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Motivation
Painlevé equations

Aiming to obtain new special functions, P. Painlevé classified 2nd order
nonlinear ordinary differential equations

R (ste) 2, £0) g

whose movable singular points are pole only and obtained new six
equations in 1900, which are called Painlevé equations.
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Motivation
Painlevé equations

Weierstrass elliptic function

Replacing z of Py
w” =6w? 4 z
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Motivation
Painlevé equations

Weierstrass elliptic function

Replacing z of Py
w” =6w? 4 z

with —g»/2 € C, we obtain a second-order differential equation

1
w” = 6w? — 58 (1.1)
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Motivation
Painlevé equations

Weierstrass elliptic function

Replacing z of Py
w” =6w? 4 z

with —g»/2 € C, we obtain a second-order differential equation

1
w” = 6w? — 58 (1.1)

which is derived by differentiating the differential equation

(W)’ = 4w’ — gow — g3.
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Motivation
Painlevé equations

Weierstrass elliptic function

Replacing z of Py
w” =6w? 4 z

with —g»/2 € C, we obtain a second-order differential equation

1
w” = 6w? — 58 (1.1)

which is derived by differentiating the differential equation
(W) = 4w’ — gow — gs.

Hence, Weierstrass g(z) function is a solution to (1.1). Weierstrass o(z)
function is defined by

"

p(z) = —(loga(2))".
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Motivation
Painlevé equations

P; and its tau function

The first Painlevé equation is
w” =6w? + z.
For any solution A(z), we define 7(z) by

A(z) = —(log 7(2))".
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Motivation
Painlevé equations

P; and its tau function

The first Painlevé equation is
w” =6w? + z.
For any solution A(z), we define 7(z) by

A(z) = —(log 7(2))".
Py is a Hamiltonian system with

1, 3 _dA
H—Eu 2X° —z\ (u—dz).

Note that H = (log 7).
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Motivation
Painlevé equations

P; and its tau function

The first Painlevé equation is
w” =6w? + z.
For any solution A(z), we define 7(z) by

A(z) = —(log 7(2))".

Py is a Hamiltonian system with

dA

1
H=2>u?—2)3—2) = )
1 2 (=)

2

Note that H = (log 7). H satisfies

d3H dH\?
dZ3+6<dZ> +Z—0.
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Motivation
Painlevé equations

Degeneration scheme

Gauss Kummer Bessel
(0,1,00) (0,00) (0,00)

N

Hermite Airy

(c0) (c0)
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Motivation
Painlevé equations

Degeneration scheme

Gauss Kummer Bessel
(0,1,00) (0,00) (0,00)

N

Hermite Airy

(c0) (c0)

VI TV T
(0,1, 00) (0, 00) (0, 00)
TIvV i1 g
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Motivation
Painlevé equations

Explicit series expansion of 7y(t)

In 2012, Gamayun, lorgov and Lisovyy conjectured an expansion formula
Pv1 tau function in terms of regular conformal blocks:

_ n 9176t 01392‘ .
i) = >_s"C (900,0 + n,90) F (900,0 +n, 00 t) ’

n€Z

where s,0 € C, F(,0;t) = t7 %% (1 4 O(t)) is the 4-pt Virasoro
conformal block with ¢ =1, and
[leoot G(L+ 0+ €00+ €0)G(1+ 01 + el + €'0)

c(0.0) = [I._. G(1+2¢0) ’

where G(z) is the Barnes G-function such that G(z 4+ 1) = I'(z)G(2).
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Motivation
Painlevé equations

Degeneration

Series expansions of the tau functions at t = 0, namely a regular singular
point of the first line of the following degeneration scheme

Pyp. = Pv _  Pm PL7 . PR3
(0,1, 00) (0, 00) (0,00) (0, 00) (0,00)
Prv P Pr

were obtained in [Gamayun, lorgov, Lisovyy, 2013] by taking the scaling
limits. Irregular conformal blocks used in these series expansions are
obtained by certain confluence limits from the four point conformal block
and all explicit.
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Irregular conformal blocks

Irregular conformal blocks
Conjecture

It had been known that

o irregular conformal blocks as degenerations of (regular) conformal
blocks or pairings of irregular vectors. [Gaiotto, 2009]

@ (intertwining) commutation relations between Virasoro algebra and
vertex operators, in other words, operator product expansions(OPE).

@ special cases by free field realizations, for example, a rank r vertex
operator realized by the free field ¢(z): [N-Sun, 2010]

r n
oll(z) =: exp E )\nid faz)
1z
n=0
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Irregular conformal blocks

Irregular conformal blocks
Conjecture

It had been known that

o irregular conformal blocks as degenerations of (regular) conformal
blocks or pairings of irregular vectors. [Gaiotto, 2009]

@ (intertwining) commutation relations between Virasoro algebra and
vertex operators, in other words, operator product expansions(OPE).

@ special cases by free field realizations, for example, a rank r vertex
operator realized by the free field ¢(z): [N-Sun, 2010]

r n
oll(z) =: exp E )\nid faz)
1z
n=0

Another approach

Provide irregular versions of vertex operator directly, then define irregular
conformal blocks as expectation values of new vertex operators.

Hajime Nagoya On degeneration limits of Virasoro conformal blocks



Irregular conformal blocks
Conjecture

Irregular conformal blocks

For r € Z>, define a module /\/l,[\r] as a representation of Vir with
irregular vector |A) such that

LalAY = ANy (n=r,r+1,...,2r),

with A = (A,,...,Ay,) and M,[\r] is spanned by linearly independent
vectors of the form

Li - Li|A) (i <---<ig<r).
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Irregular conforma\ blocks

Irregular conformal blocks gy

Vertex operator

Define a vertex operator
CDﬁ,,A(z) : M/[\r] — M,[\r/]

by
Lo R @] =2 (251 + (4 D) R (2),
O A(2)|A) = 2% exp (Z 6”) > vaz,

n=0

where o, 3, € C, v, € /\/I,[\r,] and vo = |N).
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Irregular conformal blocks

Irregular conformal blocks
Conjecture

Theorem (N, 2015)

If Ny # 0, then the vertex operator &3, A(2): MY — MU exists and is
uniquely determined by the given parameters N\, A, 3, with
a=—(r+1)A+a(s,N), Bn=p05nBN) (n=1,...,r—1) and

N, =Ny —=6n,rB, (n=r,....2r).

Moreover, the coefficients v, are polynomials of A\, §,, A and /\;,1.
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Irregular conformal blocks

Irregular conformal blocks
Conjecture

Theorem (N, 2015)

If Ny # 0, then the vertex operator &3, A(2): MY — MU exists and is
uniquely determined by the given parameters N\, A, 3, with
a=—(r+1)A+a(s,N), Bn=p05nBN) (n=1,...,r—1) and

N, =Ny —=6n,rB, (n=r,....2r).

Moreover, the coefficients v, are polynomials of A\, §,, A and /\;,1.

We remark that I\/I/[\r] is irreducible if and only if Ay,—1 # 0 or Ay, #0
[Lu, Guo and Zhao, 2011], [Felifiska, Jaskdlski and Kosztolowicz, 2012].
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) Irregular conformal blocks
Irregular conformal blocks o

onjecture

Pairing

A bilinear pairing (-): M} x MM — C is uniquely defined by

(A A) =1,
(ulLn - |v) = (u| - La|v) = (ulLa|v),
where (u] € M}, |v) € M.

Because, L, for n > 0 acts on |A) diagonally and L, for n < 0 acts on
(A| diagonally.
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Irregular conformal blocks

Irregular conformal blocks
Conjecture

Building block

The building block of Ty1(t) is the four point regular conformal block

with ¢ = 1:
(2] (058 (100, (D)163)) -
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Irregular conforma\ blocks

Irregular conformal blocks gy

Building block

The building block of Ty1(t) is the four point regular conformal block

with ¢ = 1: 52
(%] (95 2(1)0% ,, (1163))

So, it is natural to expect that a building block of 7y (t) is the irregular
conformal block having one irregular singular point and two regular
singular points with ¢ = 1:

(%] (P s.ny o) (DAL A2)) )
(62107’ :(,z(r)) (A A2)).
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Irregular conformal blocks
Conjecture

Irregular conformal blocks

A series expansion of the Painlevé V tau function at the irregular singular
point oo is given by

() =Y "(~1)""I2G(1 £ 6+ 6 — B — n)G(1+ 0: & (B + n))
neZ

62 _
x (65 (¢(0—B—n,1/4)7(9,1/4)(t Y1, 1/4)>) :

Hajime Nagoya On degeneration limits of Virasoro conformal blocks



Irregular conformal blocks

Irregular conformal blocks
Conjecture

A series expansion of the Painlevé V tau function at the irregular singular
point oo is given by

() =Y "(~1)""I2G(1 £ 6+ 6 — B — n)G(1+ 0: & (B + n))
neZ

62 _
x (65 (¢(0—B—n,1/4)7(9,1/4)(t Y1, 1/4)>) :

We prove this theorem by confluence limit.
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Irregular conformal blocks
Conjecture

Irregular conformal blocks

A three-point irregular conformal block with ¢ = 1 is expanded as

(O3] (90 121,051/ 1/ DI 1/4)))

— (20H260-B) Bt (142 (28% — 3620 + 867 — 363 — 867 + 062) !
+2(48° — 128°0 + 13B*0% — 43*05 — 43*07 + 55* — 63°0° + 63°063
+1083%067 — 105%0 + 320* — 28%0%03 — 853%0%02 + 65207 + 320,

+ 23203607 — 33203 + 3207 — 35262 + 2p0%0? — p6°

—2B00502 + BOO3 — 28007 + 55002 + 6207 — 20707 + 0507) 2 + - ).

It is natural to expect that these irregular conformal blocks have
combinatorial expressions.
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Irregular conformal blocks

Note that the coefficient of t~! should be a sum associated with ((1), ),

(©, (1)).
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A Irregular conformal blocks
Irregular conformal blocks 2 .

Conjecture

Note that the coefficient of t~! should be a sum associated with ((1), ),

(@, (1)).

Fortunately, the coefficient of t~1 is expressed as

2 (2% — 3520 + BO* — BO3 — BO? + 06?)
=2(8—0) (B> —02) +2B((0—B)>—63).
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We also have that the coefficient of t~2 is equal to

%(9 B0 - B)+1) (7~ 62) (517~ 62)

+f( B)(2(0 — B) —1) (B2 = 67) ((B+1)* - 6¢)
+2(2(0 - B)5 —1) (6% — 67) ((6 — B)* — 65)
((

((

+B(28 +1)
+B(28 1)

— B —63) (0 -5 —1)*-63)
— B —63) (06— B+1)>—63).




We also have that the coefficient of t~2 is equal to

%(9 B0 - B)+1) (7~ 62) (517~ 62)

+f( B)(2(0 — B) —1) (B2 = 67) ((B+1)* - 6¢)
+2(2(0 - B)5 —1) (6% — 67) ((6 — B)* — 65)
((
((

+B(26+1) ((9 - 5)* —65) (0 —5—1)*—6)
+ 828 -1)((0—B8)>—63) (6 —B+1)>—63).
We put
Miu= ] @B-0)+i-j) ] (-28+i-J),
(if)EX (if)en
— (_1)n (B+i—j)P—6; (0-B+i—-j)P—-6
Ny (-1) H NG H p (l 7P .

(if)en




) Irregular conformal blocks
Irregular conformal blocks g

Conjecture

Conjecture (N, arXiv:1611.08971)

A three-point irregular conformal block with two regular singular points t,
oo and one irregular singular point O of rank one admits the following
combinatorial formula

2
(O3] (95 170105,/ (DI, 1/4))
— 2_ — =4 v v,
— +720i-2B(0-P) o f Z Al Z (—-1)! lCA,ZMA/u,u/nNA,w

A peY vCAnCu,
[v]=Inl

where oW v e Zso, as an expansion at the irregular singular point 0.
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e the limit of the Gauss hypergeometric equation
! rent
Confluence Limit 20 v

From Gauss to Kummer

The Gauss hypergeometric equation

d’y dy
x(l—x)ﬁ+(7—(a+6+l)x)a —afy =0
admit a confluence limit as
X
B — 00, x— —.
B
Taking the limit, we obtain the Kummer confluent hypergeometric
equation
d’y dy
— —X)— — =0.
X T =X —ay
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ake the limit of the Gauss hypergeometric equation
ement
Confluence Limit Py

Limit of solutions

The Gauss hypergeometric equation has the following local solutions:

Z(Oéingﬁ)n n7 Xl_—yz(a ’Y""_l) (6 '7+1)n n (X:0)7

2 ()a()n ) ) P
X—a — (a)"(a_/y—’—l)n —n X -B — (ﬁ) B ’y—’_l)ﬂx—n X = 00
;(a—ﬁ+1)n(l) n;)( —a+1),1)," ( )

where (a), = a(a+1)---(a+ n—1). It is easy to see that the three
solutions except the last one admit limits by 8 — oo, x — x/8.
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ake the limit of the Gauss hypergeometric equation
ement
Confluence Limit Py

Limit of solutions

The Gauss hypergeometric equation has the following local solutions:

Z(agngﬁ)nxn7 Xl_'yz (a fy—"_]') (6 ’7+1)" 5 (X:0)7

2= (7)a(1)n ) ) P
X—a — (a)ﬂ(a - + 1)” —n X -B — (ﬁ) B g + l)ﬂx—n X = 00
;(a—ﬁ+1)n(l) n;)( —a+1),1)," ( )

where (), = a(a+1)--- (a4 n—1). It is easy to see that the three
solutions except the last one admit limits by 8 — oo, x — x/8. The last
one is transformed to

)

Then, we have the limit by § — oo, x — x/f3.
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Confluence Limit

Consider
IR@)) = &R A (w)dR25 (2)|A1).

In what follows, we let w go to zero, while z is in a general position.
Then |R(2)> becomes an expansion of z at the irregular singular point
zero. We already know how to take a limit of <D§j A(w)|A) and the

coefficients Ry(w) of zX (k > 1) in

|R(2)> — ZA—AQ—AI WA4—A3—A Z Rk(W)Zk
k=0

diverge.
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Confluence Limit

Consider
IR@)) = &R A (w)dR25 (2)|A1).

In what follows, we let w go to zero, while z is in a general position.
Then |R(2)> becomes an expansion of z at the irregular singular point
zero. We already know how to take a limit of <D§j A(w)|A) and the

coefficients Ry(w) of zX (k > 1) in

|R(2)> — ZA—AQ—AI WA4—A3—A Z Rk(W)Zk
k=0

diverge. Instead, Gaiotto and Teschner suggested a rearranged expansion
of |R():
A o0
R(2)) — ,A—DBo—01 ) A—Ds3—A (1 _ i) k| R(M)
| )=z w W k§:02 IR

for some constant A in Appendix D of [Gaiotto, Teschner 2012].
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ake the limit of the Gauss hypergeometric equation

A37A:7+O(1), 2A37A:%+0(671) (6—)0)

The resulting vector [/(V)) = lim,_,o |Rél)> with w = € satisfies

Li[IDy = A 1Dy, Oy = A IOy 1My =0 (n > 2).
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A A
A37A:?1+O(1), 2A37A:€—§+O(e*1) (e = 0).
The resulting vector [/(V)) = lim,_,o |Rél)> with w = € satisfies

L) = M), L[1D) = Al1D), L 1My =0 (n>2).
Also |R,((1)> satisfy for n > 0
(Ly — w"(wdy + Dy + nAg — A))|RW)

n—1
= AZ W"_5|R1E135> +(A+A+nAy— A+ k— ”)|R£12n>
s=1

The coefficients in the left hand side admit a limit. Also the coefficients
in the right hand side admit a limit by

A=0(1), A+A-A;=0(1), e—0.
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ake the limit of the Gauss hypergeometric equation

Confluence Limit

Furthermore, if we set

Ac=—B+0(c), A+A—-Do=a+A, (31)
where 5/\
1

(0% 2/\2 25 (3 )

then the limits of the recursion relations for \R,El)) for L, (n > 1) take
exactly the same forms for the vectors v of <I>(AA’1’A2)’(A1+Q’A2)(Z):

[1] (1)
Mn+8.0) = Mins a0

q)(Al\zl,Az),(AlJrﬁ,Az)(zN((/\1 + ﬁ, /\2))> = zae/@/z Z szk’

such that

which are
(Ll - /\1)Vk :(a + 2Az + k — ].)Vk,]_7
(L2 — /\2)Vk = — ﬁkal + (a + 3AZ + k — 2)Vk,2,
Lovik = — Bvik—pny1 + (a+ (n+ DA, + k — n)vk—, (n>2).

The uniqueness of vk proved in [N, 2015] implies that all |R,(<1)> converge.
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Confluence Limit

We are taking a limit of the series expansion of Painlevé VI tau function
at t =0:

_ n 91791’ 01791‘ i
Tvi(t) = %s C <9<>07U+ n,90) F (900,0+ n. 0o’ W>

as w(= €) goes to 0. We know how to take a limit of

elagt . t
]: (90070 + n, 90’ W)

A(n) =
— W03 (o+n)? ((o+n)>—07 -6 (1 _ i) ( )Z Rie(w)t*.
w k=0
Then, from w=""=A( we have 2"
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he limit of the Gauss hypergeometric equation

Confluence Limit

Using
n+1—i
G(l+x+n)= 1+X)HF(X H (x+n+1—i—)),
i=1 j=1
- n—2—i
G(l+x—n)= 1+x)Hr I =n+14i+))
i=0 j=0

for n > 0, we obtain

01,0 o o
C <00070'1+tn,00) :PQ 62 C (000’6_‘_ naetye) (1 + O(E))7

where P and Q are independent to n. O
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