

an even and an odd function, respectively. Regarding the charge conjugation property of

B(n)
µ , we show in §5.6 that B(n)

µ is odd (even) when ψn(Z) is an even (odd) function. Because

ψ2k is odd and ψ2k+1 is even, the lightest mode, λ1, gives a vector meson with C = −1, and

we interpret it as the ρ meson. The second lightest one, λ2, is an axial-vector meson with

C = +1, which is interpreted as the a1(1260) meson (see, e.g., Ref. 41) for experimental data

concerning mesons). The third one, λ3, has C = P = −1, and therefore is identified with

ρ(1450).∗) Similarly, the massless meson ϕ(0) turns out to be a pseudo-scalar meson, since

ψ0 is an odd function. This is consistent with the interpretation given in §3.3.

Although we know that our model deviates from QCD above an energy scale around

MKK, it is tempting to compare our results with the observed meson table.41) The ratio of

λ2 to λ1 should be compared with the ratio of m2
a1(1260) to m2

ρ. The result is

λ2

λ1
#

1.6

0.67
# 2.4 (our model) ,

m2
a1(1260)

m2
ρ

#
(1230 MeV)2

(776 MeV)2
# 2.51 (experiment) .

∗) The spin 1 meson spectrum with alternating parity is observed in the open moose model.59)
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In this computation, we can assume ψn to be an even or odd function since Eq. (3.28) is

invariant under Z → −Z, and we impose the regularity conditions

∂Zψn(0) = 0 or ψn(0) = 0 , (4.11)

at Z = 0 for even and odd functions ψn, respectively.

Our study produced the following result:

λCP
n = 0.67−− , 1.6++ , 2.9−− , 4.5++ , · · · . (4.12)

Here C and P stand for charge conjugation and parity. To read off the parity, recall that

the action is invariant under the transformation (x1, x2, x3, z) → (−x1,−x2,−x3,−z), which
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µ is odd (even) when ψn(Z) is an even (odd) function. Because

ψ2k is odd and ψ2k+1 is even, the lightest mode, λ1, gives a vector meson with C = −1, and

we interpret it as the ρ meson. The second lightest one, λ2, is an axial-vector meson with

C = +1, which is interpreted as the a1(1260) meson (see, e.g., Ref. 41) for experimental data

concerning mesons). The third one, λ3, has C = P = −1, and therefore is identified with

ρ(1450).∗) Similarly, the massless meson ϕ(0) turns out to be a pseudo-scalar meson, since

ψ0 is an odd function. This is consistent with the interpretation given in §3.3.

Although we know that our model deviates from QCD above an energy scale around

MKK, it is tempting to compare our results with the observed meson table.41) The ratio of

λ2 to λ1 should be compared with the ratio of m2
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ρ. The result is
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#
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Also, the ratio of the mass squared of the ρ(1450) meson to that of the ρ meson is estimated

as

λ3

λ1
!

2.9

0.67
! 4.3 (our model) ,

m2
ρ(1450)

m2
ρ

!
(1465 MeV)2

(776 MeV)2
! 3.56 (experiment) .

4.2. Massive scalar mesons

Here, we follow the same procedure as in the previous subsection to obtain the meson

spectrum from the fluctuation of the scalar field y on the D8-brane. The action of y can be

read from (3.16), which is rewritten as

SD8 ! −
4

9
T̃R3

∫
d4xdZ

[
1

2
K−1/3 (∂µy)2 +

M2
KK

2

(
K(∂Zy)2 + 2y2

) ]
. (4.13)

We expand y as

y(xµ, z) =
∞∑

n=1

U
(n)(xµ)ρn(Z) , (4.14)

where {ρ}n≥1 is the complete set of the eigenequation

K1/3

[
− ∂Z(K∂Zρn) + 2ρn

]
= λ′nρn , (4.15)

with the normalization condition given by

4

9
T̃R3

∫
dZ K−1/3 ρnρm = δnm . (4.16)

Then, the action becomes

SD8 =
1

2

∫
d4x

∑

n

[(
∂µU

(n)
)2

+ λ′nM2
KK

(
U

(n)
)2]

. (4.17)

Thus, U(n) gives a scalar or pseudo-scalar meson with mass squared given by λ′nM
2
KK. To

understand their parity nature, we note that y is a scalar field on the D8-brane world-volume.

This is because the CS coupling on it,

SCS ∼
∫

D8

F ∧ F ∧ C5 + · · · , C5 ∼ y dx0 ∧ · · · ∧ dx3 ∧ dz , (4.18)

dictates that y is parity even. Hence, U(n) is a scalar (pseudo-scalar) meson when ρn(Z) is

an even (odd) function, as seen from the decomposition (4.14). We see below that U(n) is

even (odd) under charge conjugation when ρn is even (odd).

17

masses of mesons in units of uKK

Mesons: normalized modes of embedding and gauge field perturbations:

-       : tower of massive scalar and pseudoscalar meson
�x4

-       : tower of vector and pseudovector mesons + 1 massless pseudoscalar meson�Aa

Mass differences between subsequent mesons come from the chiral SB.

[hep-th/0412141] Sakai & Sugimoto

(hQCD)

(hQCD)

O(1)(         in Nc and    )�
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Baryon chemical potential arises from:                      and  

4x

U

3,1R4S

D8fN

0U = U

Figure 1: Type IIA string theory configuration for the Sakai-Sugimoto model.

matter had both bosonic and fermionic fields carrying baryon charge. In these cases,
the physics at finite chemical potential involves Bose condensation rather than the
formation of a Fermi surface. In order to get behavior similar to real QCD, it is
essential to study a theory with baryon charge carried exclusively by fermionic fields.
Such a model was constructed a few years ago by Sakai and Sugimoto [10], and it is
this model that we will focus on the present work.

The Sakai-Sugimoto model

The details of the Sakai-Sugimoto model are reviewed in section 2. Briefly, the
model gives a holographic construction of a non-supersymmetric SU(Nc) gauge the-
ory with Nf fundamental fermions. The gravity dual involves Nf D8-branes in the
near-horizon geometry of Nc D4-branes wrapped on a spatial circle with anti-period
boundary conditions for the fermions. In the geometry, the compact direction of the
field theory together with the radial direction form a cigar-type geometry, in which the
D8-branes are embedded as shown in figure 1. The other directions include an S4 car-
rying Nc units of D4-brane flux and the 3+1 directions of the field theory. In addition
to Nf and Nc, the theory has a dimensionless parameter λ, the ’t Hooft coupling at
the field theory Kaluza-Klein scale.2

For small values of λ, the scale ΛQCD where the running coupling becomes large is
well below the field theory Kaluza-Klein scale, and the low-energy physics should be
precisely that of pure SU(N) Yang-Mills theory coupled to Nf massless (fermionic)
quarks.3 Unfortunately, in this limit, the dual gravity background is highly curved so
we are not in a position to study it. For large λ on the other hand, the gravity back-
ground is weakly curved, and so via classical calculations on the gravity side of the
correspondence, it should be possible to map out the phase diagram of the field the-

2The model has another parameter, corresponding to the asymptotic separation between the D8-
branes, but we focus exclusively on the case where the two stacks are on opposite sides of circle and
extend down to the tip of the cigar.

3For recent work on adding quark masses, see [11, 12].

2

u = uKK

Bo
un

da
ry

UVIR

A0(z) = A0(�z) A0

��
z!1 = µB +

1

z
⇢B + . . .

No horizon, one needs charge carriers ( ) to generate radial electric flux.

electric
field

electric
field

For Nf=1, the charge carriers are the end points of Nc fundamental strings stretched 
between D4-branes wrapping the S4 part of the geometry the D8-brane.

For the antipodal embedding, single baryon will reside at the bottom of the U-
shaped D8-brane. The same turns out to hold for the non-antipodal embeddings.

0810.1633 [hep-th] Seki & Sonnenschein

[hep-th/0412141] Sakai & Sugimoto

[hep-th/9805112] Witten
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Figure 1: Type IIA string theory configuration for the Sakai-Sugimoto model.

matter had both bosonic and fermionic fields carrying baryon charge. In these cases,
the physics at finite chemical potential involves Bose condensation rather than the
formation of a Fermi surface. In order to get behavior similar to real QCD, it is
essential to study a theory with baryon charge carried exclusively by fermionic fields.
Such a model was constructed a few years ago by Sakai and Sugimoto [10], and it is
this model that we will focus on the present work.

The Sakai-Sugimoto model

The details of the Sakai-Sugimoto model are reviewed in section 2. Briefly, the
model gives a holographic construction of a non-supersymmetric SU(Nc) gauge the-
ory with Nf fundamental fermions. The gravity dual involves Nf D8-branes in the
near-horizon geometry of Nc D4-branes wrapped on a spatial circle with anti-period
boundary conditions for the fermions. In the geometry, the compact direction of the
field theory together with the radial direction form a cigar-type geometry, in which the
D8-branes are embedded as shown in figure 1. The other directions include an S4 car-
rying Nc units of D4-brane flux and the 3+1 directions of the field theory. In addition
to Nf and Nc, the theory has a dimensionless parameter λ, the ’t Hooft coupling at
the field theory Kaluza-Klein scale.2

For small values of λ, the scale ΛQCD where the running coupling becomes large is
well below the field theory Kaluza-Klein scale, and the low-energy physics should be
precisely that of pure SU(N) Yang-Mills theory coupled to Nf massless (fermionic)
quarks.3 Unfortunately, in this limit, the dual gravity background is highly curved so
we are not in a position to study it. For large λ on the other hand, the gravity back-
ground is weakly curved, and so via classical calculations on the gravity side of the
correspondence, it should be possible to map out the phase diagram of the field the-

2The model has another parameter, corresponding to the asymptotic separation between the D8-
branes, but we focus exclusively on the case where the two stacks are on opposite sides of circle and
extend down to the tip of the cigar.

3For recent work on adding quark masses, see [11, 12].
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electric
field

electric
field

D4-brane wrapping S4 is a point particle in the radial and field theory dimensions.

Thus, we can get a density of charge on the D8-brane by having a density of D4-branes
wrapped on S4 in the bulk, with Nc strings stretching between each D4-brane and the
D8-brane.

In the case where we have Nf > 1 D8-branes, there is another possible picture of
the configurations with baryons [16, 17]. To see this, note that a D4-brane / D8-brane
system with four common worldvolume directions is T-dual to a D0-D4 system. In that
case, it is well known that the D0-branes can “dissolve” in the D4-branes, where they
show up as instanton configurations of the spatial non-abelian gauge field. Similarly,
our baryon branes can dissolve in the D8-branes (if we have Nf > 1) and show up as
instantons. Indeed, the Chern-Simons term (2) gives rise to a coupling

S =
Nc

8π2

∫
A0Tr(F ∧ F ) (9)

between the instanton charge density and the abelian part of the gauge field, showing
that instantons act as a source for the electrostatic potential on the branes.

The question of which of these two pictures is more appropriate is a dynamical one,
but it turns out that the dissolved instantons give rise to a lower energy configuration
since the electrostatic forces prefer the instanton density to be delocalized [16, 17].

3.1 Baryon mass

The baryon mass was estimated originally by Sakai and Sugimoto [10] as the energy of
a D4-brane wrapped on S4 and located at the tip of the cigar. Since we will also need
to know the potential energy for such branes, we briefly recall the calculation. Starting
with the Born-Infeld action for a D4-brane wrapping S4,

S = −µ4

∫
d5ξe−φ

√
− det(gab)

and integrating over the sphere, we get

SD4 = −
µ4

gs

8

3
π2R3

4

∫
dtU(t) (10)

as the velocity independent term in the action (the negative of the potential energy).
The minimum energy occurs for U = U0, and this gives the baryon mass

M0
B =

µ4

gs

8

3
π2R3

4U0 =
1

27π

1

R
λNc

This agrees with the Yang-Mills action for a pointlike instanton configuration on the
D8-brane [16]. Both of these calculations ignore the energy from the electric flux
sourced either by the string endpoints coming from the wrapped D4-brane or by the
instanton density. To take this into account, the authors of [16] and [17] considered
more general smooth instanton configurations with varying scale factor, inserting these

13

Its mass comes from the 5-dimensional DBI action
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In the case where we have Nf > 1 D8-branes, there is another possible picture of
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that instantons act as a source for the electrostatic potential on the branes.

The question of which of these two pictures is more appropriate is a dynamical one,
but it turns out that the dissolved instantons give rise to a lower energy configuration
since the electrostatic forces prefer the instanton density to be delocalized [16, 17].

3.1 Baryon mass

The baryon mass was estimated originally by Sakai and Sugimoto [10] as the energy of
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This agrees with the Yang-Mills action for a pointlike instanton configuration on the
D8-brane [16]. Both of these calculations ignore the energy from the electric flux
sourced either by the string endpoints coming from the wrapped D4-brane or by the
instanton density. To take this into account, the authors of [16] and [17] considered
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Thus, we can get a density of charge on the D8-brane by having a density of D4-branes
wrapped on S4 in the bulk, with Nc strings stretching between each D4-brane and the
D8-brane.

In the case where we have Nf > 1 D8-branes, there is another possible picture of
the configurations with baryons [16, 17]. To see this, note that a D4-brane / D8-brane
system with four common worldvolume directions is T-dual to a D0-D4 system. In that
case, it is well known that the D0-branes can “dissolve” in the D4-branes, where they
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between the instanton charge density and the abelian part of the gauge field, showing
that instantons act as a source for the electrostatic potential on the branes.

The question of which of these two pictures is more appropriate is a dynamical one,
but it turns out that the dissolved instantons give rise to a lower energy configuration
since the electrostatic forces prefer the instanton density to be delocalized [16, 17].

3.1 Baryon mass

The baryon mass was estimated originally by Sakai and Sugimoto [10] as the energy of
a D4-brane wrapped on S4 and located at the tip of the cigar. Since we will also need
to know the potential energy for such branes, we briefly recall the calculation. Starting
with the Born-Infeld action for a D4-brane wrapping S4,
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This agrees with the Yang-Mills action for a pointlike instanton configuration on the
D8-brane [16]. Both of these calculations ignore the energy from the electric flux
sourced either by the string endpoints coming from the wrapped D4-brane or by the
instanton density. To take this into account, the authors of [16] and [17] considered
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(x4 = x4 + 2⇡R)
KK

and it carries Nc units of electric charge w/r D8-brane gauge field.

The bdry charge radius is          in Nc and     !O(1) �
0806.3122 [hep-th] Hashimoto, Sakai & Sugimoto
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& their dual mean-field description
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DBI action (schematically)

Chern-Simons term:

We are interested in studying hQCD at nonzero baryon density.

To anticipate the interesting parametric regime, let’s look at the scales in the problem:

LDBI ⇠ Nc�
3
p

det(gab + ��1@aAb)

LCS ⇠ Nc✏
abcdeAa@bAc@dAe

Background radial electric field: possible instabilities towards modulated phase.

Aa = O(1)

Aa = O(�)

LDBI ⇠ Nc�

LDBI ⇠ Nc�
3 LCS ⇠ Nc�

3

LCS ⇠ Nc�
0

Interesting regime is thus                  . This corresponds to Aa = O(�) ⇢B ⇠ 1

Nc

�S

�A
= O(�2)

1011.4144 [hep-th] Ooguri, Park0704.1604 [hep-th] Domokos, Harvey
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Holographic baryon mass and charge:

Interactions between holographic baryons

mhB = O(Nc�) qhB = Nc

heavy compared to its charge and meson masses

Always repulsive in the Nf=1 case (get away by compactifying spatial QFT directions).

4x

U

3,1R4S

D8fN

0U = U

Figure 1: Type IIA string theory configuration for the Sakai-Sugimoto model.

matter had both bosonic and fermionic fields carrying baryon charge. In these cases,
the physics at finite chemical potential involves Bose condensation rather than the
formation of a Fermi surface. In order to get behavior similar to real QCD, it is
essential to study a theory with baryon charge carried exclusively by fermionic fields.
Such a model was constructed a few years ago by Sakai and Sugimoto [10], and it is
this model that we will focus on the present work.

The Sakai-Sugimoto model

The details of the Sakai-Sugimoto model are reviewed in section 2. Briefly, the
model gives a holographic construction of a non-supersymmetric SU(Nc) gauge the-
ory with Nf fundamental fermions. The gravity dual involves Nf D8-branes in the
near-horizon geometry of Nc D4-branes wrapped on a spatial circle with anti-period
boundary conditions for the fermions. In the geometry, the compact direction of the
field theory together with the radial direction form a cigar-type geometry, in which the
D8-branes are embedded as shown in figure 1. The other directions include an S4 car-
rying Nc units of D4-brane flux and the 3+1 directions of the field theory. In addition
to Nf and Nc, the theory has a dimensionless parameter λ, the ’t Hooft coupling at
the field theory Kaluza-Klein scale.2

For small values of λ, the scale ΛQCD where the running coupling becomes large is
well below the field theory Kaluza-Klein scale, and the low-energy physics should be
precisely that of pure SU(N) Yang-Mills theory coupled to Nf massless (fermionic)
quarks.3 Unfortunately, in this limit, the dual gravity background is highly curved so
we are not in a position to study it. For large λ on the other hand, the gravity back-
ground is weakly curved, and so via classical calculations on the gravity side of the
correspondence, it should be possible to map out the phase diagram of the field the-

2The model has another parameter, corresponding to the asymptotic separation between the D8-
branes, but we focus exclusively on the case where the two stacks are on opposite sides of circle and
extend down to the tip of the cigar.

3For recent work on adding quark masses, see [11, 12].
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Figure 1: Type IIA string theory configuration for the Sakai-Sugimoto model.

matter had both bosonic and fermionic fields carrying baryon charge. In these cases,
the physics at finite chemical potential involves Bose condensation rather than the
formation of a Fermi surface. In order to get behavior similar to real QCD, it is
essential to study a theory with baryon charge carried exclusively by fermionic fields.
Such a model was constructed a few years ago by Sakai and Sugimoto [10], and it is
this model that we will focus on the present work.

The Sakai-Sugimoto model

The details of the Sakai-Sugimoto model are reviewed in section 2. Briefly, the
model gives a holographic construction of a non-supersymmetric SU(Nc) gauge the-
ory with Nf fundamental fermions. The gravity dual involves Nf D8-branes in the
near-horizon geometry of Nc D4-branes wrapped on a spatial circle with anti-period
boundary conditions for the fermions. In the geometry, the compact direction of the
field theory together with the radial direction form a cigar-type geometry, in which the
D8-branes are embedded as shown in figure 1. The other directions include an S4 car-
rying Nc units of D4-brane flux and the 3+1 directions of the field theory. In addition
to Nf and Nc, the theory has a dimensionless parameter λ, the ’t Hooft coupling at
the field theory Kaluza-Klein scale.2

For small values of λ, the scale ΛQCD where the running coupling becomes large is
well below the field theory Kaluza-Klein scale, and the low-energy physics should be
precisely that of pure SU(N) Yang-Mills theory coupled to Nf massless (fermionic)
quarks.3 Unfortunately, in this limit, the dual gravity background is highly curved so
we are not in a position to study it. For large λ on the other hand, the gravity back-
ground is weakly curved, and so via classical calculations on the gravity side of the
correspondence, it should be possible to map out the phase diagram of the field the-

2The model has another parameter, corresponding to the asymptotic separation between the D8-
branes, but we focus exclusively on the case where the two stacks are on opposite sides of circle and
extend down to the tip of the cigar.

3For recent work on adding quark masses, see [11, 12].
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large densities

qhB · @uA0 = O(Nc �
0)

qhB · @uA0 = O(Nc �)

= O(Nc �)

⇢B ⇠ 1

Nc

�S

�A
= O(�2)

gravity

3D bulk charge configs

4D bulk charge configs!!!
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Consider gauge field perturbation corresponding to vector or pseudovector meson

18

action to quadratic order, has a factor of N
c

� in front9.
In the vacuum there are no other terms that can com-
pete with it at quadratic order in the gauge field per-
turbations �A, and hence the overall scaling is irrelevant
for the masses of the mesons. At nonvanishing baryon
density, the holographic baryons will couple to the gauge
field perturbations. Then the factor of (the inverse of)
N

c

� will control the strength of the electromagnetic in-
teractions with single baryons; schematically,

@2�A =
1

N
c

�
�j, (66)

where �j is the current made out of the holographic
baryons. This equation is nothing but an approximate
and simplified version of Eq. (51). As the baryon charge
scales as N

c

, the current �j schematically reads

�j = N
c

n�u. (67)

We assume that the perturbations of interest do not a↵ect
the number density n, which will indeed turn out to be
the case.

As meson perturbations are, in the single-flavor case,
the electromagnetic waves on the D8-brane, there will be
a Lorentz force acting on the holographic baryons. We
can schematically write Newton’s second law ma = qE
as

N
c

�@�u = N
c

@�A, (68)

where N
c

� on the lhs comes from the baryon mass,
whereas N

c

and @�A come respectively from the baryon
charge and the electric component of the electromagnetic
wave on the D8-brane. Although, as follows from Eq.
(68), baryon acceleration10 and hence baryon velocity11

will be 1/�-supressed,

�u = O(1/�), (69)

and for O(�2) number densities n the current �j will
contribute to the equation for meson perturbations(66)
at the same order of large-N

c

and large-� scaling as the
kinetic term. This implies that the electromagnetic re-
sponse of baryons may significantly a↵ect the propaga-
tion of electromagnetic waves on the D8-brane and hence
the meson spectrum12.

9 This can be seen from Eq. (11) after Kaluza-Klein reduction on
S

4 and expanding it to quadratic order in the field strength.
10 If there is an electric field associated with the perturbation.
11 Assuming oscillations with O(1) frequency, as is the case with

meson masses in vacuum.
12 One can easily see that the form of the equations (66)–(68) is

not a↵ected by simultaneous rescalings of �A and �u by a factor
of �. This is the reason why meson-baryon interactions of the
form (66)–(68) are captured in a precise fashion by the rescaled
action (18) + (48). Although there we were arguing that we
shall never be interested in studying macroscopic velocities in
spacelike directions, because of the scaling argument elucidated
above, the action (18) + (48) can nevertheless be used to (partly)
calculate the equations of motion for meson perturbations in the
presence of interactions with baryons.

One can clearly see that in the case of the marginally
stable modes studied in the previous section, there will be
no Lorentz force acting on the baryons. This is because
baryons are at rest in equilibrium and the marginally sta-
ble mode (60) does not generate an electric field. This
justifies neglecting the dynamics of charges in the analy-
sis of the previous section. When it comes to the meson
perturbations, these necessarily introduce an electric field
in one of the spacelike directions. Such an electric field
will accelerate charges according to Eq.(68). However,
once one of the charges is displaced, one may wonder
whether there is no restoring force generated from in-
teractions with other charges from the lattice. We can
estimate the magnitude of the restoring force by expand-
ing the interaction energy of a single baryon with oth-
ers [with the notation the same as in Eq. (43)] up to
quadratic order in its displacement �x,

(restoring force) · �x =
X

�V

N
c

�

1

d2
�

p21 + p22 + (p3 +
�x

d

)2 + p24
� , (70)

leading to

restoring force ⇠ � N
c

d4�
�x ⇡ �N

c

� �x. (71)

This implies that Eq. (68) needs to be supplemented with
the additional term (71). Taking into account that �u =
˙�x, we end up with the schematic expression resembling

a forced harmonic oscillator,

N
c

�(�̈x+ !2
0�x) = N

c

˙�A. (72)

Note that for velocities O(1/�) (and hence for displace-
ments of the same order), both sides of Eq. (72) are of
the same order in �, which means that the lattice struc-
ture does not prevent the holographic baryons from be-
ing influenced by electromagnetic waves representing the
holographic mesons. As all factors of � cancel in both
Eq. (72) and Eq. (66), we conclude that interactions of
the baryonic medium with the mesons will influence the
properties of the latter.
At this moment we do not have a precise form of

Eq. (72), not to mention the precise value of the coe�-
cient !0. In particular, note that if �x–denoting the dis-
placement in one of the spacelike field theory directions–
depends only on time then there is no restoring force,
as the lattice as a whole moves uniformly. This implies
that �x must enter the restoring-force formula (71) with
the derivative in the radial direction, which is the reason
why Eq. (72) only resembles a forced harmonic oscillator.
Note also that such a term might appear in the e↵ective
description (48) as a derivative correction.
In the following, we will explore the implications of

the interactions of the mesons with the baryons while
completely neglecting the restoring force. This could be
justified if it turned out that !0 in the cases of interest
was much lower than the mass of the lowest vector or

current of holographic baryons

generically, the source is suppressed (follows from DBI)
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� in front9.
In the vacuum there are no other terms that can com-
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(68), baryon acceleration10 and hence baryon velocity11

will be 1/�-supressed,
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and for O(�2) number densities n the current �j will
contribute to the equation for meson perturbations(66)
at the same order of large-N
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and large-� scaling as the
kinetic term. This implies that the electromagnetic re-
sponse of baryons may significantly a↵ect the propaga-
tion of electromagnetic waves on the D8-brane and hence
the meson spectrum12.

9 This can be seen from Eq. (11) after Kaluza-Klein reduction on
S

4 and expanding it to quadratic order in the field strength.
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11 Assuming oscillations with O(1) frequency, as is the case with
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not a↵ected by simultaneous rescalings of �A and �u by a factor
of �. This is the reason why meson-baryon interactions of the
form (66)–(68) are captured in a precise fashion by the rescaled
action (18) + (48). Although there we were arguing that we
shall never be interested in studying macroscopic velocities in
spacelike directions, because of the scaling argument elucidated
above, the action (18) + (48) can nevertheless be used to (partly)
calculate the equations of motion for meson perturbations in the
presence of interactions with baryons.

One can clearly see that in the case of the marginally
stable modes studied in the previous section, there will be
no Lorentz force acting on the baryons. This is because
baryons are at rest in equilibrium and the marginally sta-
ble mode (60) does not generate an electric field. This
justifies neglecting the dynamics of charges in the analy-
sis of the previous section. When it comes to the meson
perturbations, these necessarily introduce an electric field
in one of the spacelike directions. Such an electric field
will accelerate charges according to Eq.(68). However,
once one of the charges is displaced, one may wonder
whether there is no restoring force generated from in-
teractions with other charges from the lattice. We can
estimate the magnitude of the restoring force by expand-
ing the interaction energy of a single baryon with oth-
ers [with the notation the same as in Eq. (43)] up to
quadratic order in its displacement �x,

(restoring force) · �x =
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This implies that Eq. (68) needs to be supplemented with
the additional term (71). Taking into account that �u =
˙�x, we end up with the schematic expression resembling

a forced harmonic oscillator,
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0�x) = N
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˙�A. (72)

Note that for velocities O(1/�) (and hence for displace-
ments of the same order), both sides of Eq. (72) are of
the same order in �, which means that the lattice struc-
ture does not prevent the holographic baryons from be-
ing influenced by electromagnetic waves representing the
holographic mesons. As all factors of � cancel in both
Eq. (72) and Eq. (66), we conclude that interactions of
the baryonic medium with the mesons will influence the
properties of the latter.
At this moment we do not have a precise form of

Eq. (72), not to mention the precise value of the coe�-
cient !0. In particular, note that if �x–denoting the dis-
placement in one of the spacelike field theory directions–
depends only on time then there is no restoring force,
as the lattice as a whole moves uniformly. This implies
that �x must enter the restoring-force formula (71) with
the derivative in the radial direction, which is the reason
why Eq. (72) only resembles a forced harmonic oscillator.
Note also that such a term might appear in the e↵ective
description (48) as a derivative correction.
In the following, we will explore the implications of

the interactions of the mesons with the baryons while
completely neglecting the restoring force. This could be
justified if it turned out that !0 in the cases of interest
was much lower than the mass of the lowest vector or

Let’s look now at the current:                                  charge motion

holographic baryon charge

bulk charge density
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action to quadratic order, has a factor of N
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� in front9.
In the vacuum there are no other terms that can com-
pete with it at quadratic order in the gauge field per-
turbations �A, and hence the overall scaling is irrelevant
for the masses of the mesons. At nonvanishing baryon
density, the holographic baryons will couple to the gauge
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baryons. This equation is nothing but an approximate
and simplified version of Eq. (51). As the baryon charge
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, the current �j schematically reads
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the case.
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the electromagnetic waves on the D8-brane, there will be
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can schematically write Newton’s second law ma = qE
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where N
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whereas N
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and @�A come respectively from the baryon
charge and the electric component of the electromagnetic
wave on the D8-brane. Although, as follows from Eq.
(68), baryon acceleration10 and hence baryon velocity11

will be 1/�-supressed,

�u = O(1/�), (69)

and for O(�2) number densities n the current �j will
contribute to the equation for meson perturbations(66)
at the same order of large-N
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and large-� scaling as the
kinetic term. This implies that the electromagnetic re-
sponse of baryons may significantly a↵ect the propaga-
tion of electromagnetic waves on the D8-brane and hence
the meson spectrum12.

9 This can be seen from Eq. (11) after Kaluza-Klein reduction on
S

4 and expanding it to quadratic order in the field strength.
10 If there is an electric field associated with the perturbation.
11 Assuming oscillations with O(1) frequency, as is the case with

meson masses in vacuum.
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spacelike directions, because of the scaling argument elucidated
above, the action (18) + (48) can nevertheless be used to (partly)
calculate the equations of motion for meson perturbations in the
presence of interactions with baryons.

One can clearly see that in the case of the marginally
stable modes studied in the previous section, there will be
no Lorentz force acting on the baryons. This is because
baryons are at rest in equilibrium and the marginally sta-
ble mode (60) does not generate an electric field. This
justifies neglecting the dynamics of charges in the analy-
sis of the previous section. When it comes to the meson
perturbations, these necessarily introduce an electric field
in one of the spacelike directions. Such an electric field
will accelerate charges according to Eq.(68). However,
once one of the charges is displaced, one may wonder
whether there is no restoring force generated from in-
teractions with other charges from the lattice. We can
estimate the magnitude of the restoring force by expand-
ing the interaction energy of a single baryon with oth-
ers [with the notation the same as in Eq. (43)] up to
quadratic order in its displacement �x,
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This implies that Eq. (68) needs to be supplemented with
the additional term (71). Taking into account that �u =
˙�x, we end up with the schematic expression resembling

a forced harmonic oscillator,
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Note that for velocities O(1/�) (and hence for displace-
ments of the same order), both sides of Eq. (72) are of
the same order in �, which means that the lattice struc-
ture does not prevent the holographic baryons from be-
ing influenced by electromagnetic waves representing the
holographic mesons. As all factors of � cancel in both
Eq. (72) and Eq. (66), we conclude that interactions of
the baryonic medium with the mesons will influence the
properties of the latter.
At this moment we do not have a precise form of

Eq. (72), not to mention the precise value of the coe�-
cient !0. In particular, note that if �x–denoting the dis-
placement in one of the spacelike field theory directions–
depends only on time then there is no restoring force,
as the lattice as a whole moves uniformly. This implies
that �x must enter the restoring-force formula (71) with
the derivative in the radial direction, which is the reason
why Eq. (72) only resembles a forced harmonic oscillator.
Note also that such a term might appear in the e↵ective
description (48) as a derivative correction.
In the following, we will explore the implications of

the interactions of the mesons with the baryons while
completely neglecting the restoring force. This could be
justified if it turned out that !0 in the cases of interest
was much lower than the mass of the lowest vector or

and combine it with Newton’s second law*                                                        .�u ⇠ 1
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Altogether, we get                           . RHS non-trivial only for                            !@2�A ⇠ 1
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in-medium mass for the bulk gauge field
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- Baryons are then strongly correlated.

O(�2)

- One might expect CS term driven instabilities breaking translational invariance.

Aa = O(�) LDBI ⇠ Nc�
3 LCS ⇠ Nc�

3
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Figure 1: Type IIA string theory configuration for the Sakai-Sugimoto model.

matter had both bosonic and fermionic fields carrying baryon charge. In these cases,
the physics at finite chemical potential involves Bose condensation rather than the
formation of a Fermi surface. In order to get behavior similar to real QCD, it is
essential to study a theory with baryon charge carried exclusively by fermionic fields.
Such a model was constructed a few years ago by Sakai and Sugimoto [10], and it is
this model that we will focus on the present work.

The Sakai-Sugimoto model

The details of the Sakai-Sugimoto model are reviewed in section 2. Briefly, the
model gives a holographic construction of a non-supersymmetric SU(Nc) gauge the-
ory with Nf fundamental fermions. The gravity dual involves Nf D8-branes in the
near-horizon geometry of Nc D4-branes wrapped on a spatial circle with anti-period
boundary conditions for the fermions. In the geometry, the compact direction of the
field theory together with the radial direction form a cigar-type geometry, in which the
D8-branes are embedded as shown in figure 1. The other directions include an S4 car-
rying Nc units of D4-brane flux and the 3+1 directions of the field theory. In addition
to Nf and Nc, the theory has a dimensionless parameter λ, the ’t Hooft coupling at
the field theory Kaluza-Klein scale.2

For small values of λ, the scale ΛQCD where the running coupling becomes large is
well below the field theory Kaluza-Klein scale, and the low-energy physics should be
precisely that of pure SU(N) Yang-Mills theory coupled to Nf massless (fermionic)
quarks.3 Unfortunately, in this limit, the dual gravity background is highly curved so
we are not in a position to study it. For large λ on the other hand, the gravity back-
ground is weakly curved, and so via classical calculations on the gravity side of the
correspondence, it should be possible to map out the phase diagram of the field the-

2The model has another parameter, corresponding to the asymptotic separation between the D8-
branes, but we focus exclusively on the case where the two stacks are on opposite sides of circle and
extend down to the tip of the cigar.

3For recent work on adding quark masses, see [11, 12].
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- Density-enhanced meson-baryon interactions might significantly affect the spectrum:

@2�A ⇠ 1
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in-medium mass for the bulk gauge field

4D structure!!!
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We are interested in the mean-field toy model of 4-dimensional charge distribution:
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Figure 1: Type IIA string theory configuration for the Sakai-Sugimoto model.
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2

coarse
graining

(and the same in the field 
theory directions)

The first assumption is that the cost of long-wavelength changes of the mean-field 
gauge field is captured by the original DBI action. This is the first key assumption.

There is also an energy cost of building up 4-dimensional charge distribution that 
comes from the curvature of the D8 and interactions with the mean-field gauge field.

The second assumption is that in any tiny volume we neglect the contribution to the 
energy density of the medium from the interactions with the microscopic gauge field.
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This leads us to the following effective action                                       that bears a 
striking resemblance to the electron star constructions in AdS/CMT

1008.2828 [hep-th] Hartnoll & Tavanfar
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Keeping in mind that we will never be interested in ve-
locities ua having finite components in the radial and
spacelike field theory direction, the action principle that
describes our system is that of a charged dust [42]

S
dust

=

Z

d5x
p

�det(g
ab
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��m

b

(z)w2 +
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w2ua (A
a

� @
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, (47)

where q
b

w2uaA
a

is the standard coupling of the charge
current q

b

w2 ua to the U(1) gauge field A
a

; � transforms
as a phase under U(1) gauge rotations and ensures on-
shell conservation of the current, whereas the introduc-
tion of � takes care of the on-shell velocity normalization
(41). After introducing rescaled variables (17), the dust
action becomes
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dust

/c =

Z

d5x̃
p

�det(g̃
ab

)
n

� � ⇠̃1/4
�

1 +
z̃2

⇠̃2

�1/12
w̃2

+� w̃2ũa
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, (48)

where

� = 4⇡2, � = 12⇡2 and w̃ =
2⇡l2

s

R2
w. (49)

The rescaling of other variables will not be important for
our results, but it can be easily worked out. Note again
that the rescalings (49) imply that the O(1) rescaled
baryon number density w̃2 corresponds to an order O(�2)
physical baryon density w2. As anticipated earlier in the
text, rescalings (17) and (49) take us directly to the very
dense phase with baryons climbing up the holographic di-
rection. For rescaled densities that are �-suppressed, the
terms describing baryon dynamics drop out and baryons
then reside at z̃ = 0 and appear as boundary condi-
tions for the flux, exactly as in Refs. [27, 28]. We
think, however, that in the latter cases the backreaction
of the baryons on the embedding should be treated as a
�-suppressed e↵ect. Otherwise, instead of taking it into
account, one should rather pass to the e↵ective descrip-
tion of four-dimensional holographic baryon densities, as
is done here and originally in Ref. [32].

The full action is the sum of S
DBI

and S
dust

and its
variation leads to the equations of motion
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a

� @
a

�̃), (50b)

�S

��̃
: ũ
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These equations need to be supplemented with the DBI
generalization of Maxwell’s equations for Ã
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F̃ cdF̃ ef , (51)

which comes from varying the full action with respect to
Ã

a

, and from the equation of motion for ỹ entering the
action through the induced metric g̃

ab

.
Note that Eqs. (50d) and (51) imply that there is

an explicit coupling between the gauge field–in partic-
ular the gauge field perturbations corresponding to the
mesons–and the holographic baryon density. The sub-
tlety that the velocities in the spacelike directions cannot
be taken finite due to the underlying crystal structure is
explained in Sec. VI. There might also be gradients that
we have neglected at this point, and we elaborate on their
role for meson perturbations in Sec. VI.
Setting aside those subtleties, in the next subsec-

tion we will use the action (48) to construct homoge-
neous large-baryon-density states for the family of mod-
els parametrized by the asymptotic separation L of the
D8- and D8-brane. We will show that the resulting back-
ground (in the antipodal case) is exactly the one studied
in Ref. [32].

B. Solutions for embeddings

In equilibrium, the most natural assumption for the
long-wavelength description of a nonzero baryon density
state is that of isotropy and homogeneity4. This means
that none of the functions appearing in the action (18) +
(48) depend on the field theory directions x̃µ. Moreover,
in the rest frame the symmetries dictate that the only
nontrivial component of the gauge field is Ã0, and the
same is true for the baryon velocity, i.e., ũ0.
The velocity needs to be subject to the normalization

condition (41), which in this situation fixes its form com-
pletely,

ũ0 =
1

⇠̃1/4(⇠̃2 + z̃2)1/4
. (52)

Substituting this result into the action (47) and setting
�̃ to 0 results in an e↵ective action for the embedding
function ỹ, the baryon number density w̃2, and the gauge
field Ã0 of the form
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4 We will try to relax these in the next section when looking for
marginally stable inhomogeneous modes.
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Keeping in mind that we will never be interested in ve-
locities ua having finite components in the radial and
spacelike field theory direction, the action principle that
describes our system is that of a charged dust [42]

S
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=
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where q
b

w2uaA
a

is the standard coupling of the charge
current q

b

w2 ua to the U(1) gauge field A
a

; � transforms
as a phase under U(1) gauge rotations and ensures on-
shell conservation of the current, whereas the introduc-
tion of � takes care of the on-shell velocity normalization
(41). After introducing rescaled variables (17), the dust
action becomes
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where

� = 4⇡2, � = 12⇡2 and w̃ =
2⇡l2

s

R2
w. (49)

The rescaling of other variables will not be important for
our results, but it can be easily worked out. Note again
that the rescalings (49) imply that the O(1) rescaled
baryon number density w̃2 corresponds to an order O(�2)
physical baryon density w2. As anticipated earlier in the
text, rescalings (17) and (49) take us directly to the very
dense phase with baryons climbing up the holographic di-
rection. For rescaled densities that are �-suppressed, the
terms describing baryon dynamics drop out and baryons
then reside at z̃ = 0 and appear as boundary condi-
tions for the flux, exactly as in Refs. [27, 28]. We
think, however, that in the latter cases the backreaction
of the baryons on the embedding should be treated as a
�-suppressed e↵ect. Otherwise, instead of taking it into
account, one should rather pass to the e↵ective descrip-
tion of four-dimensional holographic baryon densities, as
is done here and originally in Ref. [32].

The full action is the sum of S
DBI

and S
dust

and its
variation leads to the equations of motion
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which comes from varying the full action with respect to
Ã

a

, and from the equation of motion for ỹ entering the
action through the induced metric g̃

ab

.
Note that Eqs. (50d) and (51) imply that there is

an explicit coupling between the gauge field–in partic-
ular the gauge field perturbations corresponding to the
mesons–and the holographic baryon density. The sub-
tlety that the velocities in the spacelike directions cannot
be taken finite due to the underlying crystal structure is
explained in Sec. VI. There might also be gradients that
we have neglected at this point, and we elaborate on their
role for meson perturbations in Sec. VI.
Setting aside those subtleties, in the next subsec-

tion we will use the action (48) to construct homoge-
neous large-baryon-density states for the family of mod-
els parametrized by the asymptotic separation L of the
D8- and D8-brane. We will show that the resulting back-
ground (in the antipodal case) is exactly the one studied
in Ref. [32].

B. Solutions for embeddings

In equilibrium, the most natural assumption for the
long-wavelength description of a nonzero baryon density
state is that of isotropy and homogeneity4. This means
that none of the functions appearing in the action (18) +
(48) depend on the field theory directions x̃µ. Moreover,
in the rest frame the symmetries dictate that the only
nontrivial component of the gauge field is Ã0, and the
same is true for the baryon velocity, i.e., ũ0.
The velocity needs to be subject to the normalization

condition (41), which in this situation fixes its form com-
pletely,

ũ0 =
1

⇠̃1/4(⇠̃2 + z̃2)1/4
. (52)

Substituting this result into the action (47) and setting
�̃ to 0 results in an e↵ective action for the embedding
function ỹ, the baryon number density w̃2, and the gauge
field Ã0 of the form
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/c =

Z
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n
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Ã0

0(z̃)
2 �

�
p

�det(g̃
ab

) ⇠̃1/4
�

1 +
z̃2

⇠̃2

�1/12
w̃(z̃)2 +

�
p

�det(g̃
ab

) ⇠̃�1/4
�

1 +
z̃2

⇠̃2

�

�1/4
w̃(z̃)2Ã0(z̃)
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4 We will try to relax these in the next section when looking for
marginally stable inhomogeneous modes.
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the asymptotic separation of D8- and D8, denoted as
L  �⌧/2, as an additional independent parameter spec-
ifying the model of holographic QCD.

To summarize, dual field theory has two dimensionless
parameters [N

c

and � (as N
f

= 1)] and two scales (M
KK

and L). Although M
KK

plays the role of ⇤
QCD

and in
particular sets the scale for glueball masses, L seems to
have no analogue in QCD.

The dynamics of the flavor degrees of freedom is gov-
erned by the DBI action for, in our case, a single D8-
brane. This object wraps the xµ and the u directions,
as well as the four-sphere. The degrees of freedom ap-
pearing in the action are ten embedding functions XA

of nine world-volume coordinates �a and the U(1) gauge
field A

a

, which has the field strength F
ab

. With the in-
duced metric given by

g
ab

= g
AB

@
a

XA@
b

XB , (10)

the DBI action reads

S
DBI

= �µ8

Z

d9�e��

p

�det (g
ab

+ 2⇡l2
s

F
ab

), (11)

where

µ8 =
1

(2⇡)8l9
s

. (12)

The action (11) needs to be supplemented by the coupling
of the U(1) gauge field to the background C3 form given
by

S
CS

=
1

6
µ8

Z

D8
C3 ^ Tr(2⇡l2

s

F )3. (13)

In the following, we will choose the gauge such that

xa = Xa(�) = �a (14)

for all Xa apart from ⌧ , which is the transverse position
of the D8-brane. The latter is given by a nontrivial scalar
function y of world-sheet coordinates x,

⌧ = y(x). (15)

In this article we will be interested in SO(5) singlet con-
figurations, and hence in the Kaluza-Klein reduction on
the four-sphere we will keep the zero modes only. Af-
ter the Kaluza-Klein reduction and integrating by parts,
S
CS

becomes the action for the five-dimensional Abelian
Chern-Simons term

S
CS

=
N

c

24⇡2

Z

R1,3
⇥R+

A ^ F ^ F, (16)

where R+ and R1,3 denote the holographic and the field
theory directions, respectively.

Before we move on, it is convenient to rescale the
world-volume coordinates and the gauge field by

u = R ũ, xµ = R x̃µ, y = R ỹ,

g
ab

= g̃
ab

and A
a

=
R

2⇡l2
s

Ã
a

. (17)

Note that rescaling A
a

as above and treating Ã
a

as
an O(1) quantity leads to parametrically large (in �)
baryon and axial densities. For the latter baryon-baryon
and baryon-meson interactions become important. Such
rescalings were (implicitly) also made in many of the pre-
vious works on holographic QCD at nonzero baryon den-
sity, such as Refs. [27, 30, 32]. We will come back to this
issue in Sec. III.
Having done the rescalings (17), the five-dimensional

action reads

S/c =�
Z

dũ d4x̃ ũ1/4
q

� det (g̃
ab

+ F̃
ab

)

+↵

Z

dũ d4x̃ ✏
abcde

ÃaF̃ bcF̃ de, (18)

where ✏
abcde

is the Levi-Civita symbol, the overall dimen-
sionless factor c is given by

c = µ8V4R
9g�1

s

, (19)

or in terms of the field theory parameters by

c =
1

768⇡5R3M3
KK

N
c

�3 (20)

and the coe�cient of the Chern-Simons term ↵ reads

↵ =
1

8
. (21)

In the vacuum F̃
ab

vanishes and the embedding of D8-
brane is given by ⌧ , which is a function of the radial
coordinate only. The latter is also true at nonzero baryon
density. As the D8-brane is shaped like the letter “U”
and has two asymptotic regions, we will define the world-
volume radial coordinate z̃ as

ũ/ũ
KK

= ⇠̃

✓

1 +
z̃2

⇠̃2

◆

1
3

. (22)

In this way, running z̃ from �1 to 1 interpolates be-
tween two asymptotic regions of the D8-brane, and ⇠̃ de-
notes the lowest radial position of the D8-brane world
volume. For antipodal embedding, i.e. for the D8- and
D8-brane asymptotically localized at opposite points of
the circle (L = �⌧/2), symmetry dictates that ⇠̃ = 1 and
ỹ0(z̃) = 0. In more general situations, ⇠̃ will be a nontriv-
ial function of L, determined by solving the equations of
motion for the D8-brane embedding function ỹ(z̃)

⌧/R = ỹ(z̃) subject to L/R = 2

Z

1

0
ỹ0(z̃)dz̃. (23)

For ỹ as a function of z̃ only, the induced metric on R1,3⇥
R+ reads

g̃
ab

dx̃adx̃b =
n 4⇠̃7/6z̃2

9(⇠̃2 + z̃2)5/6(⇠̃3 � 1 + z̃2⇠̃)
(24)

+
(⇠̃3 � 1 + z̃2⇠̃)ỹ0(z̃)2

q

⇠̃(⇠̃2 + z̃2)

o

dz̃2 +
q

⇠̃(⇠̃2 + z̃2) ⌘
µ⌫

dx̃µdx̃⌫ .
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uKK
=



Homogeneous mean-field ground state

16/22

Solving EOMs for the coarse-grained fields in the antipodal case gives: 13
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FIG. 4. The electric field Ã0

0(z̃) as a function of the radial
coordinate z̃ in the antipodal case (⇠̃ = 1) for three di↵erent
rescaled baryon densities: Ẽ = 1 (dotdashed), Ẽ = 100 (dot-
ted), and Ẽ = 500 (dashed). The envelope (solid curve) is the
electric field inside the charge distribution. The discontinuity
in the derivative corresponds to the radial position at which
the holographic charge density terminates. The electric field
never gets large, as the matching condition bounds it from
above. Note that the volume occupied by holographic charges
increases with the baryon density on the field theory side, but
the distribution of the charge in the core is not altered by the
outer layers, which is why we used the envelope.

the charge density terminates–and ⇠̃–the radial position
in the target space of the lowest point of the D8-brane.

The solutions parametrized by L and ⇢̃ (or equivalently
the chemical potential µ̃) are obtained numerically by
specifying ⇢̃ and searching for ⇠̃, such that the formula
(23) with ỹ0(z̃) given by Eq. (56) is satisfied. Note that
for each checked ⇠̃ one still needs to match the electric
field at the boundary of the holographic charge distribu-
tion.

Figure 4 shows the profile of the electric field for the
antipodal embedding for four di↵erent charge densities,
whereas Fig. 5 depicts the same quantity for Ẽ = 500 and
four di↵erent embeddings from antipodal to very nonan-
tipodal. What one can easily notice is that the electric
field is bounded from above and never gets large enough
to successfully compete with the induced metric in the
DBI action. This can be easily understood, as the elec-
tric field is continuously matched from the electric fields
inside and outside the charge distribution. In such a
case, the electric field is bounded by the (smaller of) the
maximum value(s) of the electric field inside or outside
the charge distribution. By looking at Figs. 4 and 5 we
see that the relevant number is about 0.15, correspond-
ing to the point where the electric field inside the charge
distribution has a maximum with a vanishing first deriva-
tive. Indeed, although the position at which the second
derivative of Eq. (55) vanishes depends on the embedding
through ⇠, the value of the electric field at the maximum
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FIG. 5. The electric field Ã0

0(z̃) as a function of the radial co-
ordinate z̃ at fixed baryon density (Ẽ = 500) for four di↵erent
embeddings, ranging from the antipodal (L/�⌧ = 0.5) to very
nonantipodal (L/�⌧ = 0.05): L/�⌧ = 0.5 (solid), L/�⌧ = 0.2
(dotted), L/�⌧ = 0.1 (dotdashed), and L/�⌧ = 0.05 (dashed).
As in Fig. 4, a discontinuity in the derivative corresponds to
the radial position at which the holographic charge density
terminates. The electric field also never gets large in this case
also due to the matching condition at the boundary of the
bulk charge distribution.

is fixed and reads

Ã0

0(z̃) 
�

21/3
p
3�

⇡ 0.153. (59)

As argued earlier, the embedding feels the charges on
the D8-brane only through the DBI term, and hence it
never gets significantly distorted from its vacuum form by
the presence of baryon charges. The smallness of the elec-
tric field also has profound consequences on the stability
of the system, as will be discussed in the next section.
Although in the top-down model of Sakai and Sugi-

moto the values of � and � are fixed and are given by
Eq.(49), one can also treat them in the bottom-up spirit
as free parameters. In particular, such an approach al-
lows us to obtain values of the electric field on the D8-
brane larger than 0.153, and at the same time obtain
denser distributions of the holographic baryons. This has
important consequences for the stability of the system,
as well as the form of the meson spectrum at nonzero
density. Note also that for completely arbitrary � and �
we are not guaranteed that the matching condition (i.e.,
demanding the continuity of the electric field) at the bulk
boundary of the holographic charge distribution will be
satisfied.
Before we conclude this section, let us comment on and

stress some aspects of the physics described by the model
considered.
In the first place, note that the gauge field inside the

volume of charges depends mildly on the total amount of
charge–the latter appears through the matching condi-
tion at the boundary of the charge distribution, z̃ = z̃0,
constrained by the fixed asymptotic separation of the D8-

Three observations:
§ the surface of the bulk charge distribution moves towards the bdry as          . 

§ radial electric field is never large (it turns out also for non-antipodal embeddings).

§ the charge distribution in the core does not depend on external layers!

⇢B

  boundaries of bulk charge 
distributions for increasing  ⇢B



Spontaneous breaking of 
translational invariance



The Chern-Simons term and modulated GS
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Typically, gradients in spacelike dimensions cost energy and so mean field description
has a homogeneous ground state.

Although the kinetic term is positive definite, the CS coupling (which is essential in 
hQCD) is not and it is possible that inhomogeneous configurations win energetically

It’s been known from earlier works of Harvey et al. and Ooguri et al. that the CS 
coupling leads to instability at large enough background electric field for the ansatz

In holographic systems instabilities towards modulation typically exist if the system 
has marginally stable normalized modes (        ,         )! = 0 ~k 6= 0

2 4 6 8 10z
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Taking baryon mass
to be 5x larger than
top-down value

E becomes large 
enough to support 
marginally stable 
modes leading to 
inhomogeneous 
ground state

Az = 0 A0 = A0(z) A1 = �h(z)cos(kx3) A2 = ��h(z)sin(kx3) A3 = 0         ,                  ,                           ,                             ,  

Thorough analysis of EOM of the form
does not reveal unstable modes unless we do the following

#2(z) �h
00(z) + #1(z) �h

0(z) + (#0(z)� E) �h(z) = 0

�j3 = 0�j

2
A/V = �#A/V sin(kx

3)�j

1
A/V = #A/V cos(kx

3)j0 = ⇢B

Ooguri et al.
Harvey et al.
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Possible mechanism of „chiral symmetry” restoration
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EOM for axial and vector meson perturbations can be rewritten as a Schr. eqn.

easily verified that the equation for meson perturbations is
symmetric with respect to ~z $ !~z and hence it is sufficient
to solve it for ~z between 0 and 1. Imposing Dirichlet
boundary conditions at infinity leads to the spectrum of
mesons at Oð!2Þ densities.

D. Meson spectra and the effective potential
for meson perturbations

The presence of density-enhanced direct holographic
meson-baryon interactions changes the form of the equa-
tion for meson perturbations, and hence influences the
spectrum of the axial and vector mesons. In order to better
understand the features introduced by the interactions in
question, it will be extremely useful to rewrite the equation
for perturbations (77) in the Schrödinger form, i.e.,

! 1

2

d2

d"2 !ð"Þ þ Vð"Þ!ðxÞ ¼ E!ð"Þ; (78)

where the energy E of the wave function! is the square of
the rescaled frequency ~! and hence is proportional to the
square of the meson mass m (27),

E ¼ ~!2 ¼ 9

4
m2=M2

KK; (79)

!ð"Þ is related to ~a3ð~zÞ, and " is a new radial coordinate
that leads to the canonical kinetic term in Eq. (78). Simple
manipulations of Eq. (77) allow us to obtain the potential
term V. For simplicity, V can be expressed as a function of
~z instead of ",

VSchrð~zÞ ¼ ! C0ð~zÞ
Cð!Þ
0 ð~zÞ

þ C1ð~zÞ2

4Cð!Þ
0 ð~zÞ

! 5Cð!Þ0
0 ð~zÞ2

16Cð!Þ
0 ð~zÞ3

þ C0
1ðzÞ

2Cð!Þ
0 ð~zÞ

þ Cð!Þ00
0 ð~zÞ

4Cð!Þ
0 ð~zÞ2

; (80)

where C0ð~zÞ, Cð!Þ
0 ð~zÞ, and C1ð~zÞ are as in Eq. (77).

Because of the way the background spacetime is
warped, V needs to have the form of an infinite potential
well. This feature gives rise to an infinite tower of bound
states, which are simply the vector and axial mesons.
However, the presence of a nontrivial embedding, nonzero
background electric field, and most importantly holo-
graphic interactions of the baryons with the mesons may
lead to new structure of the potential having a direct impact
on the spectrum of the axial and vector mesons.

In the following we will analyze in detail two cases,
which—based on more exhaustive studies—we think are
representative ones.

Figure 12 shows the Schrödinger potential in vacuum
(upper plot) and at very large density ( ~E ¼ 1000, lower
plot) for the antipodal embedding. The green dashed and
red dotted lines denote the squares of vector and axial
meson masses for the three lowest mesons. As anticipated

earlier, the potential has the structure of a well supporting
infinitely many bound states. In the vacuum case, the
potential is simple and does not have any finer structure
than the master infinite potential well coming from the
warping of the target spacetime.
If one looks at the situation at nonzero density, one

sees that the potential develops substructure in the form
of another, finite potential well, which is entirely due to
the presence of charges on the flavor brane. The immediate
observation is that the lowest vector and axial vector
mesons then arise as bound states of the emergent potential
well, rather than the original one. This strongly suggests
the analogy with the quasiparticle picture in which
low-energy long-lived excitations, when expressed in
terms of the underlying microscopic description, turn out
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FIG. 12 (color online). The Schrödinger potential and the three
lowest axial and vector mesons in the antipodal case (L=#$ ¼
0:5) at vanishing (top plot) and large (bottom plot, ~E ¼ 1000)
density. Green dashed and red dotted lines correspond to the
squares of masses of the lowest three vector and axial mesons,
respectively. The most interesting finding is the appearance of an
emergent potential well due to the holographic baryons on the
D8-brane. It can be clearly seen that in the presence of a dense
baryonic medium, the lowest axial and vector mesons are bound
states not of the master potential well—which is also present in
the vacuum—but rather of the emergent one. This leads to a
tempting connection with a quasiparticle picture in which some
of the lowest in-medium mesons are collective excitations of the
underlying Fermi surface.
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The last point of our analysis is to determine the
precise role of the density-enhanced direct holographic
meson-baryon interactions on the form of the potential.
Figure 16 shows the Schrödinger potential with this
effect turned off by hand, and one can clearly see that the
most interesting feature present before—i.e., an emergent,
relatively deep potential well—is now absent. Although
our analysis is far from complete, based on our findings
we think that capturing the so-far neglected density-
enhanced direct holographic meson-baryon interactions is
crucial for getting the physics of dense holographic QCD
models right.

To conclude this section, wewould also like to stress that
in all examples we analyzed we never found states that we
could not connect continuously to the ones encountered in
the vacuum, as is neatly depicted in Fig. 15 for the three
lowest vector and axial mesons in the antipodal case. This
means that the bound states we found were never genuinely
new mesons, but rather those already existing in the vac-
uum with properties significantly altered by the presence of
the dense baryonic medium. If the effect we describe
persists in more detailed microscopic studies, then it might
have interesting consequences, which we discuss in the last
section.

VII. SUMMARYAND CONCLUSIONS

A. General motivation

In this paper we have considered the single-flavor
Sakai-Sugimoto model at zero temperature and finite
baryon density. Our main motivation was to look for
evidence of the existence of the so-called quarkyonic phase
[6]. In the quarkyonic phase, baryons are so tightly packed
that quarks no longer belong to a particular baryon; rather,
one effectively has a quark Fermi surface. Despite this, the
excitations of the systems are, as in the vacuum, color
singlets, which motivates the name: ‘‘quark’’ (from having
the quark Fermi surface) and ‘‘yonic’’ (from excitations
being colorless particles including baryons). The presence
of the quark Fermi surface has profound consequences
for the properties of the quarkyonic phase: chiral symmetry
is expected to be restored [6], and the system is unstable
against the formation of quarkyonic chiral spirals [10,11].
The latter break the chiral symmetry again, together
with the translational symmetry, but the chiral condensate
oscillates in space around zero, with the wavelength related
to the chemical potential.
Since discussions of the quarkyonic phase in the QCD

literature are phenomenological in nature, it is interesting
to see to what extent the gauge-gravity duality can shed
light on the existence and properties of this phase. This was
the chief motivation for our studies, and below we sum-
marize our results, detailing once more the assumptions
made and listing the most promising open directions.
We began our analysis by motivating (in Sec. III) why

low temperatures and baryon densities of order Oð!2Þ—
represented holographically by four-dimensional lattices of
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FIG. 16. Schrödinger potential in the antipodal case for density
~E ¼ 1000 in the absence of direct holographic meson-baryon
interactions, i.e., C0ð~zÞ from Eq. (77) encoding the holographic
baryons’ response to the electric field perturbations is set, by
hand, to zero. Comparing this with the second plot within Fig. 12
we see that the emergent potential well gets much more shallow
and lacks the barriers present when direct holographic baryon-
meson interactions are taken into account. The discontinuity of
the potential at the boundary of the charge distribution follows
from the discontinuous first derivative of the background radial
electric field.
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FIG. 15. Masses of the three lowest vector (top) and axial
mesons (bottom) as a function of the rescaled baryon density
~E for the antipodal embedding of the D8-brane. One can see that
within the adopted approximations the masses obtain significant
contributions from interactions with the dense baryonic medium.
The saturation of masses with density follows from the fact that
the charge distribution is not altered by adding new layers, which
leads to the Schrödinger potential, as in Fig. 14.
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easily verified that the equation for meson perturbations is
symmetric with respect to ~z $ !~z and hence it is sufficient
to solve it for ~z between 0 and 1. Imposing Dirichlet
boundary conditions at infinity leads to the spectrum of
mesons at Oð!2Þ densities.

D. Meson spectra and the effective potential
for meson perturbations

The presence of density-enhanced direct holographic
meson-baryon interactions changes the form of the equa-
tion for meson perturbations, and hence influences the
spectrum of the axial and vector mesons. In order to better
understand the features introduced by the interactions in
question, it will be extremely useful to rewrite the equation
for perturbations (77) in the Schrödinger form, i.e.,

! 1

2

d2

d"2 !ð"Þ þ Vð"Þ!ðxÞ ¼ E!ð"Þ; (78)

where the energy E of the wave function! is the square of
the rescaled frequency ~! and hence is proportional to the
square of the meson mass m (27),

E ¼ ~!2 ¼ 9

4
m2=M2

KK; (79)

!ð"Þ is related to ~a3ð~zÞ, and " is a new radial coordinate
that leads to the canonical kinetic term in Eq. (78). Simple
manipulations of Eq. (77) allow us to obtain the potential
term V. For simplicity, V can be expressed as a function of
~z instead of ",

VSchrð~zÞ ¼ ! C0ð~zÞ
Cð!Þ
0 ð~zÞ

þ C1ð~zÞ2

4Cð!Þ
0 ð~zÞ

! 5Cð!Þ0
0 ð~zÞ2

16Cð!Þ
0 ð~zÞ3

þ C0
1ðzÞ

2Cð!Þ
0 ð~zÞ

þ Cð!Þ00
0 ð~zÞ

4Cð!Þ
0 ð~zÞ2

; (80)

where C0ð~zÞ, Cð!Þ
0 ð~zÞ, and C1ð~zÞ are as in Eq. (77).

Because of the way the background spacetime is
warped, V needs to have the form of an infinite potential
well. This feature gives rise to an infinite tower of bound
states, which are simply the vector and axial mesons.
However, the presence of a nontrivial embedding, nonzero
background electric field, and most importantly holo-
graphic interactions of the baryons with the mesons may
lead to new structure of the potential having a direct impact
on the spectrum of the axial and vector mesons.

In the following we will analyze in detail two cases,
which—based on more exhaustive studies—we think are
representative ones.

Figure 12 shows the Schrödinger potential in vacuum
(upper plot) and at very large density ( ~E ¼ 1000, lower
plot) for the antipodal embedding. The green dashed and
red dotted lines denote the squares of vector and axial
meson masses for the three lowest mesons. As anticipated

earlier, the potential has the structure of a well supporting
infinitely many bound states. In the vacuum case, the
potential is simple and does not have any finer structure
than the master infinite potential well coming from the
warping of the target spacetime.
If one looks at the situation at nonzero density, one

sees that the potential develops substructure in the form
of another, finite potential well, which is entirely due to
the presence of charges on the flavor brane. The immediate
observation is that the lowest vector and axial vector
mesons then arise as bound states of the emergent potential
well, rather than the original one. This strongly suggests
the analogy with the quasiparticle picture in which
low-energy long-lived excitations, when expressed in
terms of the underlying microscopic description, turn out
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FIG. 12 (color online). The Schrödinger potential and the three
lowest axial and vector mesons in the antipodal case (L=#$ ¼
0:5) at vanishing (top plot) and large (bottom plot, ~E ¼ 1000)
density. Green dashed and red dotted lines correspond to the
squares of masses of the lowest three vector and axial mesons,
respectively. The most interesting finding is the appearance of an
emergent potential well due to the holographic baryons on the
D8-brane. It can be clearly seen that in the presence of a dense
baryonic medium, the lowest axial and vector mesons are bound
states not of the master potential well—which is also present in
the vacuum—but rather of the emergent one. This leads to a
tempting connection with a quasiparticle picture in which some
of the lowest in-medium mesons are collective excitations of the
underlying Fermi surface.
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v. nonantipodal case:     a) vacuum                     b) dense medium 

to be collective modes of a system. Note also that the
excitations are automatically color singlets, as is the case
in the quarkyonic phase.

This becomes apparent in Fig. 14,3 which shows the
Schrödinger potential in the antipodal case for the vacuum
and three representative charge densities, and in Fig. 15,

which shows the masses of the the three lowest axial and
vector mesons as functions of density, also in the antipodal
embedding.
We are not aware of any similar results in the gauge-

gravity duality, but we also want to stress at this point that
our studies are preliminary and clearly—as explained in
the beginning of this section—do not take into account all
in-medium phenomena.
Setting this aside, we also want to point out another

possibility that the density-enhanced meson-baryon inter-
actions offer, namely that the emergent potential well from
the point of view of the master potential well might also
act as a potential barrier. This clearly does not happen in
the antipodal case, where the emergent potential well sup-
ports a few bound states, but the asymptotic separation of
the D8- and D8-brane L is a free parameter and we can
investigate whether the situation changes when we set it to
some different value.
It turns out that in the nonantipodal case in the vacuum

there is already a small potential barrier in the middle of
the master potential well, as seen in Fig. 13 (top). Again,
the charge on the D8-brane will result in the creation of an
emergent potential well, but now this small potential bar-
rier will not allow for any bound states inside it. It is thus a
genuine potential barrier, which offers the possibility of
forming chiral doublets—(almost) degenerate states resid-
ing on the two sides of the barrier. Indeed, looking at the
two lowest states (higher excitations have energies larger
than the height of the barrier) we see that the relative ratio
of the masses of axial and vector mesons (29)—which, as
shown in Fig. 2, in the vacuum is of order of 40%—in this
case can become as small as 10%. We interpret this result
as approximate chiral symmetry restoration in the lowest
part of the spectrum. Clearly, for higher excitations the
potential barrier plays a less important role.
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FIG. 13 (color online). The Schrödinger potential and the three
lowest axial and vector mesons for a very nonantipodal embed-
ding (L=!" ¼ 0:05) at zero (top plot), medium (middle plot,
~E ¼ 100), and high (bottom plot, ~E ¼ 1000) density. Because of
the small potential barrier residing in the vicinity of ~z ¼ 0, the
emergent potential well does not give rise to bound states and
effectively acts as a potential barrier. On the other hand, the
emergent barrier leads to an approximate chiral symmetry res-
toration for the two lowest states, as their relative mass differ-
ence [given by Eq. (29)] reduces from about 40% in the vacuum
to 10% in this case.
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FIG. 14. The Schrödinger potential in the antipodal case in the
vacuum (solid curve) and at densities ~E ¼ 100 (dashed curve),
~E ¼ 500 (dotdashed curve), and ~E ¼ 1000 (dotted curve). One
clearly sees that the emergent potential barrier arising because of
the charges on the D8-brane affects more and more of the lowest
lying axial and vector mesons as the density increases.
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to be collective modes of a system. Note also that the
excitations are automatically color singlets, as is the case
in the quarkyonic phase.

This becomes apparent in Fig. 14,3 which shows the
Schrödinger potential in the antipodal case for the vacuum
and three representative charge densities, and in Fig. 15,

which shows the masses of the the three lowest axial and
vector mesons as functions of density, also in the antipodal
embedding.
We are not aware of any similar results in the gauge-

gravity duality, but we also want to stress at this point that
our studies are preliminary and clearly—as explained in
the beginning of this section—do not take into account all
in-medium phenomena.
Setting this aside, we also want to point out another

possibility that the density-enhanced meson-baryon inter-
actions offer, namely that the emergent potential well from
the point of view of the master potential well might also
act as a potential barrier. This clearly does not happen in
the antipodal case, where the emergent potential well sup-
ports a few bound states, but the asymptotic separation of
the D8- and D8-brane L is a free parameter and we can
investigate whether the situation changes when we set it to
some different value.
It turns out that in the nonantipodal case in the vacuum

there is already a small potential barrier in the middle of
the master potential well, as seen in Fig. 13 (top). Again,
the charge on the D8-brane will result in the creation of an
emergent potential well, but now this small potential bar-
rier will not allow for any bound states inside it. It is thus a
genuine potential barrier, which offers the possibility of
forming chiral doublets—(almost) degenerate states resid-
ing on the two sides of the barrier. Indeed, looking at the
two lowest states (higher excitations have energies larger
than the height of the barrier) we see that the relative ratio
of the masses of axial and vector mesons (29)—which, as
shown in Fig. 2, in the vacuum is of order of 40%—in this
case can become as small as 10%. We interpret this result
as approximate chiral symmetry restoration in the lowest
part of the spectrum. Clearly, for higher excitations the
potential barrier plays a less important role.
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FIG. 13 (color online). The Schrödinger potential and the three
lowest axial and vector mesons for a very nonantipodal embed-
ding (L=!" ¼ 0:05) at zero (top plot), medium (middle plot,
~E ¼ 100), and high (bottom plot, ~E ¼ 1000) density. Because of
the small potential barrier residing in the vicinity of ~z ¼ 0, the
emergent potential well does not give rise to bound states and
effectively acts as a potential barrier. On the other hand, the
emergent barrier leads to an approximate chiral symmetry res-
toration for the two lowest states, as their relative mass differ-
ence [given by Eq. (29)] reduces from about 40% in the vacuum
to 10% in this case.
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FIG. 14. The Schrödinger potential in the antipodal case in the
vacuum (solid curve) and at densities ~E ¼ 100 (dashed curve),
~E ¼ 500 (dotdashed curve), and ~E ¼ 1000 (dotted curve). One
clearly sees that the emergent potential barrier arising because of
the charges on the D8-brane affects more and more of the lowest
lying axial and vector mesons as the density increases.
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Approximate chiral symmetry restoration for the lowest vector and axial mesons!
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Relation to other works and possible extensions
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§ Our mean-field description is the same* as 0708.1322 [hep-th] by Rozali et al. and in 
many ways resembles the electron star from 1008.2828 [hep-th] by Hartnoll & Tavanfar.

§ More microscopic justification for 4-dimensional lattices at large enough densities
comes from 1201.1331 [hep-th] and 1304.7540 [hep-th] by Sonnenschein et al..

§ Things are similar to AdS/CMT. Below idea from Sean Hartnoll:

§ It has to be contrasted with 3-dimensional charge distributions considered first by
0708.0326 [hep-th] by Bergman et al. which apply only at                 !⇢B ⌧ O(�2)

§ It would be interesting to repeat the calculation from 1304.7097 [hep-th] by Seki & Sin
for 4-dimensional charge densities relevant for         baryon densities.O(�2)
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§ Main idea: focus on          baryon densities:
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Figure 1: Type IIA string theory configuration for the Sakai-Sugimoto model.

matter had both bosonic and fermionic fields carrying baryon charge. In these cases,
the physics at finite chemical potential involves Bose condensation rather than the
formation of a Fermi surface. In order to get behavior similar to real QCD, it is
essential to study a theory with baryon charge carried exclusively by fermionic fields.
Such a model was constructed a few years ago by Sakai and Sugimoto [10], and it is
this model that we will focus on the present work.

The Sakai-Sugimoto model

The details of the Sakai-Sugimoto model are reviewed in section 2. Briefly, the
model gives a holographic construction of a non-supersymmetric SU(Nc) gauge the-
ory with Nf fundamental fermions. The gravity dual involves Nf D8-branes in the
near-horizon geometry of Nc D4-branes wrapped on a spatial circle with anti-period
boundary conditions for the fermions. In the geometry, the compact direction of the
field theory together with the radial direction form a cigar-type geometry, in which the
D8-branes are embedded as shown in figure 1. The other directions include an S4 car-
rying Nc units of D4-brane flux and the 3+1 directions of the field theory. In addition
to Nf and Nc, the theory has a dimensionless parameter λ, the ’t Hooft coupling at
the field theory Kaluza-Klein scale.2

For small values of λ, the scale ΛQCD where the running coupling becomes large is
well below the field theory Kaluza-Klein scale, and the low-energy physics should be
precisely that of pure SU(N) Yang-Mills theory coupled to Nf massless (fermionic)
quarks.3 Unfortunately, in this limit, the dual gravity background is highly curved so
we are not in a position to study it. For large λ on the other hand, the gravity back-
ground is weakly curved, and so via classical calculations on the gravity side of the
correspondence, it should be possible to map out the phase diagram of the field the-

2The model has another parameter, corresponding to the asymptotic separation between the D8-
branes, but we focus exclusively on the case where the two stacks are on opposite sides of circle and
extend down to the tip of the cigar.

3For recent work on adding quark masses, see [11, 12].
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§ Possible mechanism for chiral symmetry restoration:
   strong interactions with the thick layer of holographic baryons

§ General theme:
  condensed matter physics of holographic QCD

easily verified that the equation for meson perturbations is
symmetric with respect to ~z $ !~z and hence it is sufficient
to solve it for ~z between 0 and 1. Imposing Dirichlet
boundary conditions at infinity leads to the spectrum of
mesons at Oð!2Þ densities.

D. Meson spectra and the effective potential
for meson perturbations

The presence of density-enhanced direct holographic
meson-baryon interactions changes the form of the equa-
tion for meson perturbations, and hence influences the
spectrum of the axial and vector mesons. In order to better
understand the features introduced by the interactions in
question, it will be extremely useful to rewrite the equation
for perturbations (77) in the Schrödinger form, i.e.,

! 1

2

d2

d"2 !ð"Þ þ Vð"Þ!ðxÞ ¼ E!ð"Þ; (78)

where the energy E of the wave function! is the square of
the rescaled frequency ~! and hence is proportional to the
square of the meson mass m (27),

E ¼ ~!2 ¼ 9

4
m2=M2

KK; (79)

!ð"Þ is related to ~a3ð~zÞ, and " is a new radial coordinate
that leads to the canonical kinetic term in Eq. (78). Simple
manipulations of Eq. (77) allow us to obtain the potential
term V. For simplicity, V can be expressed as a function of
~z instead of ",

VSchrð~zÞ ¼ ! C0ð~zÞ
Cð!Þ
0 ð~zÞ

þ C1ð~zÞ2

4Cð!Þ
0 ð~zÞ

! 5Cð!Þ0
0 ð~zÞ2

16Cð!Þ
0 ð~zÞ3

þ C0
1ðzÞ

2Cð!Þ
0 ð~zÞ

þ Cð!Þ00
0 ð~zÞ

4Cð!Þ
0 ð~zÞ2

; (80)

where C0ð~zÞ, Cð!Þ
0 ð~zÞ, and C1ð~zÞ are as in Eq. (77).

Because of the way the background spacetime is
warped, V needs to have the form of an infinite potential
well. This feature gives rise to an infinite tower of bound
states, which are simply the vector and axial mesons.
However, the presence of a nontrivial embedding, nonzero
background electric field, and most importantly holo-
graphic interactions of the baryons with the mesons may
lead to new structure of the potential having a direct impact
on the spectrum of the axial and vector mesons.

In the following we will analyze in detail two cases,
which—based on more exhaustive studies—we think are
representative ones.

Figure 12 shows the Schrödinger potential in vacuum
(upper plot) and at very large density ( ~E ¼ 1000, lower
plot) for the antipodal embedding. The green dashed and
red dotted lines denote the squares of vector and axial
meson masses for the three lowest mesons. As anticipated

earlier, the potential has the structure of a well supporting
infinitely many bound states. In the vacuum case, the
potential is simple and does not have any finer structure
than the master infinite potential well coming from the
warping of the target spacetime.
If one looks at the situation at nonzero density, one

sees that the potential develops substructure in the form
of another, finite potential well, which is entirely due to
the presence of charges on the flavor brane. The immediate
observation is that the lowest vector and axial vector
mesons then arise as bound states of the emergent potential
well, rather than the original one. This strongly suggests
the analogy with the quasiparticle picture in which
low-energy long-lived excitations, when expressed in
terms of the underlying microscopic description, turn out
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FIG. 12 (color online). The Schrödinger potential and the three
lowest axial and vector mesons in the antipodal case (L=#$ ¼
0:5) at vanishing (top plot) and large (bottom plot, ~E ¼ 1000)
density. Green dashed and red dotted lines correspond to the
squares of masses of the lowest three vector and axial mesons,
respectively. The most interesting finding is the appearance of an
emergent potential well due to the holographic baryons on the
D8-brane. It can be clearly seen that in the presence of a dense
baryonic medium, the lowest axial and vector mesons are bound
states not of the master potential well—which is also present in
the vacuum—but rather of the emergent one. This leads to a
tempting connection with a quasiparticle picture in which some
of the lowest in-medium mesons are collective excitations of the
underlying Fermi surface.
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easily verified that the equation for meson perturbations is
symmetric with respect to ~z $ !~z and hence it is sufficient
to solve it for ~z between 0 and 1. Imposing Dirichlet
boundary conditions at infinity leads to the spectrum of
mesons at Oð!2Þ densities.

D. Meson spectra and the effective potential
for meson perturbations

The presence of density-enhanced direct holographic
meson-baryon interactions changes the form of the equa-
tion for meson perturbations, and hence influences the
spectrum of the axial and vector mesons. In order to better
understand the features introduced by the interactions in
question, it will be extremely useful to rewrite the equation
for perturbations (77) in the Schrödinger form, i.e.,
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d"2 !ð"Þ þ Vð"Þ!ðxÞ ¼ E!ð"Þ; (78)

where the energy E of the wave function! is the square of
the rescaled frequency ~! and hence is proportional to the
square of the meson mass m (27),

E ¼ ~!2 ¼ 9

4
m2=M2

KK; (79)

!ð"Þ is related to ~a3ð~zÞ, and " is a new radial coordinate
that leads to the canonical kinetic term in Eq. (78). Simple
manipulations of Eq. (77) allow us to obtain the potential
term V. For simplicity, V can be expressed as a function of
~z instead of ",
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where C0ð~zÞ, Cð!Þ
0 ð~zÞ, and C1ð~zÞ are as in Eq. (77).

Because of the way the background spacetime is
warped, V needs to have the form of an infinite potential
well. This feature gives rise to an infinite tower of bound
states, which are simply the vector and axial mesons.
However, the presence of a nontrivial embedding, nonzero
background electric field, and most importantly holo-
graphic interactions of the baryons with the mesons may
lead to new structure of the potential having a direct impact
on the spectrum of the axial and vector mesons.

In the following we will analyze in detail two cases,
which—based on more exhaustive studies—we think are
representative ones.

Figure 12 shows the Schrödinger potential in vacuum
(upper plot) and at very large density ( ~E ¼ 1000, lower
plot) for the antipodal embedding. The green dashed and
red dotted lines denote the squares of vector and axial
meson masses for the three lowest mesons. As anticipated

earlier, the potential has the structure of a well supporting
infinitely many bound states. In the vacuum case, the
potential is simple and does not have any finer structure
than the master infinite potential well coming from the
warping of the target spacetime.
If one looks at the situation at nonzero density, one

sees that the potential develops substructure in the form
of another, finite potential well, which is entirely due to
the presence of charges on the flavor brane. The immediate
observation is that the lowest vector and axial vector
mesons then arise as bound states of the emergent potential
well, rather than the original one. This strongly suggests
the analogy with the quasiparticle picture in which
low-energy long-lived excitations, when expressed in
terms of the underlying microscopic description, turn out
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FIG. 12 (color online). The Schrödinger potential and the three
lowest axial and vector mesons in the antipodal case (L=#$ ¼
0:5) at vanishing (top plot) and large (bottom plot, ~E ¼ 1000)
density. Green dashed and red dotted lines correspond to the
squares of masses of the lowest three vector and axial mesons,
respectively. The most interesting finding is the appearance of an
emergent potential well due to the holographic baryons on the
D8-brane. It can be clearly seen that in the presence of a dense
baryonic medium, the lowest axial and vector mesons are bound
states not of the master potential well—which is also present in
the vacuum—but rather of the emergent one. This leads to a
tempting connection with a quasiparticle picture in which some
of the lowest in-medium mesons are collective excitations of the
underlying Fermi surface.
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Almost final thoughts
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§ I don’t think our approximations lead to the model having the quarkyonic phase.

§ Whether it appears in a truly microscopic hQCD construction is an open problem.

§ One thing is certain:                   leads to something (?) interesting that is not 3D.⇢B = O(�2)

§ What I would like to see is a model in which the charge distribution gets
significantly denser in the core as we add more and more layers.

§ Then interesting many-body effects following from the nonlinearities of DBI might 
start playing role, changing completely the picture presented here and other works.

§ The CS term might then still lead to interesting macroscopic modulation 
patterns, possibly visible also in other observables, e.g. the chiral condensate.
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Figure 1: Type IIA string theory configuration for the Sakai-Sugimoto model.

matter had both bosonic and fermionic fields carrying baryon charge. In these cases,
the physics at finite chemical potential involves Bose condensation rather than the
formation of a Fermi surface. In order to get behavior similar to real QCD, it is
essential to study a theory with baryon charge carried exclusively by fermionic fields.
Such a model was constructed a few years ago by Sakai and Sugimoto [10], and it is
this model that we will focus on the present work.

The Sakai-Sugimoto model

The details of the Sakai-Sugimoto model are reviewed in section 2. Briefly, the
model gives a holographic construction of a non-supersymmetric SU(Nc) gauge the-
ory with Nf fundamental fermions. The gravity dual involves Nf D8-branes in the
near-horizon geometry of Nc D4-branes wrapped on a spatial circle with anti-period
boundary conditions for the fermions. In the geometry, the compact direction of the
field theory together with the radial direction form a cigar-type geometry, in which the
D8-branes are embedded as shown in figure 1. The other directions include an S4 car-
rying Nc units of D4-brane flux and the 3+1 directions of the field theory. In addition
to Nf and Nc, the theory has a dimensionless parameter λ, the ’t Hooft coupling at
the field theory Kaluza-Klein scale.2

For small values of λ, the scale ΛQCD where the running coupling becomes large is
well below the field theory Kaluza-Klein scale, and the low-energy physics should be
precisely that of pure SU(N) Yang-Mills theory coupled to Nf massless (fermionic)
quarks.3 Unfortunately, in this limit, the dual gravity background is highly curved so
we are not in a position to study it. For large λ on the other hand, the gravity back-
ground is weakly curved, and so via classical calculations on the gravity side of the
correspondence, it should be possible to map out the phase diagram of the field the-

2The model has another parameter, corresponding to the asymptotic separation between the D8-
branes, but we focus exclusively on the case where the two stacks are on opposite sides of circle and
extend down to the tip of the cigar.

3For recent work on adding quark masses, see [11, 12].
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