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Background: Ostrogradski instability

Given the set of fields ”/(t), consider the Lagrangian theory with the action

SI/L(%%@) dt

Then, the canonical (or Noether) energy of the theory reads
oL ( oL iﬁ) L 0L
037 apl  dt 0y -~ oplogd

dots denote the terms, which depend on ¢, ¢, .

E=¢ oled +...,

The energy contains @7 in a linear way. If the Hesse matrix is non-degenerate,

82
det
8@’&# 70
the third derivates '4,'0'J’s are independent Cauchy data and, thus, the energy cannot
be bounded from below.

The corresponding quantum theory does not have a well-defined vacuum state with
the lowest energy. Such theory is unstable.
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Idea
e Use of alternative Hamiltonian formulation and quantization scheme
Key steps

e Construct the most general conserved quantity. If the theory has several integrals
of motion, take their combination with indefinite coefficients.

e Take the general conserved quantity as the anastz of the Hamiltonian. Find the
Poisson bracket. At this step, the theory may appear to be poly-Hamiltonian.

e Consider the interactions which are compatible with alternative Hamiltonian for-
mulations.

If one of alternative Hamiltonian formulations has the bounded from below Hamilto-
nian, the corresponding theory is stable from the classical and quantum viewpoints.

K. Bolonek and P. Kosinski, Acta Phys. Polon. B 36 (2005) 2115

E.M. Damaskinsky and M.A. Sokolov, J. Phys. A 39 (2006) 10499
D.S.K., S.L. Lyakhovich, A.A. Sharapov, Eur. Phys. J. C 74 (2014) 3072
[. Masterov, Nucl. Phys. B 902 (2016) 95
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Critical problems

e How to construct the most general conserved quantity in a higher-derivative
theory? What conserved quantities are relevant?

e How to find the Poisson bracket? When does the solution to the problem exist?

e |s there algorithmic procedure for construction of stable interactions?

And, finally,

e Can one see that the higher-derivative theory is stable already at the first step of
alternative Hamiltonian formulation construction?

In this talk, we answer these questions and consider the alternative Hamiltonian
formulation construction for the certain class of higher derivative models.
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The plan of the talk is follows:

e Warm-up example: the Pais-Uhlenbeck oscillator

e Derived theories
e Symmetries and conservation laws
e Hamiltonian formulation (condition of existence)
e Stable interactions

e Field-theoretical example: 3rd order extensions of the Chern-Simons model

e Summary
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4th order Pais-Uhlenbeck oscillator

e Lagrangian
m d"p
o odtn’

with ¢(t) being the dynamical variable; w's are the frequencies of oscillations.

1 1 . .
= 55— (7 — (e + ud)e® +udude?),
1

O<w <ws.
2 ws

The equation of motion reads

1 d2 2 d2 1 (4) 2 24 - 2 2
w3 — w? (dt2 T )(dt2 —|—w2) B w3 —w%(w Hwr +wp)f +wiwap) = 0.

e The Hesse matrix

2’L 1
7270
6<p6cp w3 — w?

is non-degenerate, so the theory is non-singular.
e The canonical energy

oL oL d oL @ — (W? + w?)P? — 209 — wiw3p?

E=¢ot+¢(p—=5z) —L= i :
op oo dtog 2(ws —wi)

It is unbounded from below, because it is linear in ©.
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Integrals of motion

In a general case, the Pais-Uhlenbeck oscillator has two integrals of motion

1 /P +wio 2 Wi G+ wie 2
h== 2 2 + = 2 2 ) b=k
2\ wi —wj 2 \ws; —wi w1 W,

Both J; and J, are non-negative, Ji, />, > 0, and independent.

The general conserved quantity is the linear combination of these integrals of motion
Joq,ozz = +ark.
Here, a7 and «» are some real constants.

a1 = —ap = 1 corresponds to the canonical energy. It is not bounded from below
because J; and J, contributions have different signs.

For a1, a0 > 0, the integral of motion J,, «, is a bounded quantity.

The Noether theorem relates J; and J; to the following symmetries

B 1ol Gt
he=—g g =g
2 1 2 1
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The Pais-Uhlenbeck model is equivalent to the system of two harmonic oscillators
o 2, . 20
X+ wix=0, y+wy=0.

The following formulas establish correspondence between the solutions to the the-
ories

é+wlo ¢+ wiep
£) = x(t) + y(t), t) = 222 t) = 5L
o(t) = x(t) + y(t) x(t) = B2 y(t) =

(Note: this correspondence is one-to-one only on the mass shell)
In the harmonic coordinates, the integrals of motion J; and J, take the form

1 w? 1 w2
J - 712 J:7.2 722
1= 2X+2 2 2}’+2}/

The following symmetries related to the integrals of motion

d1p = —x, dop = —

The integrals J; and J, are the "energies” of oscillatory modes x and y.
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Alternative Hamiltonian formulations

Introduce the collective notation z, = {(, ¢, 3, ¢} for the phase-space variables.
Then the bi-Hamiltonian formulation (Bolonek and Kosinski, 2005) reads

2% ={2°, Joy 0 fou,c0 »
with aq, ap being the parameters. We assume that ajap # 0.

The Poisson bracket { , }a,,q, is defined by the relations

. 1 1 . wi w3
{90790}041,02 = 071"_0727 {90790}041,&2 = _{@7@}041@2 = 071"'_072
4 4
e w w . L
{(P, 90}0417012 == + =2 ) {4,0, @}ahaz = {4,0, 4'0}011@2 =0.
(651 (6%)
a1 = —ap = 1 corresponds to the Ostrogradski's Hamiltonian formulation.

a1 = ap = 1 corresponds to the "alternative” and stable Hamiltonian formulation.

Ostrogradski and " alternative” Hamiltonian formulations are not equivalent.
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Stable interactions

(D.S.K., S.L. Lyakhovich, A.A. Sharapov, 2014)

(4) .
P +(w +wl)p+wiwgp+ U(x—y)=0, J=hi+Eu(x—y),

ou dou ou
/ = ——— E = H—— — = ; .
u 8@ dt 8(p ) u 80890 U, u U(QD,QO)

(D.S.K., S.L. Lyakhovich, A.A. Sharapov, 2016)

4

P +(wi 4+ w3)@ + wiwdp + 22U + (wi + w3)U' =0,

1 1
J:Jl,l(x+§u,y+§U)+EU,

y 90U _dau LU

_%_dt&b’ UZ@%_U’ U:U((pa(p)

(D.S.K., S.L. Lyakhovich, to appear in Russ. Phys. J., 2017)

These two interactions are equivalent on the mass shell.
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Part 2.

Conservation laws and stability of derived field theories
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Linear field theories

We use the following notation.

e Spacetime is n-dim. Minkowski space with local coordinates x*, = 0,n — 1.
e Signature of metric is 7, = diag{+,—,...,—}.

e Set of fields is ¢ = {¢’(x)}. The multi-index J includes all discrete indices.

e The theory admits appropriate constant metrics to rise and lower multi-indices.

In this setting, any local linear system of field equations can be represented in the
following form:

M,J(6)<pJ =0.
Here, M = {M),} is the matrix whose entries are polynomials in 9. If 9, is the

partial derivative w.r.t. to the coordinate x*, we have the system of PDEs.

e M is known as the wave operator.
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Derived field theories

Linear field theory is called a derived theory if its wave operator is the polynomial
of a formally self-adjoint operator W of lower order.

e Equation of motion of a derived can be represented in two alternative forms
MIJQOJ = Oa

N r r+s
MW) = "W =iy [T(W —w)? T (W? = (wa + Ta) W + |wal?)Pe .
k=0 a=1 a=r+1

Here I, are some constants and w,,w,, W, be the roots of the polynomial M(W)
with the multiplicities p, and p,. We use the collective notation A = {a, o} for the
indices labelling roots.

e The operator W is self-adjoint if W' = W. The conjugation rule is defined by
W1 i,(9) = W(=0)u.

e Any derived theory is Lagrangian with the Lagrangian

1
L= §<PIM/J%0J~
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Examples of derived theories

e Scalar field with higher derivatives
F)=px),  W=0, M=(O+m)O+nm).
EoM: (O4+m3)(O+m3)p =0.
e Bopp-Podolski generalized electrodynamics
') =t (x), W=0-090-, M=WW+m?).
EoM:  (O+ m?)0*F,, =0, Frv = 0upy — Ouipy

e Odd-order Pais-Uhlenbeck oscillator

') ={L (1)), W=

d
6/1'%, Eij = —¢Eji, 512:1.

EoM: My = H(—+w)e,-j¢f:o, ij=1,2.
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Reduction of order

Introduce the cofactors Q24 by the formulas

Qa = [TW — wa)? [T(W? — (wa +@a) + [w[2)% .
a#£A a#A

Then, the derived theory is equivalent to the system of equations of lower order
(W —w,)”& =0, (Wz_(wa +wa)+|w|i)pa€a =0.

for the unknown fields £4 = {€4(x)}.
The following relations establish a correspondence between solutions of the models

=0, 9= Méa,
A

where the matrix differential operators A, are defined from the equation:

S AQa=1, A= AWk, Na=p,—1or2p,—1
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Symmetries and conservation laws

Provided by W is space-time translation invariant, [W, 3] = 0, the following trans-
formations keep the action of derived theory invariant:

6A@:8H£A7 5,4520.

If Na > 0 (this is the case of multiple real and complex rings), then the following
transformations are also symmetries of the action:

Shp=0,Wkea,  k=1,...,Na.

e These two groups include exactly N x n symmetries.

Corresponding Noether's conserved currents combine into N second-rank conserved
tensors

(©K),,  k=0,...,N,.

Here, k = 0 corresponds to the first group of symmetries. These conserved tensors
©Y are the "energy-momentum tensors” for the fields £a.
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General conservation law

Since the stability is concerned, the conserved quantities associated to the time
translations are relevant.

Introduce conserved quantities are related to the time-translation symmetry

Jy= [ ix(@h)a.
Then, the general ansatz for conserved quantity reads
NE
Ja =22 chdi,

A k=1
with o being some constants. The number of independent parameters o is V.
e The canonical energy E = J corresponds to the choice aﬁ = —)\f\.
e Depending on the values of a's the conserved quantity J may be bounded.

e Some conserved tensors J% may be trivial.
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Hamiltonian formalism

Conjecture

Let J5 be the conserved quantity for some fixed value of the parameters @k, i.e.

Then J5 is a Hamiltonian of the derived theory w.r.t. some Poisson bracket if and
only if

ay #0
for all A's.

Corollary 1

Any derived theory is poly-Hamiltonian. There are N free parameters @ in the
Hamiltonian.

Corollary 2

| A

The Hamiltonian Jz may be bounded or unbounded depending on the values of
parameters . If J5 > 0, the theory is stable classically and quantum mechanically.
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Stable interactions

The derived theory admits two types of (stable) nonlinear extensions

1) Mo+ U'(Vg) =0, J' = Ja(p) + Eu(V).

2) Mo+ VU'(¢) =0, J' = Js(e— VU)+ Ey(p) .
Here,
e U’ is the Euler-Lagrange derivative of interaction function U = U(yp, 9y, ..)
e Ey is the canonical energy of the interaction;

e V(W) is the matrix differential operator such that

N—-1 Na
VQ=-1  (ModM), V=Y vkwk, Q=) ") oW Q,;
k=0 A k=1

e These two types of nonlinear extensions are equivalent on the mass shell.
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Stability analysis procedure for a derived theory

The main four steps are follows:

e Write out the Lagrangian and equations of motion. Find the wave operator M.
o Identify the operator W and structure of roots of the polynomial M(W).

e Construct the symmetries associated with the factors of M and conservation laws.

o Write out the general conserved quantity. Identify the range of parameters where
it is bounded.

If conditions for the parameters ensure existence of Hamiltonian formulation with
bounded from below Hamiltonian, the theory is stable.

(Be attentive in case of multiple roots)
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Part 3.

Field-theoretical example.
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3rd-order extension of 3d Chern-Simons model

Action
1 3 L urp iz iz 2 M urp
S=5/d x(;e F a0y Fyt b FPFyt-h mF™ g, +lomP %) FM =P,

where ©# is the vector field on 3d Minkowski space, m is a constant with the
dimension of mass, ly, /1, b are some constant parameters.

Equations of motion
1
— DOy — h(00", — 070, )" + hme"* 0,0, + hm*p* = 0.
We can rewrite the equations of motion in the form
1
W(W3+/2W2+/1W+/0)g0:0’ WNV:E/Lpuap,

so we are dealing with the derived theory.

The Chern-Simons operator W is obviously self-adjoint, W1 = W.
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Depending on the values of parameters m, bk , I , Iy four cases seem to be different.

e Polynomial M(W) has three different real roots w,,a=1,2,3.

h=—-w —wy —ws3, h = wiwz + wiws + wows lo = —wiwows .

e Simple and multiplicity 2 real roots w,,a=1,2:p; =1,pp = 2.

2 2
/2 = —Wwi — 2&)2 s /1 = 20J1Ld2 + Wy /0 = —WiWsy .
e Real and complex roots w; and ws.
_ _ 2 2
h=-w —w:—w2, h = wiws + w1y + |wa|”, lo = —wi|wa|.

e Multiplicity 3 real root ws.

h=—3w;, h = 3w?, lo = —w3.

The theory is stable in case of different real roots and multiple zero real root, and
unstable otherwise.

The canonical energy is unbounded in all the cases.
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Symmetries and conservation laws (three real roots)

e Symmetries

53‘;0:9390’ Qazl_[(‘/‘/_wb)-
b#a

e Conservation laws
Bty [ @@l (R = Rl + (o) + Q)

(all conservation laws are sign-definite depending on the sign of the root w,)

General conserved quantity

Jo=arh +arh +aszlz, oy = Ozg,

is bounded from below of aw, > 0, a=1,223.
It is bounded for a,'s such that a,w, > 0 (take any «; # 0 for w, = 0).

In this case, the extension of Chern-Simons theory admits Hamiltonian formulation
with bounded Hamiltonian. It is stable.
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Symmetries and conservation laws (two real roots)

e Symmetries
f1p=(W—w)p, Ho=(W-w)(W-w)p, p=0,L

e Conservation laws

1
L=~ 22 [ dx(Qe)?, B~ §/d2x((WQQ¢)2 — WA (WQup)?),

le %wg/d2X(WQg(p,Qz(p), Ql = (‘/‘/—(,«}2)27 Qz =W —-w;.

(J9 is not bounded unless wy = 0, i.e. unless multiple root equals zero)
General conserved quantity
Jo=ayh +aS8 +a3)3, o =a?,
is bounded from below if simultaneosly three conditions are satisfied
aiw >0, agZO, and wy =0.

The extension of Chern-Simons theory is stable if multiple root equals zero.
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Some references on non-Lagrangian field theory

Quantization

P.O. Kazinski, S.L. Lyakhovich and A.A. Sharapov, Lagrange structure and
quantization, JHEP 07 (2005) 076.

S.L. Lyakhovich and A.A. Sharapov, Schwinger-Dyson equation for non-
Lagrangian field theory, JHEP 02 (2007) 0007.

S.L. Lyakhovich and A.A. Sharapov, Quantizing non-Lagrangian gauge theories:
an augmentation method, JHEP 01 (2005) 047.

Generalization of the first Noether’'s theorem

D.S.K., S.L. Lyakhovich and A.A. Sharapov, Rigid symmetries and conservation
laws in non-Lagrangian field theory, J. Math. Phys. 51 (2010) 082902.

Interactions of gauge fields

D.S.K., S.L. Lyakhovich and A.A. Sharapov, Consistent interactions and involu-
tion, JHEP 01 (2010) 097.

Thank you for your attention!
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