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Reminder

For n = 4 points
τ = det(1 + K)

K =

(
0 a[2]

d [1] 0

)

(ag) (z) =
1

2πi

∮
C

a
(
z, z ′

)
g
(
z ′
)
dz ′ , a

(
z, z ′

)
=

Ψ[R] (z) Ψ[R] (z ′)
−1 − 1

z − z ′
,

(dg) (z) =
1

2πi

∮
C

d
(
z, z ′

)
g
(
z ′
)
dz ′ , d

(
z, z ′

)
=

1−Ψ[L] (z) Ψ[L] (z ′)
−1

z − z ′
.
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Plan of the talk

Fredholm determinant representation for the arbitrary number of points

Combinatorial description of diagonal minor expansion

Structure of the matrix elements

Computation of determinants

Nekrasov functions

Fermionic construction [P.G., A. Marshakov [1605.04554]].

P. Gavrylenko Painlevé functions,conformal blocks and combinatorics II November 29, 2016 3 / 17



Generalization to higher number of points
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Diagonal minors

I1 J1 I2 J2 I3 J3 · · In−3 Jn−3
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·

In−3
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|Ik | = |Jk |
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Diagonal minors

Permutation of rows:

K̃~I ,~J = (d[1])J1
I1
⊕
(

(a[2])I1J1
(b[2])I1I2

(c[2])J2
J1

(d[2])J2
I2

)
⊕ . . .⊕

(a[n−3])
In−2

Jn−4
(b[n−3])
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(c[n−3])
Jn−3
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(d[n−3])

Jn−3
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Combinatorial expansion

Z
Ik−1,Jk−1

Ik ,Jk

(
T [k]

)
:= (−1)|Ik | det

 (
a[k]
)Ik−1

Jk−1

(
b[k]
)Ik−1

Ik(
c[k]
)Jk
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(
d[k]
)Jk
Ik



τ =
∑

(~I ,~J)∈Conf+
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Z
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(
T [k]

)
.
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Maya diagrams and charged Young diagrams

I = {(α1, p1), (α2, p2), . . .}, I =
N⋃
α=1

Iα

J = {(β1,−q1), (β2,−q2), . . .}, J =
N⋃
α=1

Jα

|Iα| − |Jα| = Qα,
N∑
α=1

Qα = 0

Iα = {
1

2
,

3

2
,

7

2
,

13

2
}, Jα = {−

1

2
,−

5

2
}, Qα = 2
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Combinatorial expansion-2

{(I , J) : |I | = |J|} = {(Y1, . . . ,YN); (Q1, . . .QN) :
∑

Qα = 0}

τ =
∑

~Q1,...~Qn−3∈QN

∑
~Y1,...~Yn−3∈YN

n−2∏
k=1

Z
~Yk−1,~Qk−1

~Yk ,~Qk

(
T [k]

)
,
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Computation of matrix elements

a[k]
(
z, z ′

)
:=

Ψ
[k]
+ (z) Ψ

[k]
+ (z ′)

−1
− 1

z − z ′
=

∑
p,q∈Z′+

a[k] p
−q z−

1
2

+pz ′−
1
2

+q
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)
,Sk−1
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−

Ψ
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z − ak
akA

[k]
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Ψ
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+ (z ′)
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z ′ − ak
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a[k] p;α
−q;β =

r[k]∑
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(
ψ

[k]
r

)p;α(
ψ̄

[k]
r

)
q;β

p + q + σk−1,α − σk−1,β
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Nekrasov functions

When r[k] = 1 everything (up to diagonal factors) reduces to Cauchy determinant:

det

(
1

x
[k]
ı − y

[k]


)
ı∈Ik−1tJk

∈Jk−1tIk
=

∏
i<j

(xi − xj )
∏
i>j

(yi − yj )∏
ij

(xi − yj )

It can be computed and proved to coincide with Nekrasov functions:

Z
~Y ′,~Q′
~Y ,~Q

(T ) = ±e
~β′·~Q′+~β~Q C(~σ′ + ~Q′, ~σ + ~Q)

C(~σ′, ~σ)

√
Zvec (~σ′ + ~Q′|~Y ′)Zbif (~σ′ + ~Q′, ~σ + ~Q|~Y ′, ~Y )

√
Zvec (~σ + ~Q|~Y ) =

=

±
N∏

α,β=1
Zb(σ′α − σβ + Q′α − Qβ |Y ′α, Yβ )

N∏
α<β

[
Zb(σ′α − σ′β + Q′α − Q′

β
|Y ′α, Y ′β )Zb(σβ − σα + Qβ − Qα|Yβ , Yα)

] N∏
α=1

√
Zb(0|Yα, Yα)Zb(0|Y ′α, Y ′α)

×

×

∏
αβ

C(σ′α − σβ |Q
′
α,Qβ )

N∏
α<β

[
C(σ′α − σ′β |Q

′
α,Q

′
β

)C(σβ − σα|Qβ ,Qα)
]

Where

C(ν|Q′,Q) =
G(1 + ν + Q′ − Q)

G(1 + ν)Γ(1 + ν)Q′−Q
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Nekrasov functions

and

Zb(ν|Y ′,Y ) =
∏
s∈Y ′

(ν + 1 + aY ′ (s) + lY (s))
∏
t∈Y

(ν − 1− aY (t)− lY ′ (t))

i

j

l3=3'

l2=5 | =l 17|

a
l
(   )=2

l
l
(   )=1

h
l
(   )=4

=(2,3)
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Fermionic algebra

ψσ
α (z) =

∑
n∈Z+ 1

2

ψσ
α,n

zn+ 1
2

+σα
ψ∗σα(z) =

∑
n∈Z+ 1

2

ψ∗σα,n

zn+ 1
2
−σα

{ψ∗α,k , ψβ,m} = δαβδk+m,0 ψα,p>0|σ〉 = 0 ψ∗α,p>0|σ〉 = 0

We define such Vν(t) that

〈~Yk−1, ~Qk−1|Vν(t)|~Yk , ~Qk 〉 = Z
~Yk−1,~Qk−1

~Yk ,~Qk

(
T [k]

)
Then

τ(a1, . . . , an) = 〈0|V1(a1) . . .Vn(an)|0〉
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Axiomatic definition of the vertex operator

Operator Vν now will act from the fermionic Fock module Fσ to Fθ . It is defined by two axioms

1 Vν(t) is a group-like element: Vν(t)−1ψθ
αpVν(t) ∈ Span(ψσ

βq

∣∣∣∀β, q)

2 All 2-fermionic correlators give the solution for the 3-point Riemann-Hilbert problem in the
different regions

〈θ|RV ν(t)ψ∗σα(z)ψσ
β (w)|σ〉 =

[φ(z)φ(w)−1]αβ

z − w
, |z| ≤ t, |w | ≤ t

〈θ|Rψ∗θα̇(z)ψθ
β̇

(w)V ν(t)|σ〉 =
[φ̃(z)φ̃(w)−1]α̇β̇

z − w
, |z| ≥ t, |w | ≥ t

〈θ|Rψ∗θα̇(z)V ν(t)ψσ
β (w)|σ〉 =

[φ̃(z)φ(w)−1]α̇β

z − w
, |z| ≥ t, |w | ≤ t

−〈θ|Rψθ
β̇

(w)V ν(t)ψ∗σα(z)|σ〉 =
[φ(z)φ̃(w)−1]αβ̇

z − w
, |z| ≤ t, |w | ≥ t

Where φ(z) (which is N × N matrix) solves the system

d

dz
φ(z) = φ(z)

(
A0

z
+

At

z − t

)
with A0 ∼ σ, At ∼ ν, A∞ ∼ θ, and normalized such that φ(z) ∼ zA0 , z → 0. φ̃(z) solves the
same system, but φ̃(z) ∼ zA∞ , z →∞.

They are related by φ̃(z) = Cφ(z) when |z| = t
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Proof of the primarity

Fermionic realization of WN ⊕ H

One may take, for example,

Uk (z) =
N∑
α=1

(ψ∗α(z)∂k−1ψα(z))

Only U1(z), . . . ,UN(z) are independent, others are expressed in some non-linear way. For
example: ((ψ∗(z)ψ(z))(ψ∗(z)ψ(z))) = (∂ψ∗(z)ψ(z))− (ψ∗(z)∂ψ(z))

Uθ
k (z)V ν(t) = V ν(t)Uσ

k (z) when |z| = t because Uk (z) are invariant with respect to the

replacement ψα(z) 7→
∑
β

Cαβψβ(z), ψ∗α(z) 7→
∑
β

C−1
βαψβ(z)

〈θ| . . .Uk (z)V ν(t) . . . |σ〉 =
(

uk (ν)

(z−t)k
+ less singular

)
〈θ| . . .V ν(t) . . . |σ〉

Last formula completes the proof, so V is primary.
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Adjoint action

V ν(1)ψσ
α (z)V ν(1)−1 =

∑
β

Cβαψ
σ
β (z) , |z| = 1

V ν(1)ψσ
α,nV

ν(1)−1 =
∑
β,m

Cβα

∮
|z|=1

dz

2πi
zn−m−1+σα−θβψθ

m,β =
∑
β,m

Cβα
−i(e2πi(σα−θβ ) − 1)

2π(n −m + σα − θβ)
ψθ
β,m

Formula Vν(1) ≈ ×× exp(
∑
αβpq

(
C̃αβ

p−q+σα−θβ
− δαβδpq)ψ∗β,−qψα,p)×× is an immediate consequence

of this identity.

Another representation

As a consequence of its definition, Vν can be rewritten as

Vν(t) = •• exp(
∑
αβpq

Kαq,βpψ∗β,−qψα,p)•• , where ••ψ
∗
α,pψβ,−q

•
• = −ψβ,−qψ

∗
α,p

Where, for example,
∑

p,q>0
αβ

Kα,−q,β,pz
q−σα− 1

2 wp+σβ− 1
2 =

[φ(z)φ(w)−1]αβ
z−w

Therefore, to get matrix K one should be able either to compute minors of quasi-Cauchy
matrices, or to solve the 3-pt Riemann-Hilbert problem.
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Thank you for your attention!
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