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Introduction

e The ODE/IM correspondence is a relation between the spectral
analysis aproach to ordinary differential equations (ODE), and the
“functional relations” approach to 2d quantum integrable model
(IM). [Dorey-Tateo 1998]

@ This is an example of non-trivial correspondence between classical
and quantum integrable models
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massless and massive ODE correspondence

@ Dorey-Tateo (1998) studied the spectral determinant of the second
order differential equation

d 2M
(—de—l—x —E>”L/}(I1},E):O

and its relation to the Asps_1-type Thermodynamic Bethe-ansatz
(TBA) equations. (massless TBA)

@ Lukyanov-Zamolodchikov (2010) studied the relation for the linear
problem associated with the sinh-Gordon equation

C,Dtt - Spgcaj + Slnh(p = 0

and the quantum XXZ model. In the conformal limit, this relation
reduces to the above ODE/IM correspondence .

@ This suggests existence of Lie algebraic structure behind this
mysterious correspondence.
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o (pseudo)ODE for classical Lie algebras X = ABCD
[Dorey-Dunning-Masoero-Suzuki-Tateo, 2006]

e ODE/IM correspondence based on the system of the first order
differential equations for classical affine Lie algebra (X(1)Y [Sun,
2010]
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Motivation

@ Understand mathematical structure and physical meaning of the
ODE/IM correspondence
Making (complete) dictionaries
use this relation to understand the relation between integrable models

@ Application to the AdS/CFT correspondence
Gluon scattering amplitudes, form factors, correlation functions at
strong coupling [Alday-Maldacena-Sever-Vieira, Hatsuda-KI-Sakai-Satoh]
@ Application to N' = 2 SUSY gauge theories [Nekrasov-Sahashvili]
Gauge-Bethe correspondence
quantum spectral curve
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We will

@ Introduce the modified affine Toda field equation for an affine Lie
algebra § and its linear problem (including exceptional Lie algebras)

@ Study the ODE/IM correspondence and its conformal limit and derive
the corresponding Bethe ansatz equations
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ODE/IM correspondence

[Dorey-Tateo, Bazhanov-Lukyanov-Zamolodchikov]
e ODE

d? Ll+1) oM
[—M+12+I —E:| y(z, E, ) =0
x € C, E complex, £: real, M >0

@ large, real positive = : we have two (divergent and convergent)
solutions

M

B0 ~2 o
y($7 ) ) ~ \/2_’L €xp <_M——|—1> (‘T — OO)

subdominant (small) solution in the sector |arg x| < 537

@ small z asymptotics:

y(z, B, 0) ~ ™t 2t
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@ The ODE is invariant under the rotation = — az, FE — o*M E:

1 2 e+
[az (‘@* (xz )>+a2M<x2M—E> y(ax,a* E,0) =0

fora=w = exp(%).

@ Symanzik rotation
yi(z, B, 0) = wiy(w Fz, 0™ E, 0)

is also the solution of the ODE. (k € Z)

@ Y is subdominant in the sector Sy = {:L‘||argx - %| < ﬁﬁ}
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{Yk,Yr+1} forms a basis of the solutions.
The Wronskian W(f,g] := f¢' — f'g

> If f, g are the solutions, then W|f, g] is a constant, independent of x.

> Wkl,kz (E,f) = W[ykuykz]

Wo.1 =1 (evaluated by asymptotic behaviour of yy and ;)

Periodicity (Symanzik rotation)

Wk1+1,k2+1 (E? E) = Wkl,kQ (UJQE’ B)

W1 (E, £) =1
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@ {yo,y1} are chosen as a fixed basis
Wik Wok [k+1] (k]
Y = =7 Yo+ v y1= =1 yo + T2
WO,l W()yl k—2 k—1
e T-function

, S€EZ
Wo 1

)

[—(s+1)]
T(E.0) = (—WO’SMW))

F(E0M = f(WmE, ()
@ The Plucker relation
WYy Uka W ks> Yia) = W ko Yk W [Ys > U] + W Uk Yt )W Wiy Y]

for (ki, ko, ks, ka) = (1,58 +2,0,s+ 1) leads to the functional
relation called the T-system

Y = T 4+1 seZ
@ The Y-functions: Yy = Tx_1T511 define the Y-system:
YY) = (L4 V) (1 + Ye)
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The boundary conditions for the T-system

o generic M and ¢ (Ts oc Wo s41)
T ,=0, To=1

Ts (s > 0) are non-zero.
0 /=0,2M + 2 =mn > 4: integer
no singularity (monodromy) at z =0

—2mi

yn () o< yole™ """ x) = yo(z)

T,.1=0=— A, _o-type T-system

@ /#0,2M +2=mn > 4: integer
There is a monodromy around z = 0. = D,,_s-type T-system
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Baxter's T-Q relation
The basis of the ODE around z =0

VYy(z, B, L) = 2 , Y_(x,E0) = rt+ .

@ Monodromy around the origin: 1 (e2™z) = 2™+ 1y, ()
e Q-function: Q4 (E, ) = Wy, Y+](E, )
Wiy, 2] (B.0) = 0D Wlyo, )™ B, 0)
Baxter's T-Q relation: —T_3y0 = y—1 + ¥1
(~T-3)Q (B, ) = wT D Qu(w 2B, ) + wHHDQu(wE, 1)
e E = E, such that T(E,, ) = 0 (yo,y1 become linearly dependent)

Q+(w™2E,, () _ e
Q:l: (WQEna 6)
Bethe ansatz equation of the twisted six-vertex model
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Y-system and TBA equation

@ [Zamoldchikov] The Y-system can be transformed into the non-linear
integral equations called the Thermodynamic Bethe-ansatz (TBA)
equation. €,(0) =logY,(6): pseudo-energy
(E =exp(2M0/(M +1)))

“+o0
ca(0) = maLe® = bap(0 — 0') log(1 + e~ )Y ag’

b —0o

o free energy

1 oo
F(L)= ~in Z/ mae’ log(1 4+ 6_6”(9))d9 = __Wgegf

@ The UV effective central charge becomes
1\2
CUV:1_6(€+§)
eff M+1
which agrees with the one of the twisted six-vertex model.
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modified sinh-Gordon equation
modified Sinh-Gordon equation [Lukyanov-Zamolodchikov 1003.5333]

8.0:6 — € + p(2)p()e 2 =0, p(z) = 2V — 2V

@ zero curvature condition [0+ 4,0+ A] =0

%Gqﬁ —ele? - —%(%5 —eAe?
4 = Yo _los )0 AT smeres 15
p(z)ee?  —30¢ p(z)e”"e? 509
A: spectral parameter
@ asymptotic behavior of ¢(z,%) at p — 0,00 (2 = pe)

> ¢(p,0) = Mlogp (p — 00)

> ¢(p,0) — Llogp (p — 0)
We can introduce a new parameter ¢ for the boundary condition of ¢
at p=0.
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linear problem and its asymptotic solutions

e linear problem (0 + A)¥ = (0 + A)¥ =0
@ linear problem is invariant under

Symanzik rotation Q: 6 — 0 + 77, A = X — %
o At p — oo, the subdominant solution is

e# 2pM+1 ) 0
U~ oo | XD (— Ml cosh(A + (M +1) ))

_ 0 Q0420
p — 0 basis Uy (p,0|A) — ( (0420 ) V_(p,0|\) — ( 0 )

U=Q-(N)¥t+Q+(N)¥-
Q4+ () defines the Q-function satisfying the Bethe ansatz equation.

@ T-functions and the Y-functions are also defined. They satisfy the
D-type Y-system.
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From MShG to ODE

@ Take the light-cone limit Z — 0. The linear system reduced to a
holomorphic differential equation. (0 + A,)¥ =

o Under the gauge transformation by U = diag(e?, e~?), it becomes

0.+ A )(Zi):o, AF(;)(?)ZA _ec;qb)

o linear system = ODE (Miura transformation)

(0 = 0.0)(0: + 0:0) — Pp(2)] 1 (=) =

@ conformal limit:
e A o 2AM
z—0, A = oo with fixed x = zeV+1, | = g*Mel+M | ¢ ~ flogx

[ (0s —f)(a +€)+x2M]¢: |:_8a%+€(€$—_'2_1)+$2M:|¢:E¢

This is the ODE of [Dorey-Tateo, BLZ]
SiGT 17 / 40



affine Toda field equations and ODE/IM correspondence
two-dimensional affine Toda field Theory based on §:
r-component scalar fields: ¢(z, z) = (¢,...,¢")

complex coordinates: z = 3(z0 +izt), z=1(2"—iz!) (z = pe')
L, m\? w
L=30"-0u0— (5 > " nifexp(Bas - ¢) — 1],
i=0

affine Toda field equation:

m2 "
D.0:¢ + (B) > nia; exp(Baig) = 0.
=0

e without the potential term €%, the theory is conformally invariant
(e.g. Liouville theory)

@ with the potential term e#®?, it becomes massive theory. The
equation of motion changes under the conformal transformation.
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modified affine Toda field equation

conformal transformation (p¥: co-Weyl vector)

2o E=f(2), ¢—><5=¢—%pvlog(3f5f),

modified affine Toda equations:

D0¢ + (

3 ) [anaz exp(Bai¢) + p(2)p(Z)noag exp(Bagg) | =0,

p(z) = (0" B(z) = (ONH)"
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Lax formalism

@ The modified affine Toda equation can be expressed as the
zero-curvature condition: [0+ A,0 + A] =0

A= §a¢ - H 4 me* {Z \/n,}/Eaiegai‘z’ +p(2) nganeﬁaw} 7
i=1

T
A= _§5¢ CH — me {Z /n;/E_aiegam +5(2) ngE_aoegm}
=1

A: spectral parameter
e linear problem: (0 + A)¥ =0 and (0 + A)¥ = 0.
@ gauge transformation: ¥ — UV, A - UAU ' + UoU !
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asymptotic behavior of ¢(z, 2)

v+ (" ) [anazexp Baid) + p(2)p(5)nooo exp(Baod) | = 0

B

e Motivated by the previous works[Dorey et al.], we fix

p(z) _ th o ShM, ﬁ(g) _ th o ghM

h is the Coxeter number, and M is some positive real parameter
e For large |z|, the asymptotic solution is
d(2,2) = %pv log(22) +
@ For small |z|, the field diverges logarithmically
&(z,2) = glog(2z) + - - -

g is an r-component vector that controlls the small z-behavior.
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@ periodicity

¢( 0 + h_M) = ¢(p7‘9)

@ The linear problem is invariant under the Symanzik rotation:

2mki
Z — ze hM

27ki
Q- S —» S€ hM
A\ — 27rkz

for k € Z.
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Ag-l) modified affine Toda equations
[Kl-Locke, Adamopuolou-Dunning]
@ The linear problem (0, + A,)V = (0: + A5)¥V = 0,
U =" (1, s hry1)

@ the fundamental representation with highest weight w;
o flat connection

Bh10¢ me 0 e 0
0 Bhodd  mer :

: Bh.0¢ me*
me*p(z) 0 Bhy110¢

weights are h; = w1, hy = w; — Wit1, hr+1 = —Wy
@ the linear problem gives a single (r + 1)-th order differential equation

D(hyi1) - D(a)ghr = (—=me)p(2)¢n.
D(h) =0+ h - 96

e scalar Lax operator (Gelfand-Dickii, Drinfeld-Sokolov reduction)
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Massive ODE/IM correspondence

o For large |z| the small solution is

_irMo
e 4
i(r—2)M6
e~ 2 sz—H
E(p,0|A) ~C _ exp (— M m cosh(A + i0(M + 1)))
i'r‘M@
e 4

@ For small |z| , the solution U(*) with components
(W) ~ by (2/2) 310 4 -

@ we can expand = as

Qi(X) is the Q-functions satisfying the AS}) type Bethe equations.
SiGT 24 /40



Conformal Limit and ODE/IM correspondence

o First we take the light-cone limit Z — 0 and we define the conformal
limit z — 0, A — oo with fixed

T = (me)‘)l/(MH)z, E— ShM(me)\)hM/(M-H)
@ The differential equation becomes
[Dalbys1) -+ Daln) = (=1)'pla, B)| (. B,g) = 0

where D, (a) = 0, + %L and p(z, E) = 2" — E.
@ This is the ODE for A,-type Lie algebra Suzuki, Dorey-Dunning-Tateo
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@ subdominant solution on the real positive axis

N M+1
b~ (27
@ small z
X(i) ~ gt O(:L.Ni-i-h)

pi =1 —Bg - hiy1
@ Symanzik rotation

wk(vaag) = ¢(wk$a QkE’g)

2 M

with 2 = exp(i§717) and w = exp(i2F)

U(z, E,g) = ZQ E)X"(z, E, g)

Katsushi Ito (TokyoTech) ODE/IM
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Bethe ansatz equation
Dorey-Dunning-Masoero-Suzuki-Tateo

e auxiliary functions: (¥ = W@ 1o, thas] (a=2,---,7)
2 2
e A, 1-system (Pliicker relations)

paDyplatl) — W(a ’¢(% ], @ =y =1

@ quantum Wronskian relation

% (Ba—1— Ma)Q(a Q(az

2

Qe la=1) — 3 (ra=ra-1) (@) la)
~2

l\)\»—l/-\

@ Bethe ansatz equation
QY ENQ(EDQN ) (BY)

; == 1.
QL B (B QUL (BY)

where E{ are zeros of QW(E).
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Other affine Lie algebras

[Kl-Locke,1312.6759]

A

D)y = (— me’\)hp(z)z/)
DY D(hHo~1D(h)y = 27~ (me ) \/p(z)0/p(2)
B D(hHaD(h)p = 27 (me \/ a\/ 2
A5y D(h)D(h)y = —27 1me \/_ a\ﬁ )
Y D) D(h)y (meh)%(z)w
D, D(h)dD(h)y = 27 (me) 2 p(2)0~p(2)¢
A D(hN)dD(h)y = —2"vV2(me)'p(z)
M D(hHoD(h)y = 8(me )" \/p(2)0\/p(2)¥)
D(h")aD(h)y + (w+1)2f (me )4D(h*) (2)
DY | —(w+1)2v3(me) 4pD( ) — 8v/3w(me*)3D(—hy)/pd\/pPD(h1)
+(w — 1)%12(me*)®pd~p}ep = 0
D) = D(h;)---D(hy), D(hT) = D(=hy)---D(=h,) forh = (hp, -+, hy)
Katsushi Ito (TokyoTech) ODE/IM

SiGT
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Langlands duality

Langlands (GNO) dual: §: simple roots o; <= §": « simple coroots

0§V =gforg=x" (X = ADE)

o gV = X% for non- simply laced g (twisted affine Lie algebra)

<B<”> = A5 () = D (Y)Y = B (@)Y = DY,
(A5)) = A5

,
@ In Dorey-Dunning-Masoero-Suzuki-Tateo (2007), they found a set of
pseudo-differential equations associated to the Langlands dual of

classical Lie algebras

affine Toda equation | ODE(Dorey et al.)
Al A,
(BY)Y = A5y,
(0) = DY),
DY

<

S|Qlw

<
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-system for §¥ and the Bethe ansatz equations

@ The (pseudo) ODE is rather complicated for exceptional type.

@ In the conformal case, one can derive the same )-system from the
solutions of the linear problem. This was shown in the case of
classical Lie algebra [Sun,1201.1614])

o In [Ki-Locke, 1502.00906], we have generalized this construction of
1p-system to linear problem associated to a modified affine Toda
equations for gV. (see also [Masoero-Raimondo-Valeri])
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We consider the affine Toda field equations for g
@ Applying the gauge transformation

Ua = MpYH o —~f¢-H/2

gives a simple form of the linear problem in the large p limit,

A=me*2MA,, A=me ZMA_
T
Ai = nE)/E:tao + Z A/ n;/E:tai
i=1

e We will consider the fundamental representations V(@) with the
highest weight w, (a =1,---,7) of g.
e!”): a basis of V(@ associated with the weights 7" and e{* is the

K3
vector for hga) = W
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@ asymptotic form for a subdominant solutions along the positive real
axis

M+1 o
U@ (2, z|\) = exp (—QN(G) ][\)4 n 1mcosh (AN+i0(M + 1))) e 10MpTH (a),

1@ and p(® are the eigenvalues of ASf) = (A@)T with the largest
real part and its eigenvector in module V(%)

@ For small z,

X = e—(“i@)@"‘ga)eﬁ“) +0O(p) as p—0

e Q-functions

dim(V (@)

VOGN = Y QYN g) X7z 2N 9)
=1
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-system
@ embedding map:

T

2
o AV - (VU’))B“".

b=1
o the highest weight states in A% V(%)

ega) A E_aaega)

r
2w — g = Z Bapws
b=1

Agp: Cartan matrix of g and By the incidence matrix
Bab = 25(11) - Aab .
@ take the anti-symmetric product of for \IIE_:?/Q and decompose it by
the embedding map such that large p asymptotics matches
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-system for gV

g = A, D, E [Sun, Masoero-Raimondo-Valeri, KlI-Locke]
@ 1)-system
T

(0, 0) =@ (\I:<b>)B"” .

b=1

@ This follows from that the eigenvalues u(“) satisfy the equations
2cos (m/h) p (@) — ZBabM

For A,(nl), ;z(”) = sin X% /sin

T
+1 r+1
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Bethe-ansatz equations for affine Toda field equations

@ conformal limit We first take the light-cone limit Z — 0. Then consider the
limit A = oo and z,s — 0 with fixed

T = (me)‘)l/(M'H)z, E = ShM(me)\)hM/(M—i-l) ,
@ the solution /(%) is expanded as
¢(a) (z,E) = Q(a) (F) Xga)(gg7 E)+ Q(“)(E) X(Qa)(ma E)4---,

with X" ~ 22 (N = p - (o — 1) = A" - )

@ Substituting the 1-system we obtain the quantum Wronskian relations. For
A&l) case, for example, we find that

IR PNOENON (@) SANOINON a1} (atl
w2 Q 1/2Q172 (1 Q1/2Q 1/2 = = QU QY.

where Q' (E) = Q@ (w"MFE) (w = exp(2mi/h(M + 1)))
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o Let us denote the zeros of Q¥ (E) as E,ia). Then the quantum
Wronskian relations yields the Bethe ansatz equations.

o A, DIV EM.

ﬁ Q‘(Ab()zb/2

— _,  +Baag
Q(b) w .
b=l ¥ —Auw/2| g

@ For the modified affine Toda field equations for g¥ with an untwisted
affine Lie algebra g, one obtains the Bethe ansatz equations for §
found by Reshetikhin and Wiegmann (1987) and Kuniba-Suzuki
(1995) based on Uy(§).
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ODE/IM and CFT

@ Dorey-Dunning-Tateo [0712.2010] argued that the ODE
(=02 +2°M — E)y(z, B, ) =

corresponds to the non unitary minimal model M5 25742 with central
charge c=1— m perturbed by the operator ¢ )/ with conformal

1—4M>2
dimension Aj py = T60M+T) -

@ The My ps is realized by the fractional level coset CFT:

[Bazhanov-Lukyanov-Zamolodchikov].

su(2)p x su(2)y I— I 5
su(2)pi1 M
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ODE/IM and CFT(2)

@ For the ODE analysis and the BAE, Dorey et al. claimed
(conjectured) that the ODE for g = ABCD with
PK(SL‘) _ (:L,hv(b—a)/(aK) N E)K

corresponds to the fractional coset model

9L X 8K
LK
where
K
L=2% B, Ku=b-ua
b—a

where u =1,2,---
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Summary

ODE/IM correspondence for §¥ modified affine Toda field equations

ODE — BAE U,(§)| —
ODE/IM

1+ Conformal limit UV limit T

Linear problem of = BAE Uy(g)| <= massive

affine Toda equation g ‘ massive IM
ODE/IM
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Outlook

general p(z) Bazhanov-Lukyanov
ODE/IM for B, ¢V, iV, F(V
Bgl) [Ito-Shu] null-polygonal Wilson loop and form factor in AdSy

Gaudin-type Bethe equations [Feigin-Frenkel
KZ and Drinfeld-Sokolov reduction

e ODE and the quantum spectral curve[KI and Shu, work in progress]
2d/4d correspondence for the Argyres-Douglas theory of ADE type
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